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5.1 Diffraction

Optical diffraction
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Interference of scattered waves
—[> harmonic analysis

structure analysis
X-ray, electron or neutron diffraction
iInformation on order and symmetry
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5.1 Diffraction

Wiener diagram

L
g —— 9]°

commutative for integrable function ¢ (with g(z) :

Kinematic diffraction:
diagonal map g — [g]°

Mathematical diffraction theory:
use path via autocorrelation
for translation bounded measures
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5.2 Why measures?

Measures

# are natural mathematical objects to describe
distributions (of scatterers or radiation) is space

# provide a unified generalisation of continuous (density)
and discrete (tiling) approaches

# ensure that quantities are mathematically well-defined

Absolutely continuous measure  u (with density o) on R

plf) = | fl@)du(z) = [ f(z)e(z)ds
R4 R4

Pure point measure p on R?
p(f) = (Do wide )(f) = D wi f(as)
el el
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5.2 Why measures?

Singular continuous measure

# (gives no weight to any single point

# support is uncountable set of zero Lebesgue measure
# ‘trivial’ cases (e.g. measures on lines in the plane)

# probability measure AW

1 for middle-thirds
Cantor set with 341
continuous -
distribution function 121

F(2) = p([0,) — —

1/4 T .-:_':‘

0 1/3 2/3 1
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5.3 Measures

Using the Riesz—Markov representation theorem, we can

introduce measures on R? (in one-to-one correspondence
with regular Borel measures) via linear functionals in the
following way.

Let C.(R?) be the space of complex-valued continuous
functions on R with compact support. A (complex)
measure 1 on R? is a linear functional on C(R%) with the

extra condition that, for every compact set X C R¢, there is
a constant a ;- such that

1(g)| < ag 9]l

holds for all ¢ € C.(R?) with support in K. Here,
19|00 := sup,ex |9(x)| IS the supremum norm of g.

10 December 2018

— p6



5.3 Measures

If 1 IS @ measure, the conjugate of . Is defined by the
mapping ¢ — x(g). It is again a measure and denoted by .

A measure . Is called real (or signed) if i = u, or
(equivalently) if (g) is real for all real-valued g € C.(R?).

A real measure . Is called positive If (g) > 0 for all g > 0.

For every measure u, there is a smallest positive measure,
called its total variation |u|, such that |u(g)| < |u|(g) holds for

all non-negative g € C.(R%).

u(A) (measure of a set) and u(f) (measure of a function),
related via characteristic function 1 , of a (relatively

compact) Borel set A via (1) = pn(A)
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5.3 Measures

Point measure ¢, defined as
1, if A
5a;(z4) _ : T € .
0, otherwise,
for an arbitrary Borel set A C R¢.

The Lebesgue measure of an integrable function g Is
= [pa gd)\ Jga 9(x) dz, while the measure of a Borel

set A IS A(A) = [rala d)\.

The measures jy and )\ are related by
5, = A and A = 4.

A measure 1 on R? is called translation bounded if
sup,.cgd |4|(z + K) < oo holds for every compact K C R,
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5.3 Measures

Lebesgue decomposition theorem:

Any positive, regular Borel measure ;. on R? has a unique
decomposition

U= Hpp T Hsc T Hac

relative to Lebesgue measure A\, where yu IS the unigue
part of ;. that is both continuous and singular relative to .

A complex measure i on R? is called positive definite if
(g *g) > 0 holds for all g € C.(R?).

If 1 is a positive definite measure on R, its Fourier
transform ;. exists and Is a translation bounded positive

measure on R¢.
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5.3 Measures

The convolution of two finite measures on R, or of a finite
with a translation bounded measure, is well-defined. This is
no longer the case if both measures are unbounded, but
you may attempt to define a volume averaged convolution
as

. HR*VR
= 1
WOV = I ol(Br)’

where n, and v, are the restrictions of ; and v to the
(open) ball B (0).

We call two measures 1 and » mutually amenable when
this limit exists for balls as well as for arbitrary nested van
Hove sequences. The resulting measure is called the
Eberlein convolution of ; and v.
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5.4 Fourier transform

Let S(R?) be the space of rapidly decreasing C*°-functions
on R¢, also known as Schwartz functions.

The Fourier transform of a Schwartz function ¢ € S(R%), we
mean

(Fo)(k) = d(k) = / o2k () dr,

Rd
which is well-defined and again a Schwartz function, with
ke R4,

The mapping F: S(R?) — S(R?) is a homeomorphism,
with inverse

(F 1)) = () = / 27K 4 (k)

Rd
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5.4 Fourier transform

A tempered distribution is a continuous linear functional
T: S(RY) — C on the Schwartz space S(R?).

(T, ¢) := T (¢) denotes the evaluation of 7" with a function
¢ € S(R?), called a test function.

Each continuous function g of at most polynomial growth
defines a tempered distribution 7, via

T)(6) i= | o) glw)dz.
Such distributions are also called regular.

The Fourier transform of a tempered distribution 7' € S’(R%)

IS given by N .
T(¢) :== T()
for all test functions ¢ € S(R?).
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5.4 Fourier transform

If 1 is a finite measure on R?, its Fourier transform (or
Fourier—Stieltjes transform) can directly be defined as

k) = / o2k 1),
Rd

which is a bounded and uniformly continuous function on R¢.

If » and v are finite measures on R?, their convolution p v
Is defined by

(s )) = [ gl y)duta) dvly),
with ¢ € Ce(RY).

Proposition: The convolution x x v of two finite measures
/*\

on R? satisfies v = i v.
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5.4 Fourier transform

Theorem: Let i be a finite and v a translation bounded

measure on R?. Then, the convolution y * v exists and is a
translation bounded measure.

