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Abstract

We propose a framework for vector-valued measures which permits vec-
tor analogues of the singular measures which arise in multifractal theory.
‘We obtain some of their properties and calculate the multifractal spectrum
and LP-dimensions of certain self-similar vector-valued measures.

1 Introduction

Fractals have been used to model a wide variety of objects which have an intri-
cate structure at arbitrarily small scales and, more recently, multifractal mea-
sures have been introduced to describe phenomena that have widely varying den-
sities at small scales, see [7, 10]. For example, the fractally homogenous model
of turbulence, introduced by Mandelbrot [16, 17] to explain the phenomenon
of intermittency, assumes a cascade of eddies of decreasing sizes with energy
dissipation concentrated on an approximate fractal formed by the smallest scale
eddies. Alternatively, the distribution of the rate of dissipation of kinetic energy
in fully developed turbulence has been described as a multifractal measure of
widely varying and singular density [16].

However, the behaviour of fluids, electric or magnetic fields and many other
phenomena is more suited to a vector description than by a set or a density.
Thus it is useful to have ways of representing fine scale ‘fractal’ features of a
vectorial form, see Figure 1.

In seeking an extension of the multifractal formalism to the vector situation,
it is natural to look to the well-established theory of vector-valued measures,
see [4, Chapter IV, §10] or [5, Chapter 8.19]. For example, the instantaneous ve-
locity of a moving continuum can be described by the vector valued momentum
measure p. Thus p(A) is the total (vector) momentum of the region A of the
continuum. Vector addition of momenta corresponds to the additive property
of measures: the vector identity

p (UL Ai) = p(Ar) + ..o+ p(Am)

holds whenever Ay, ..., A,, are disjoint regions.
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Figure 1: A simple model of a moving turbulent spot: in (%) we see the overall
momentum of the spot, in (4i) we see the momenta of the subcomponents of the
spot relative to its motion downstream and in (iii) we see the overall momenta
of the subcomponents relative to a stationary observer. In a self-similar model
we would iterate self-similar transformations which map the vector in (i) to
those in (ii7).
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Figure 2: The first three steps in the construction of a highly singular vector
measure supported by the unit square. The magnitude of vectors is indicated
by their thickness.

The classical theory of vector-valued measures is applicable to measures that
are (locally) absolutely integrable in the sense that [ ||du|| < co or, equivalently,
that for every bounded set B

o0
sup {Z [ (A = U2, A; is a disjoint decomposition of B} < o0.
i=1

Vector measures that fail to satisfy such a condition are inherently unstable,
for example integrals of functions cannot in general be defined with respect to
such measures in a consistent manner. Whilst smoothly defined vector mea-
sures (that might represent momentum measures of non-turbulent flows) may
be absolutely integrable, this will not be the case for the vector analogues of the
highly singular measures, such as self-similar measures, that are considered in
multifractal theory, see Figure 2 for an example of a singular self-similar con-
struction supported by the unit square. Of course, in any physical situation,
the question of infinitesimal decomposition does not arise, but from the theo-
retical point of view it is desirable to be able to work with vector analogues of
self-similar and other multifractal measures. Therefore, a mathematical setting
is required in which singular vector measures exist and can be manipulated in
a consistent manner.

In this paper we establish a framework for vector-valued measures appropri-
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ate to the multifractal situation, and we examine properties of such measures.
The crux of the matter is that, in order to enable us to work with sufficiently
singular measures, we have to restrict integration to functions that are Lipschitz
continuous. In practice, this does not seem to be a major restriction, and in
some ways it is mathematically more natural to work with Lipschitz functions
rather than continuous functions. (An alternative approach might be to work
with vector-valued distributions, but this would lead to unnecessarily strong
restrictions on the class of integrable functions.)

We go on to exhibit a class of ‘self-similar vector measures’ analogous to
the self-similar fractals and self-similar multifractal measures that have been
analysed extensively and used to model a wide variety of phenomenon. Iterated
function schemes [8, Chapter 9] have become a standard tool for representing
wide classes of fractals and multifractal measures, and we show how this idea
may be extended to define vector measures.

Multifractal measures are often analysed by means of their ‘multifractal spec-
trum’ or ‘singularity spectrum’, which gives the dimension of the set of points at
which the local density of the measure obeys a given power law. In Section 4 we
examine vector-valued measures at scale r by integrating the measure against
a suitable ‘sampling function of width 7’ ,denoted by ¢,, which indicates the
size of sets on which ‘local activity’ has a given concentration. In particular,
we calculate a multifractal spectrum for certain self-similar vector multifractals.
Such multifractals may be more appropriate than those obtained from conven-
tional (scalar) multifractal models for representing situations where there is an
underlying vector structure. In Section 5 we calculate the LP-dimensions [22] of
self-similar vector multifractals and relate these to their spectra.

2 Generalised vector-valued measures

We describe a natural setting for vector-valued measures with multifractal fea-
tures, and obtain some results on the existence and uniqueness of such measures.
Let X be a locally compact metric space; usually X will be a closed subset,
of Euclidean space R?. Let Lip (X) denote the space of real-valued Lipschitz
functions on X, with the Lipschitz constant Lip (f) of f € Lip (X) given by

Lip (f) := Sl;ép W

Fixing 2o € X we define a norm on Lip (X)) by

I fllLip := [f (o) + Lip (£);

it is easily checked that Lip (X)) is complete under this norm.

Let (E,||.||) be a Banach space ( i.e. a complete normed space; in most
examples E will be a Euclidean space with the usual norm). Define M =
L(Lip (X), E) as the space of bounded linear mappings from the space of func-
tions Lip (X) to E. We write [ f dp for the image of f € Lip (X) under p € M.
Thus we think of M as a space of vector measures with values in E, but with
the proviso that they may only be used to integrate Lipschitz functions. For
the purposes of this paper we refer to the members of M as generalised vector
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measures. The induced norm on M is given by [|p|| = sup ;. -1 ||ff du” SO

that
H / fdp

(with three different norms occurring here). Since both Lip (X) and E are
complete, so is M.

