
VISIBLE PARTS AND DIMENSIONSEsa J�arvenp�a�a1, Maarit J�arvenp�a�a2,Paul MaManus3, and Toby C. O'Neil4University of Jyv�askyl�a, Department of Mathematis and Statistis,P.O. Box 35 (MaD), FIN-40014 University of Jyv�askyl�a, Finland1;2Department of Mathematis, Phillips ExeterAademy, 20 Main St., Exeter NH 03833-2460, USA3Department of Pure Mathematis, The Open University,Walton Hall, Milton Keynes, Buks MK7 6AA, UK4email: esaj�maths.jyu.�1, amj�maths.jyu.�2,pmamanus�exeter.edu3, and t..oneil�open.a.uk4Abstrat. We study the visible parts of subsets of n-dimensional Eulidean spae:a point a of a ompat set A is visible from an aÆne subspae K of Rn , if the linesegment joining PK(a) to a only intersets A at a (here PK denotes projetion ontoK). The set of all suh points visible from a given subspae K is alled the visiblepart of A from K.We prove that if the Hausdor� dimension of a ompat set is at most n� 1, thenthe Hausdor� dimension of a visible part is almost surely equal to the Hausdor�dimension of the set. On the other hand, provided that the set has Hausdor� dimen-sion larger than n� 1, we have the almost sure lower bound n� 1 for the Hausdor�dimensions of visible parts.We also investigate some examples of planar sets with Hausdor� dimension biggerthan 1. In partiular, we prove that for quasi-irles in the plane all visible partshave Hausdor� dimension equal to 1.1. IntrodutionThe visible part of a set A from an aÆne subspae of Rn onsists of those pointsof A that one an see from the subspae when looking perpendiularly away fromit (for the exat de�nition, see De�nition 2.1). In partiular, in the extreme asewhen the aÆne subspae is just a point, the visible part onsists of those points ofthe set that one sees when turning around at that point. This is similar to whatwe see when looking at stars whilst standing on the earth.Visibility has been used in onvex analysis for the study of star-like sets (see forexample [B℄, [Ce℄, and [F℄). There one is interested in the dimension of the visibilitykernel, that is, the size of the set of points from whih all the points of a given setan be seen. It has also been studied in the ontext of latties (see for example[AC℄). There is also a measure-theoreti de�nition for visibility (see [Cs℄).1991 Mathematis Subjet Classi�ation. 28A78, 28A80. Typeset by AMS-TEX1



2 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'NeilThe paper is organized as follows. In Setion 2, we introdue some basi notationand desribe a general projetion theorem of Peres and Shlag (Theorem 2.7) whihis our tool for studying small sets. In Setion 3, we use it to prove that if a sethas Hausdor� dimension no bigger than n�1, then the Hausdor� dimensions of itsvisible parts are almost surely equal to the Hausdor� dimension of the original set(Theorem 3.2). For sets that have dimension stritly greater than n� 1, we showthat the visible parts are almost surely at least n�1 dimensional (Proposition 3.3).For suh sets the visible parts have almost surely zero measure for any measurewhih has dimension greater than n � 1 and whih gives positive measure to theoriginal set (Proposition 3.4). In the last setion, we investigate some examples ofplane sets with dimension bigger than 1. In partiular, we show that the visibleparts of a quasi-irle are always one-dimensional (Proposition 4.4). Finally, weobserve that if there exists an almost sure value for the dimension of the visibleparts for all sets with dimension larger than n � 1, then this value must be equalto n� 1 (Remark 4.2).Our interest in the subjet is partially motivated by a problem from osmol-ogy: namely the basi assumption in osmologial models is the homogeneity andisotropy of galaxy distribution. This is usually interpreted as saying that the (spa-tial) dimension of galaxy distribution is three. To justify this assumption, one wouldlike to measure the dimension of the Universe (see for example [D℄ and [PMS℄). Theaim of this paper is to �nd out whether one an onlude something about the