Proposition: If i is a positive definite measure on R?, its
Fourier transform j; exists, and is a translation bounded
positive measure on R?.

Useful relations:

P

b, = e 2™2Y (in the sense of tempered distributions,

SO 6,(¢) = 6,() = [pa € ™Y ¢(y) dy)
-—[> as measures 50 = )\ and >\ = 50

Finite measure v on R¢
—> %\ = by With ¢ = D(0) = v(RY).
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5.5 Autocorrelation measure

For a locally finite point set A, define its Dirac comb as

bp =Y bq.

re

For a measure 1 on RY, define i by ji(g) := u(g), with
g € Ce(RY),

For a translation bounded measure x on R¢, we define the
natural autocorrelation v by

- . MR *[p
p— p— 1
VSRR I ol(BR)

Y,

If the limit exists. In this case, ~ Is a translation bounded,
positive definite measure on R?.
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5.6 Diffraction measure

Let 1 be a translation bounded complex measure whose
natural autocorrelation v, exists. The Fourier transform 7,

IS then called the diffraction measure of ..

Proposition: Let /A be a locally finite point set with natural
autocorrelation ~. Its diffraction measure 7 comprises a

Dirac measure at 0, with 7({0}) = (dens(/l))z.
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5.7 Poisson’s summation formula

Proposition: For all ¢ € S(R%), one has

Y o(m) =D o(m).

meZa meZ4

Proof:  Define g(x) = Z ¢(x+¢), uniformly convergent
tezd

uniformly convergent Fourier series g(z) = Z C;y @2
mezZ®

with ¢, = /e%imx g(x)de = ¢(0) = Z Cm = Z ¢(m)

Td meZ meZ
Cr = /ZGZWimx ¢(x+€) dr = Z / e—QWimx ¢(£IZ) dr
Td ZEZd EEZdE_I_Td

= [ e o) di = (m)
Rd
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5.7 Poisson’s summation formula

Proposition: Interpreted as an equation for tempered
distributions, one has the identity 4,,, = 9,,,.

Proof:
574 = 674 Means that gz\d(gb) = 674(¢) for all ¢ € S(RY)
Now

574(0) = (624, 0) = (624, 9)

= om)= > ¢(m)
meZa

meZ2

= (074, @) = d74(0) N
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5.7 Poisson’s summation formula

Theorem: If I is a lattice in R?, with dual lattice I'*, and if
¢ € S(R?) is an arbitrary Schwartz function, one has

S 6(m) = dens(I) Y- 3(0),

mel’ el

Moreover one has the following identity of lattice Dirac
combs,

N

0p = dens(I") 6p-,

which simultaneously is an identity between tempered
distributions and translation bounded measures.
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5.8 Lattice periodic case

Proposition: If I C R% is a lattice, with fundamental

domain FD(I"), and if 1« is a I"-periodic measure on R¢,
there Is a finite measure p that is concentrated on FD(I"), or
on a subset of FD(I"), so that = o * d.

Theorem: Let I'" be a lattice in RY, and w a I'-invariant
measure, represented as w = g * 6, With g a finite measure.

Then, the autocorrelation ~,, of w Is given by
Vo = (0% 0) xyp = dens(I') (0% 0) * o,
with the diffraction measure
_— 2 |~
Vo = (denS(F)) |Q|25F*

In particular, 7 is a positive pure point measure, with
supp(7) C I'* and 7 ({0}) = (dens(I))?[a(0) .
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5.8 Lattice periodic case

Example: Consider the Z?-periodic weighted Dirac comb
W = P * 522 W|th 0 = 5(070) -+ 5(&,6) .

The autocorrelation is v, = (0 * 0) * .2, With

~

0% 0 = (6(0,0) T ap)) * (010,0) + 0_(ap))
— 2 5(070) —|‘ 5(%[3) —|— 5—(&,1)) .

The corresponding diffraction measure is 7, = |¢|*d,. with
G (k. 0) = 2+ 2Re(e7 2R 0)
= 2+ 2cos(2n(ka + (b))
= (2cos(n(ka + (b)))°  fork, (e Z
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5.9 lncommensur ate structures

Example:

Let o > 0 be an irrational number and consider the Dirac
comb
woé — 52 -+ 50&2‘

The corresponding autocorrelation v, = w, ® w_, exists and
reads

1 2
Yo = 07+ —Oaz + —A.
The diffraction measure iIs

1 2
Yo =0, +—=0 — Jp.
Yo = 92T —592/a T

10 December 2018 -p.22



5.10 Model sets

Theorem: Let A = A (W) be a regular model set for the
CPS (R%, H, £), with compact window W = WW°. The
diffraction measure 7 ; is a positive and positive definite,

translation bounded, pure point measure. It is explicitly
given by

where L® := 7(L*). The diffraction intensities are
I(k) = |A(k)|? with the amplitudes

~ dens(A)

Alk) — dens(A)

pp (W)

Ly (—K) =

PauaR | (v
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Example:

5.10 Model sets
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5.10 Model sets

Ammann—-Beenker diffraction:



5.10 Model sets

Diffraction intensity for Ammann—Beenker case:
Bragg peaks at positions k, + k,£% € %Z[g] C C
(where ¢ = exp(27i/8)) with intensities

1
(A2 (K, (Ky— )

I((k1,ke)) = (Cos(kéw) cos(\k})

k/
— cos(kjm) cos(Akym) — 3 L sin(khm) sin(Akj7)
2

k2 / : / ”
k_’ sin(kym) sin(Aky)

with A = 1 4+ +/2 and algebraic conjugation ’: v2 — —v/2
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5.11 Experiment

Diffraction of icosahedral quasicrystal:
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