This procedure should be compared with the usual definition of vector-valued
measures as elements of £(C(X),E) where C(X) is the space of continuous
functions on X with the supremum norm [5, Chapter 8.19]. However, to include
the highly singular multifractal vector measures that we are especially interested
in, it is necessary to replace C'(X) by the smaller space Lip (X). Nevertheless,
it is often possible to extend p € M to act on certain functions that are not
Lipschitz.

We define the support, Spt u, of i, to be the largest closed set F' C X such
that if f € Lip (X) is zero on F then [fdu = 0. In general, pu(A) has no
meaning for p € M and A C X. However, if A and B are subsets of X that
are separated by a positive distance and Sptu C A U B then we can define
p(A) = [fdp for any f € Lip (X) with f(z) =1 for z € A and f(z) = 0 for
z € B. In particular, we may take p(X) = [1dp.

The following construction, based on a hierarchy of subsets of R? indexed
by certain sequences, yields many examples of vector-valued multifractals. For
k=0,1,2,...let I} be a family of k-term sequences {i = (i1,..., i)} of positive
integers with the property that if (¢1,...,ix) € Ij then (i1,...,i;) € I; for every
Jj < k. We write I = U2 I} for the set of all such finite sequences, and I, for
those infinite sequences of positive integers (71,42, ...) such that (i1,...,i) € Ix
for all k. (Frequently we will have I, = {i = (i1,...,i) : 1 < i; < N}
for some integer N > 2, that is the set of all k-term sequences of integers
between 1 and N, but this is not essential.) For each i € I}, let A; be a non-
empty subset of RY, with these sets satisfying A; D UiA;; (where i,i denotes
concatenation) with this union disjoint, and assume that diam (A4;, ;) — 0
as k — oo for every sequence (i1,i2,...) € I. Write A for the ring of sets
generated by {A4; : 1 € I}, that is the family of sets comprising finite unions of
these. Typically, the sets A; might be the hierarchy of sets used in defining a self-
similar fractal; for example, we might have I, = {i = (i1,...,i5) : 1 <14; < 2}
and {4; : i € I} the set of 2* intervals of length 3=% that occur at the k-th
stage in the usual construction of the middle third Cantor set.

Assume that pg(4;) € E is defined for i € I in a formally consistent additive
manner, i.e. for i€ Iy

< 1 llnip [[eell (1)

po(A) = Y ho(Ai)- (2)

i1,i€ gy

Under certain circumstances this is sufficient to define a generalised vector mea-
sure p € M. Condition (4) in the following proposition guarantees that p can
be used to integrate Lipschitz functions. In many situations, for example when
there is a constant ¢ such that diam (4;;) > cdiam (A;) for all i and ¢, this can
be replaced by the more natural condition

o0

Y > lluo(Ap)l diam (4) < oco. (3)

k=0 i€},
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Proposition 2.1 Suppose that
ST (Al diam (4;) = M < oc. (4)
k=0 i€ly :1,i€T5 41
Then for x; € A; and f € Lip (X) the limit
/f dp = lim ; F (@) po(As) (5)

ezists in E and is independent of the points x; € A; chosen. Moreover, the
linear mapping p : f — [ fdp defined in this way is in M.

Proof:  Writing Si(f) = > icp, f(@i)po(Ai) we have, using (2), that

1Sk+1(f) = Sk ()l

SN (Flmii) = f(1)mo(Aii)

i€, i€l

Z Z diam (4;)Lip (f)[lpo (i)l (6)

i€l i: i,i61k+1

IN

It follows using (4) that Si(f) is a Cauchy sequence in E and so converges to
a limit (5) in E. Now let z} € A; be another set of representative points and

write S (f) = Xser, f(#)1o(As). Then

ISL() = Sk(HI = || D0 (Flag) = Fla0)mo(4i)

i€l

< Y diam (A)Lip ()]l (As)|

i€l

< >0 ) diam (A)Lip (f)] o (Aia) |
i€l i:ii€1y

— 0

as k — oo. It follows that S and S}, have a common limit, so (5) is well defined.
Since f + Si(f) is linear and, as (6) gives that ||Sk(f) — S1(F)|| < M||fllrip, it
is uniformly bounded in k, (5) defines an element of M as required. [

The support of u is contained in N2 Uier, A; in the sense that Jfdu=0
for any f € Lip (X) that vanishes on this set. Care is required in identifying u
and p,, since p(4;) = fA; fdp is undefined unless i € I}, and A; is a positive
distance from Ay for all i’ € I}, with i’ # i. However, in this case we may define
p(A;) = [, fdp for any f € Lip (X) with f(z) = 1if 2 € 4; and f(z) = 0 if
x € Ay for i’ € I} not equal to i and we recover po(A;) = w(A;).

By way of example, a simple but natural way of defining generalised vector
measures on certain curves is to try to make the vector measure of an arc equal
to the vector difference of the end points of the arc. Let C' be a curvein X (i.e. a
homeomorphic image of [0, 1] contained in X). We define the curve dimension of
C' in an analogous way to the box-counting dimension of C' but using coverings
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by subarcs of C. For all § > 0 we define N(J) to be the least integer N such
that there exists a dissection z1,...,zy of C with 2y and zy the endpoints of
C such that the diameter of the subarc of C' between x;_1 and z; is at most §
fori=1,2,...,N. Then we define the curve dimension of C as

log N
dimg C' := lim sup L@.
50 —logd
In particular, if s > dim¢ C then there is a constant ¢ > 0 such that N(§) < ¢6~*
for0 < <1

Example 2.2 Let C be a curve in R with dime C' < 2. Then writing p,(A) =
b —a € R? where A is the arc of C between a and b, defines a generalised
measure p on C taking values in RY.

Proof: We apply Proposition 2.1. Let dimc C < s < 2; then

N(6) < e (7)
for some constant ¢ > 0 and for all 4 < 1. Notice that C' may be divided
into N(27%) subarcs of diameters at most 2% for k = 1,2,... . We proceed
to define inductively indexing sets I C Hf:ll{l, ..., N(277)} and a nested

hierarchy A1 of disjoint subarcs of C' of diameter at most 2=+ Set I, =
{1,...,N(271)} and let A; = {4; : i € I;} be a dissection of C into N(271)
disjoint subarcs of diameter at most 27!. Supppose k € N and that Cpyq =
{Ci 1< i < N2 *+1)} is a dissection of C into N (2~ %*1)) disjoint subarcs
of diameter at most 2~ (#+1) Define

Iipr = {(in, -y in, )t (i1, ik) € Iy, Agpy,i N C; # 0}

and set
A1 = {A(il,...,ik) N Cj : (’il, - ,ik,j) S Ik+1} .
Using (7)
k
card Ay, < ZN(Q_j) < ﬁQ(’Hl)S (8)
j=0
and so
0 00
Y Y lmoAldiam(4) < 33T ST 2 ok
k=0 i€l i:i,i61k+1 k=0 i€l i:i,i61k+1
oo
< 22_(2k+1)card.»4k
k=0
251 & B
< 95 _ 1 ZQk(s *) by (8)
k=0

< o0 since s < 2.

It now follows directly from Proposition 2.1 that p, defines a generalised mea-
sure p € M. m
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Figure 3: One stage in the construction of a generalised vector-valued measure
supported by the von Koch curve.

For a specific example of this construction, let C' be the von Koch curve,
obtained from a unit segment by repeated replacement of the middle third of
intervals by the other two sides of the equilateral triangle on the same base,
see Figure 3. Then C has curve dimension log4/log3. Taking I = {i =
(i1,...,8%) : 1 <i; <4} and {A4; : i € I} as the natural hierarchy of scaled
down similar copies of the von Koch curve, this procedure gives ||pq(A4;)|| = 37*
fori € I, s0 ) ey oAl = 4*3~% which is unbounded in k. Attempting to
extend p, directly to subsets of C' leads to a vector measure that fails to be ab-
solutely integrable, and it is easy to define a bounded (non-Lipschitz) function
f on C such that limg 0 D 5 p f(@i)po(As) takes different values (or does not
exist at all) according to the z; € A; chosen. Nevertheless, in our framework,
o leads to a vector-measure p on C that is enough to integrate Lipschitz func-
tions. (Observe that the curves we have discussed here do not satisfy a strong
separation condition and hence are not covered by the multifractal framework
developed in the rest of this paper.)

We now show how certain generalised vector measures may be specified by
their invariance under certain transformations. This is analogous to the way
that conventional self-similar multifractal measures are invariant under iterated
function schemes weighted by probabilities, see [11]. For each e € E write M,
for the set of pw € M such that u(X) = [1dp = e. Then M, is a closed, and
therefore a complete, subset of M. Moreover, if pu, py € Me for some e € E
then, since [fd(pu, — p,) is unaffected by adding a constant to f,

Iy — pall = sup | / F (g — o)l (9)
Lip <1

(Thus we may regard ||y — po]| as defining a distance on the subset Me.)

Proposition 2.3 Fori=1,2,...,N, let S; be contractions on X and let T; €
L(E,E) satisfy Zfil T; =1 (the identity on E). Suppose that

N
> NITi||Lip S; < 1. (10)

i=1
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Then for all e € E there exists a unique p € Me such that

/fduzig;Ti (firosian) (11)

for all f € Lip (X).

Proof:  The proof mirrors that given by Hutchinson for the non-vector case
in [11]: Since Eiil T;e = e, the formula,

[ i) = i:jT ( Jires du)

for f € Lip (X)) defines a mapping ¢ : Me = M. If py, by € M, then by (9)

[ £, - vus)

||¢N1_¢N2|| = sup
Lip f<1
N
- s ST ( / [f o Si]d(py — u2>) H
Lip f<1 || 4=
N
< ST sup H Jure s, )
i=1 Lip f<1
N
< T; su /d —
< ;H ZHLipggI{)ipS,- g (Nl NQ)
N
< S ITI(Tip Sl — ol
=1

Thus v is a contraction on the complete metric space Me and so the result
follows on using the contraction mapping theorem. [

Observe that if e = 0 in the above proposition then p is the zero vector
measure.

In the special case when E is R then Ef\il T; = 1 and so (10) becomes the
usual condition for the existence of self-similar signed measures; in particular
if the T; are all non-negative real numbers (necessarily summing to 1) then we
obtain a self-similar measure supported by the non-empty compact set deter-
mined by the S;. If E is C, the complex numbers, then we obtain the self-similar
complex-valued distributions discussed by Strichartz in [21].

Recall that by the standard theory of iterated function schemes, see [8,
Section 9.1] or [11], since the S; are contractions there is a unique non-empty
compact set K satisfying

N
K =] Si(K) (12)

and that writing K (i) = K((i1,...,ix)) = S;0...08;, (K) wherei= (i1,... 1)
and 1 <i; < N, we have K = U;er, K (i) for each k.

In the event that the union in (12) is disjoint we may obtain a characterisa-
tion of the generalised measure of Proposition 2.3 using Proposition 2.1.

—~
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Corollary 2.4 With the S; and T; as in Proposition 2.8 and K as in (12), with
this union disjoint, let po(K ((i1,...,i))) =13, 0...0T; (e). Then the gener-
alised measure p € M, defined by ( ) (with A; = K( )) is just the invariant
measure characterised by (11). Moreover, p is supported by the set K.

Proof: Fori= (iy,...,i;)and 1 < i < n we have
[0 (K (i, 4)) || diam (K (i)
< Tl - N T el (Lip S, ) - - - (Lip Sg, )diam (K)
and so
ks N
> Z ([0 (K (i, 4))[|diam (K <Z IT: ||L1p5> <Z IT5|[lel|diam (K)) :
i€l i=1 i=1

Thus (4) holds, so there exists a generalised vector measure p satisfying (5).
Then taking z; € K (i) we have

N N
S ([irosidn) = tim Y3 i) (K D)

i€l i=1

N
= kgH;oZZf(iﬂi,i)ﬂo(K(iai))

i€l i=1

= /fdu,

where z;; € K(i,1), using (5) again. Thus p is the unique generalised vector
measure satisfying (11). It is now immediate that Spt 4 C K, since if f(z) =0
for € K then [fdu =0 Dby (5). n

We will require the following adapted version of Fubini’s Theorem for gen-
eralised vector measures. Conditions (13) and (14) are satisfied, for example,
by functions f with bounded second derivatives. Under such conditions we can
interchange the order of integration with respect to Lebesgue measure and with
respect to our generalised measures. Some care is required however, since with
generalised measures we lack the ‘order property’ of integration.

Proposition 2.5 Suppose that f:R? x RY - R and C' > 0 are such that for
all z, 2" y,y € R?

|f(@,y) = fE y) < C(lz =2 +ly =¥l (13)
|f(z,y) — flz,y') — f@',y) + f(@',9")| < Cllz = 2'|||ly — 'l (14)

and
/|f(:v,y)| dL(y) < oo for all x. (15)

Let p be a generalised vector measure on R with compact support which takes
values in R™. Then

/fwydu YL (y /fwydﬁ )dp(z) (16)

where L denotes Lebesque measure on RY.
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Proof:  Since f satisfies (15) it is sufficient to prove the result when f has
compact support in R x R? so suppose X ¢ R? is a compact set chosen so
that Spt u C X and Spt f(z,.) C X, for all z € RY. Let A; be a sequence of
finite Borel partitions of X such that

lim sup diam (4) =0 (17)
i— 00 AeAz

and for each A € A; let y4 € A . We have that if h : R? —» RM is continuous
then

> h(ya)L(4) —/Xh(y) dL(y)|| = 0 as i — oo.

A€ A;

For each ¢ € N we have
> /f (z,y4) du(z)L(A) :/<Z f(xayA)ﬁ(A)> dp(z).
A€A; AcA;

In order to pass to the limit (16) it is sufficient to show that [ f(z,.)dp(z) is
continuous (for the left hand side) and

YdLy) = Y flya)l

AcA;

—0asi— o

Lip

(for the right hand side). Observe that, by (13) and (14)

| [ v dute) - [ fGo.2) duia)]

. / (F(@y) — £z, 2)) du(a)]

< Ml fGy) = £C2)lip
= el (If(z0,y) — f(x0,2)| + Lip [£ (., y) = f(.,2)])
< 20 plllly — =l

and so [ f(z,.)dp(z) is continuous.
It is clear that

‘/ f an d£ Z f xU:yA )

A€A;

—0as?— o0

and thus it only remains to verify that

L1p(/f:z:yd/3 ZfacyA >—>Oasi—>oo. (18)

AcA;

Fix z,2' € R? and observe that

‘/fwydﬁ - ¥ f@une) - [ 16 nice)+ 3 16 e

A€A; AEA;
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< Y [ 15w - fa) - 160) + )] L)
Aea; 7 A
< Cllz =4 lly — yall dL(y)
A;é\l‘/A !
< C sup diam (A)L(X)||z — ='||.
A€A;
Thus (18) follows on using (17). L]

3 Self-similar vector-valued measures in code space

As with most fractal and multifractal calculations for self-similar sets and mea-
sures we first calculate within a code space that codes points of the self-similar
set, and then transfer these calculations to generalised vector-valued measures
in R? using geometrical arguments. In this section we consider generalised
vector-valued measures defined on a code space I, with values in R, i.e. the
measures are members of £(Lip (I), RM).

Fix N € N and let I, = [[;2,{1,...,N}. Forie {l1,..., N} fix 0<r; <1
and define a metric on I, by

1 if iy # j1
d(i,j) = Tiy o Tiy if i|k :j|k and ik+1 75 jk+1 (19)
0 ifi=j

where i|; is the sequence i curtailed after k¥ terms. Under this metric I, is
complete, separable, compact and totally disconnected.
Define, for i = 1,..., N, the ‘right shift’ maps o; : [, = I by

oi(il) = 4,1
(where 4,1 denotes concatenation.) If i and j € I, then
d(oii, 0:j) = rid(L,])
and so the maps o; are contracting similitudes on the space I. Let T; €

LBRM RM) (i =1,...,N) be similitudes with norms ||T;|| = t; > 0; observe
that we allow ¢; to be greater than 1. We assume that

YTi=1 (20)

where I is the identity map on RM | that

N
Ztiri <1 (21)
i=1
and that
0<t; <...<tn. (22)
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For a non-zero vector e € R, Proposition 2.3 gives that there is a unique
generalised vector-valued measure v € Mg(I) such that for all f € Lip (1)

N
/fdu:ZTi (/[foai]du). (23)
i=1
For i€ I, and k € N define the k-th level cylinder of i by

C(ilx) :==1{j € Inc = jlx = il&}

and write

diam C(i|g) = r(i|x) = 74, - - - Ty -
If C(ilx) # C(jlx) then dist(C(i|x), C(lx)) > rmin”(i|k—1) where ryin = min—; . ~n{r:}.
Using (23) inductively with f as the characteristic function of cylinders (which

is Lipschitz) we see that for all i € I, and k¥ € N the vector vC(i|;) is well
defined and is given by

vC(ily) = Ty () = Thy 0.0 Ty, (e). (24)

By analogy to the usual theory of multifractal measures, we are led to investigate
the set of points of I, where these vector measures satisfy a power law of
exponent «; that is, where the ‘local dimension’ of the vector measure is a.
Thus for all & € R we define

I(a) = {ieloo: lim M:a}

k—oo log diam C(i|)

- {ielmzlimw:a}. (25)

k—oo logr(i|x)

We are particularly interested in the size of these sets as measured by Hausdorff
dimension. Recall that we define the Hausdorff dimension of a set F, a subset
of a metric space X, by

dimy (E) = sup{s : H*(E) = oo}

where, for 6 > 0,

Hj(E) = inf { Z (diam U)® : U is a é-cover of E}
veu
and

H*(E) = sup H(E).
6>0

For a fuller discussion of Hausdorff dimension see Falconer [8] or Mattila [18].
Let : R — R be defined by

N

Sl =1, (26)

i=1

(It is easy to see that for all p there is a unique number [(p) satisfying this
equation). This is analogous to the usual multifractal situation, except here the
t; need not sum to 1 and so §(1) need not be zero.
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Proposition 3.1 The function B defined in (26) is real analytic. If
1. t, =ty then B(p) = B(0) for all p,
2. t; = rf(o) for all i then B(p) = (1 — p)B(0),

3. t1 <ty and there is an i such that t; # rf(o) then 3" (p) > 0 for all p and
thus B'(p) is strictly increasing. Moreover, as p — oo

(a) if t1 > 1 then S(p) — oc, B(—p) = —oc and B(p) is strictly increas-

ng,

(b) iftny <1 then B(p) = —o0, B(—p) — o and B(p) is strictly decreas-
ng,

(¢) if t1 =1 then B(p) — oo, B(—p) — 0 and B(p) is positive and strictly
increasing,

(d) if txy =1 then B(p) — 0, 8(—p) — oc and S(p) is positive and strictly
decreasing,

(e) if t1 <1<ty then B(p) = oo, f(—p) = oc and B(p) is positive and
conver.

Proof: This follows from a simple analysis of the expression (26) defining 3
together with implicit differentiation. (]

In the event that (1) or (2) of Proposition 3.1 hold it becomes a trivial
exercise to compute that I(a) # () for only one value of o and for this «,
I(a) = I, and thus its dimension is easily computed. Hence in what follows
we shall implicitly assume that neither of cases (1) and (2) occur.

Let

logt;
min
1<i<N logr;

Omin =

and

logt;
Omax = Max .
1<i<N logr;

(Note that both ami, and amax may be negative.)
Proposition 3.2 The following hold:
1. apin = hmp%oo _BI(P) and Qmax = limp—)foo _ﬂl(p)

2. For alli€ I

log t(i log t(i
tmin < lim inf O8I0 gy, o JoB T
k—oo logr(ilx) koo logr(ilk)

and so I(a) =0 for a € [amin, ¥max]-

3. dmax = limy,_,_ o pamax + B(p) exists and satisfies

S rfme=1, (27)

-
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4. dmin = limpy_,o0 pamin + B(p) exists and satisfies

PR (28)

. ami
Gitg=r,; ™n

Proof:  The details may be found in Cawley and Mauldin [3, Section 1] —
the fact that the #; do not necessarily sum to one does not affect any of their
calculations. [

One immediate corollary of this proposition is that if & € [@min, @max] then
I(a) = 0 and thus has zero dimension.

The Legendre Transform, 3*, of 8 is defined by
B*(a) = inf{pa + B(p) : p € R} (29)
for a € (Qmin, Omax)- We set
B (max) = dmin and B (amin) = dmax- (30)

Since (' is strictly monotonic increasing on R (see Proposition 3.2) it is easy to
see that for amin < @ < amax, 8*(a) = pa + B(p) where p has been chosen so
that o = —3'(p).

Our final result in this section is our main result about the code space: it
characterises the size of the sets in I, where the local dimension is «a.

Theorem 3.3 For all & € [min; @max)s
dimyg I(a) = 8*(a).
Moreover, if @ € (Qmin, Omax) then

dimpy I(a) = pac + B(pa)

where p, is the unique p such that a = —p'(p). In particular dimy (I,) is
independent of the value of v(I) (=e).

Proof:  This is proved using methods identical to those used by Cawley and
Mauldin in [3]. For @ € (@min, ®max) the upper bound on the dimension of ()
follows from a standard covering argument and the lower bound follows on using
the fact that ) t¥= riﬁ (Pa) — 1 to define a probability measure y on I and then
using the ergodic theorem to show that p is concentrated on I(a). Standard
techniques then allow the dimension of y to be estimated. If & = auin (O Aumax)
then one proceeds exactly as in [3, Theorem 2.14]. n

Thus we have calculated the multifractal spectra for a class of vector mea-
sures defined on a code space. In the next section we shall attempt to push this
result forward to self-similar vector measures in Euclidean space which satisfy
a strong separation condition.
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4 Multifractal spectrum of self-similar vector mea-
sures defined on Euclidean space.

Suppose that S;:R? — R? for i = 1,...N are similitudes with contraction
ratios 0 < r; < 1 and let T; € L(R™ RM) be similitudes satisfying (20), (21)
and (22). Let K be the unique, non-empty, compact set satisfying K = U;S;(K).
Further suppose that the S; are such that if ¢ # j then S;(K)NS;(K) = 0. Let
d be the metric defined on I, by (19) using the contraction ratios r;. Define a
projection map 7: I, — K by setting, for i € I,

{ﬂ-(i)} = mlé.ilsil 0-:-0 SZk (K)

(7 is well defined since for all k, diam S;, o ---0 S;, (K) < r(ilx) < ¥, — 0.

max
The choice of metric for the code space I, and the fact that K satisfies a strong
separation property ensures that the following holds:

Proposition 4.1 The map 7 is bi-Lipschitz and is such that for alli € {1,...,N}
the following diagram commutes:

Io =25 I

K 2 K
Proof: 1t is clear from the definition of 7, that the diagram commutes. Choose
~ > 0 such that if ¢ # j then dist(S;(K), S;(K)) > ~. Suppose that i # j € I
and let k be the least integer such that il # j|x. Then dist(K(i|x), K(j|x)) >
~ydiam (K)ry, ...7;,_, where K(i|g) = S;, 0...0S5;, (K). Hence
ydiam (K)d(i,j) < [l7(i) — 7 (j)| < diam (K)d(i, j) (31)
as required. [
Consequently we have the following result on dimensions.
Lemma 4.2 If J C I, then
dimg (7(J)) = dimg J. (32)

Proof:  This follows since Hausdorff dimension is preserved by bi-Lipschitz
maps. [

We can now transfer the results of Section 3 for code space to K.

Proposition 4.3 For all & € [Omin, Omax)s
dimyg 7 (I(a)) = B*()
and if & & [Qmin, Amax] then T(I(a)) = 0. Moreover, if @ € (Qmin, Omax) then
dimp 7 (I()) = pacx + B(pa)

where p,, is the unique p such that a = —f'(p).
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Proof: This is immediate from Lemma 4.2, Proposition 3.2 and Theorem 3.3. m

Let p be the unique vector-valued measure in ./\/le(Rd) given by Proposi-
tion 2.3 and recall that for all f € Lip (R%)

/fduzi::Ti (/[foSi]du>- (33)

It is clear that there should be a relationship between the vector measure u
defined on R? and the vector measure v defined on I, by (23); the next propo-
sition formalises this.

Proposition 4.4 For all g € Lip (I.) and f any Lipschitz extension of gom

to R? we have
/fdu = /gdu.

In particular, for any i € I and k € N we have
BK (i) = vC(ly). (34)

Proof: Fix such an f and g. We have that g = f o7 so that from (23) and the
definition of 7= we find that

/gdu = /(foﬂ')dl/

= ﬁ;Ti [/(foﬂ'ooi) du}
- éTi[/(foSiow)du}.

Hence

/fdw#u:gTi [/(fos,») dw#u]

where, for h € Lip (R?),
/hdﬂ'#l/ = /(hOW) dv.

But as u is the only vector measure in ./\/le(Rd) satisfying this equation, see (33),
we conclude that

TplV = [
as required.

Finally, by choosing g to be the Lipschitz function that equals 1 on C(i|)
and 0 elsewhere we obtain (34). n

Corollary 4.5 For all @ € [amin, Omax)s

dimy (Kc()) = B*(a)
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where

Ko(a) := {.’E € K: lim log K (x]1)

_— = h s .
k—oo log diam K (x|,) @ wherex=1n }

Proof: It follows from (31) that there is a constant P € (0, 00) such that for
alze Kand ke N

P~'diam C(x|;) < diam K (x|;,) < Pdiam C(x|y).
Propositions 4.3, 4.4, Theorem 3.3 and (25) now give the result. [

Thus we have determined the multifractal spectrum of the cylinder sets of
K. However we are really interested in the dimension of the subsets of K at
which the local dimension calculated over balls equals «, that is

{mEK:limw:a}.
70 logr

Unfortunately, in the framework of Section 2, uB(z,r) is not, in general, a
well-defined quantity and thus we need to seek an alternative notion of local
dimension for vector measures which parallels that for ordinary measures. This
leads us to introduce convolution kernels which, in a sense made precise below,
approximate the identity function on B(0, 1).

Let ¢ : R? [0,1] be a Lipschitz function of compact support such that

1. ¢ is radially symmetric and decreasing (i.e. ¢(z) < ¢(y) if ||z|| > ||y|| with
equality if [lz]| = [[yl)),

2. the function f(z,y) := ¢(x —y) satisfies Equations (13) and (14) for some
C > 0 (this will be satisfied if ¢ has continuous second derivatives),

3. [¢(z)dL(x) =1 where £ denotes d-dimensional Lebesgue measure.

We define ¢, : R* = [0,1] for r > 0 as dilations of ¢:

br@) =9 (%) (35)
Note that

/ 60 (x) dL(z) = 1l (36)

We now make a few observations concerning the functions ¢, and their
relationship with pu.

For 0 < p <1 we write K* = {z : dist(z, K) < p} for the p neighbourhood
of K. We assume that

K*(i) N K*(j) = 0 for i # j (37)

where K*(i) := S;(K?). Thus diam K*(i) = r;diam K* = r;(2p + diam K).
Now choose 0 < § < p such that if 0 < r < § then

Spt ¢, C B(0, p). (38)
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It is immediate from (36) and the translational invariance of Lebesgue measure
that for ally € K and all 0 <r < 4

rd - b (z —y)dL(z) = 1. (39)
For brevity we write for z € R and r > 0
bop(a) = [, =) duly)
and if f:R? — R? then we let
bl o f1(0) = [6r(e~ £0) dulw).

We think of ®,u(z) as a ‘sample’ of p at scale 7 in a neighbourhood of z.
Our next lemma will enable us to relate r=¢ [, [|®,pu(z)||? dL(x) to the vector
measures of the ‘cylinders’ which make up K. (We take 0° to be 0 in all that
follows.)

Lemma 4.6 For all p > 0 there is a Cp > 1 such that for all 0rmin <1 <6
¢;t <t [ o) det) < (40)
Proof: By Proposition 2.5 and (39)
[ [oa =) dut)ace) = .

So in particular, for all 7, ||®,p(x)|| # 0 on a subset of K” of positive Lebesgue
measure. Since (z,7) — ||®,p(z)|| is uniformly continuous on K? X [07min, Tmin]
we deduce immediately (40). L]

Note, using the scaling and translational invariance of Lebesgue measure,
that if i € I}, for some k then for any s > 0 and p > 0

/ 1®ri) [t 0 S H(@)IP dL(w) = [r(i)]d/ [@sp(@)[[” dL(z).  (41)
Kr(i) Kr

Lemma 4.7 Let § be given by (38) and fix p > 0. There is a Cp > 1 such that
if ke N, 1€ I, and drpin < s < 9§ then

C, ()P < (Sr(i))_d/ 1@y (@) [[P dL(z) < Cpt(i)? (42)
Kr (i)
where
t(d) =ti, ... ti,
and
r(i) Tll rik
fori=(i1,...,ig).
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Proof: Observe from (33) that

Jo 0@l az) = [ 1S (#alieo 85716) 17 dc @)

JE€ILL

where for j = (j1,...,jr),we set Tj = Tj, o---0Tj, and Sj = Sj; 0---05j,.
However Spt ¢,,;) C B(0, pr(i)) and so, if j # i, then for € K (i) and y € K

lz = Ssyll > p(r(3) + r()) > pr(i)
which implies that ¢, (2 — Sjy) = 0. Hence this together with (41) gives

@y [ @l e
= @) [T (Bl ST@) 4L
Kr (i)

s * [ el dc)
Kr
and the result now follows from Lemma 4.6. n

The hope is that, for small r, [¢,(z — y) du(y) will mirror the behaviour of
uB(z, r) for an ordinary measure p. Unfortunately there are problems associated
with investigating this quantity — primarily the fact that in the vector case
it may be unexpectedly small or even zero. In an attempt to surmount this
difficulty we shall instead investigate the quantity

—d
r / o leen@lace) (43)

(where a is a constant to be defined later.) One advantage of this approach is
that we can utilise monotonicity: if £ C F' then

/E I / b — y) dp()]] dL(z) < 7 /F I / b ( — y) du(y)] dL(2).

For an ordinary measure p which satisfies a doubling condition (that is,
lim sup,._,o uB(z, 2r) /uB(x,r) < oo for all € Spt u — this is certainly true
of self-similar measures) the method of averaging ||®,u(z)|| over B(z,ar) is
essentially equivalent to just investigating uB(z,r). In addition the value that
a takes is unimportant. Thus we may choose a > 1 such that if drp;, <r <6
and z € K then

B(z,ar) D K*. (44)
Our next lemma uses the strong separation property of K to enable us to com-
pare B(z, as) with cylinder sets of K in a uniform manner. Recall that if i € I,
and k£ € N then
K?(ily) = S5, K

Lemma 4.8 There is an | € N such that if 2 € K andi=7"1(2) and 0 < 5 <
or(il;) then
K*(ilx) C B(z,as) C K*(ilx—1) (45)

where k is chosen so that

or(ilr) < s < or(i|g—1)-
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Proof: Since for any y € K
B(y, as/r(il))) > K*

it is clear that
S, B(y,as/r(ilx)) D K*(ilx)

and thus if y is chosen so that S,y = z then
B(z,as) D K*(i|x)
as required. For the other inclusion choose [ to be an integer such that

l>1+M (46)

- log Tmax

and observe that for z € K (i|;) we have using (46)

dist(z, RT\ K”(i[x—1)) > pr(ile_:)
> p(TmaX)lilT(ﬂkfl)
> adr(i|g—1)
> as
and so the lemma follows. n

This lemma enables us to compare s~ ¢ fB(Z as) ||®sp(2)|| dL(z) with the size
of appropriate level components of K as follows.

Corollary 4.9 There are 0 < ¢; < ¢a < o© and sq > such that for all z =
(i) € K and 0 < s < so we have

ert(ify) < 57 /B( )Ilq’su(w)ll dL(z) < cat(ifx) (47)

where k is such that ér(i|y) < s < 0r(ilp—1)-

Proof: Let I be as in Lemma 4.8 and set so = dr-tL. Then, for 0 < s < 5o we
find that from (45)

S_d/ [®sp ()| dL(x) > S_d/ [®sp ()|l dL(x)
B(z,as) Kr(ilx)

and the lower bound then follows immediately from Lemma 4.7. Similarly

/ |@ap(a)| dLz) < s / 1@ pa(a) | dL(2)
B(z,as) K*(ilk—1)

which, again by Lemma 4.7,
Crt(ik—1)

Cy (tmin)iltmk)

INIA

as required. -

We can now relate our space averages to cylinder averages.
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Proposition 4.10 For all z = n(i) € K and for all o € R we have

o B dL)
5—0 log s B

if and only if
logt(ils) _
k—o0 10g1“(i|k)

Proof: This is immediate from Corollary 4.9. [

Hence we can exhibit the multifractal spectrum in spatial form.

Corollary 4.11 For « € [amin, @max] we have

logs~* &, ()| dL (2
dlmH {Z c K : lim fB(z,as) || s ( )H ( ) W
s—0 IOgS

=pf%(a)  (48)

where B* is given by (29). Moreover, for a € (Qmin, @max),
B*(a) = pacx + B(pa)
where po is the unique p € R such that « = —'(p) and
B*(amin) = dimin and B (Cmax) = dmax

(recall that dmin and dymax were defined in (27) and (28)). Finally, if o &
[aminaamax] then

log s—¢ P.u(x)|| dL(x
{ZeK: i 08 SRz a0 1@spa(2)|| dL(2) :a} 4.

50 log s

Proof: This follows immediately from Proposition 4.3 together with Proposi-
tion 4.10. -

Thus we have found the multifractal spectrum of p, the self-similar vector-
valued measure with the 8 function defined by (26) and, moreover, the spectrum
is independent of the choice of the ‘sampling function’, ¢. Let us illustrate the
theory we have developed by means of the following simple example.

Example 4.12 Consider the vector measure in the plane defined by Figure 4
where E = R?, and e is a unit vector pointing along the x-axis and Ty, ..., Ty are
given as follows: T\ (z) = LR(z), To(z) = 2z, Ts(z) = —1R(z) and Ty(z) = —=
where R denotes a rotation of n/2. Let r = 1/8 and choose Si,...,S4 so
that they are similitudes which scale the unit square, QQ, by a factor 1/8 and
then translate it to one of its four corners as illustrated in Figure 4. Then
we may apply Proposition 2.3 to deduce the existence of a unique, self-similar
vector measure supported by the cantor dust generated by these similitudes and

satisfying (11).
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Figure 4: The generating transformations and similitudes for a self-similar
vector-valued measure supported by a cantor dust.

It is a straightforward calculation to see that for this vector measure
Qmin = _]-/37 Qmax = 2/37

dmin = 0, dmax = ]./3
and
~ log1 + 27 + 2(0.25)7]

B(p) 310g0

Consequently the multifractal spectrum of this vector measure is as given in
Figure 5. Observe that 3(0) # 1 and that the set of points with negative local
dimension has positive dimension; this is explained by considering how often
points with a large number of 2’s in their code space address appear.

5 The LP-dimensions of self-similar generalised
vector measures

The paper of Halsey et al [10] studied the multifractal spectrum of a measure
u by investigating the LP-dimensions of the measure (this terminology was
introduced by Strichartz in [22]) and relating them to the multifractal spectrum.
In this section we find further parallels for the theory of generalised vector-valued
measures involving LP-dimensions. We continue to study the self-similar vector
measure p discussed in the last section.

We define, for p > 0 and r > 0,

Fy(r) = / 1%, p1() [P A () (49)
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a

min amax

Figure 5: The multifractal spectrum of the vector measure described in Exam-
ple 4.12

(where [|x]|? is 1 if x # 0 and 0 otherwise) and observe that F, is a continuous
function of r. We now define the LP-dimensions of pu to be

log F,
7(p) = lim Lp(r).

50
r—0 logr (50)

This is the natural vector analogue of the LP-dimension function studied by
Lau and Ngai in [15]. Theorem 5.1 shows that this limit does indeed exist for
self-similar measures, is independent of the choice for ¢ and that, for p > 0,
7(p) is just the function —B(p) given by (26).

Theorem 5.1 Let R = {—logry,...,—logry} and suppose that p > 0.
1. If the group generated by R is dense in R then
lim r%®) F, (r)

r—0

exists and is positive and finite.

2. If the group generated by R is 0Z for some o > 0 then there is a o-periodic
function h bounded away from 0 and oo such that

B(p)
— F,(r) _
r—0 h(—logr)

Thus, in either case, T(p) given in (50) exists and, moreover,

B(p) = —7(p).
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Proof: Fix p > 0 and for r > 0 let F(r) = F,(r). Fixi € {1,...,n} and
suppose 0 < r < dr;. We examine the scaling properties of F'. Observe that

Spt ¢ C B(0, pry) (51)
and if y € K (i) and z ¢ K”(i) then
bz — ) =0. (52)

Hence if 0 < r < d7rmin then

FE() / I / br(x — y) dp(y)|I” dL(2)
i::Ti (/@(a: - Siy) du(y)>

Jol
1, (frta - S duir))

N
‘ [orte =) duty)

dL(z), by (33)

’ dL(z), by (52)

- Z /I(P(i)

i=1

= g:tf/

i=1 Kr (i)
N

_ p,.d

= i [
i=1 K
N

= thrdF(r/ri).

i=1

’ dL(x)

" ac(@), vy (33)

/ Gryri (T —y) dp(y)

Thus, if 0 < r < drmin then

N

F(r) =Y _t'F(r/ry). (53)

i=1

We now apply the renewal theory method, see Lalley [12, 13, 14], to study F(r)
as r — 0. We define new functions Fp: (0,00) - R and H:(0,00) — R by

| F(r) if0o<r<d,
and
0 if0<r<5rmin,
H(r) =13 F(r) =Y isr>r tYF(r/r;) if 0rmin <1 <4, (55)
0 if r > 4.
Thus for » > 0,
N
Fo(r) = t'Fy(r/r:) + H(r). (56)

i=1

By using Lemma 4.7 there are constants 0 < c_ < ¢4 < oo such that if 672, <
r < 0rmin then
c— < Fy(r) <cy. (57)
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Define f, g: R — R by

f(t) = exp(—st) Fo(exp(—1)).
and

9(t) = exp(—st) H (exp(~t)).
Then (56) becomes

N
F(t) =D tiri f(t+logri) +g(t) (58)
i=1
for t € R, where
0 if t > log(drmin) 1,
g(t) =< e st (F(e7!) — D iisri o t'F(r;tet)) if t € [logd,log(67min) '],
0 if t < —logd—t.
(59)
Hence g is a bounded, piecewise continuous function with compact support and
if we choose s € R such that > t'rf = 1 (that is, s = 3(p) by (26)) then we

find from (57) and (58) that there are 0 < C_ < C; < oo such that for any

t> —logdr?,,
C- < f(t) < 5.

In this case, (58) is just the renewal equation, so we may apply the renewal

theorem to deduce that one of the following occurs:

1. f R={-1logry,...,—logry} is non-arithmetic, that is the group gener-
ated by R under addition is dense in R, then
Jim 710 =C

for some C € [C_,C4] .

2. If R is o-arithmetic, that is the group generated by R is oZ for some o > 0,
then f(t) is asymptotic (as ¢ — 00) to a positive o-periodic function h
which is bounded above and below by C_ and C. respectively.

Consequently, in either case, by substituting back we find that either (1) or (2)
of the theorem hold and thus 7(p) exists and equals —f(p) as claimed. L]

6 Discussion

We have set up a framework for vector-valued measures of a highly singular
nature, which may be more appropriate for the study of certain physical phe-
nomena than real-valued measures. We have calculated the multifractal spec-
trum and LP-dimensions of self-similar vector measures. These quantities reflect
the local intensity of pu which is examined at scale r by integrating against a
‘kernel of width 77, ¢,.. Whilst the multifractal spectrum and LP-dimensions
we obtain bear some resemblance to the real-valued measure analogues, a much
wider variety of spectra are achievable in the self-similar case, permitting better
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matching to physical situations. In particular, the constraint that §(0) = 1 is
no longer required.

There should be no difficulty in principle, in defining and calculating the
spectra and dimensions of the vector-valued equivalents of all the (real-valued)
multifractals that have been analysed. In particular, vector-valued analogues
could be defined and analysed for graph-directed multifractal measures (see
Edgar and Mauldin [6] for the real-valued case), for random self-similar measures
(see Falconer [9], Olsen [19], Arbeiter and Patzschke [1]) and for self-conformal
measures (see Bessis et al. [2]) where a vector-valued version of the thermody-
namic formalism would be required. The theory could also be placed on the
very general measure-theoretic foundation developed by Olsen in [20].

The model we have presented here could be refined in various ways. One
would expect to be able to weaken the separation condition (37) to the open
set condition (that O D UN,S;(0) with this union disjoint, for some non-
empty bounded open set O); the approach of Arbeiter and Patzschke [1] may
be applicable here. With some careful error analysis, the results in this paper
would hold when the sampling kernels ¢, have non-compact support, provided
they decrease sufficiently rapidly at infinity. In particular, the Gaussian kernel
could be used.

It might seem more natural to consider the multifractal spectra with (43)
replaced by ®,u(z) so that we would examine

dimy {zEK:limM:a}
s—0 log s
instead of (48). However, in the vector-valued case, ®,u(z) can be rather er-
ratic and, due to cancellation of vectors, may be very small or even vanish at
certain z. Mathematically this would mean that the multifractal properties of u
might differ from those occuring in the code space. It is possible to give rather
complicated conditions that ensure that ®su(z) # 0 for all z € K, but it seems
more appropriate to work with local averages.
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