di-mension of a set only using information obtained via diret measurements from agiven point or plane. This orresponds to the fat that our measurements are takenfrom a single base point; our solar system.Our results suggest that if the dimension of the Universe is less than 2, thendiret measurement from the earth should give the orret answer. However, if thedimension of the universe is larger than 2 and the examples in Setion 4 orretlyindiate the general behaviour of sets with dimension larger than 2, then it isimpossible to measure the dimension of the Universe using only diret methods.And if, instead, our examples do not illustrate the general behaviour of sets, thenRemark 4.2 suggests that diret measurements an only ever give lower bounds fordimension and it will be impossible to deide whether this lower bound is a goodapproximation or not (unless it is equal to 3).2. Preliminaries and notationWe start this setion by giving the de�nition of the visible part of a set from anaÆne plane and by making some basi observations that we will need later.Let 0 � k � n� 1 be integers. We use the notations A(n; k) and G(n; k) for thespae of aÆne k-dimensional subspaes of Rn and for the Grassmann manifold oflinear k-dimensional subspaes of Rn , respetively. By a 0-plane we mean a point.For V 2 G(n; k), let V ? 2 G(n; n� k) be the orthogonal omplement of V , and letPV : Rn ! V be the orthogonal projetion onto V .Let K, L 2 A(n; k). Using the unique representations K = V +a and L =W +bwhere V , W 2 G(n; k), a 2 V ?, and b 2W?, we metrize A(n; k) as follows:d(K;L) = kPV �PW k+ ja� bj:Here the norm in the spae of linear mappings from Rn to Rn is denoted by k � kand the standard norm in Rn by j � j. Note that A(n; k) is a manifold, and therefore



Visible parts and dimensions 3it is loally di�eomorphi to an open subset of Rl for l = dimG(n; k) + n � k =(k + 1)(n� k).The standard Radon measures on G(n; k) and A(n; k) are denoted by n;k and�n;k, respetively (see [Mat 3.9℄). For all Borel sets A � A(n; k) we have [Mat,3.16℄ �n;k(A) = Z Hn�k(fa 2 V ? j V + a 2 Ag dn;k(V )where Hn�k is the n�k-dimensional Hausdor� measure (for the de�nition see [Mat,4.3℄). Sine A(n; k) is a ountable union of sets with �nite �n;k-measure, after asuitable restrition we may assume that �n;k is a �nite Radon measure.2.1. De�nition. Let 0 � k � n � 1 be integers. Let A � Rn be ompat and letK 2 A(n; k) with A \K = ;. The visible part of A from the aÆne subspae K isVK(A) = fx 2 A j [PK(x); x℄ \A = fxggwhere PK(x) is the losest point to x on K (meaning that PK(x) = PV (x) + a isthe projetion of x to the aÆne plane K = V + a, where V 2 G(n; k) and a 2 V ?)and [x; y℄ is the line segment between x and y.2.2. Remarks. (a) For any ompat set A � Rn and for any aÆne subspaeK 2 A(n; k) with A\K = ;, the visible part VK(A) is a Borel set as the graph of alower semi-ontinuous funtion. Indeed, taking 0 < Æ < dist(A;K) = inffja� kj ja 2 A; k 2 Kg, the (n� 1)-dimensional sub-manifoldSÆ(K) = fx 2 Rn j dist(fxg; K) = Ægof Rn is disjoint from A. Letting PSÆ(K) : Rn ! SÆ(K) be the natural projetion,de�ne fK : PSÆ(K)(A) ! R+ suh that fK(k) = dist(fkg; A \ P�1SÆ(K)(fkg)) forall k 2 PSÆ(K)(A). Here the positive real axis is denoted by R+ . Then VK(A) isthe graph of fK . To see that the funtion fK is lower semi-ontinuous onsiderki 2 PSÆ(K)(A) suh that limi!1 ki = k 2 PSÆ(K)(A). Let ai 2 A \ P�1SÆ(K)(fkig)suh that f(ki) = jki � aij. Let a be a limit point of the sequene ai. Sine A isompat and limi!1 ki = k we have that a 2 A\P�1SÆ(K)(fkg). Hene f(k) � jk�aj.Sine this is true for all limit points a we havef(k) � lim infi!1 jki � aij = lim infi!1 f(ki):(b) In Setion 4 De�nition 2.1 will be used for subsets of aÆne subspaes in thefollowing sense: Let A � Rn be ompat, K 2 A(n; k) with A\K = ;, and S � K.The visible part of A from S isVS(A) = fx 2 A j PK(x) 2 S and [PK(x); x℄ \A = fxgg:It is possible to extend the de�nition of visibility so that it makes sense for allaÆne subspaes inluding those that interset A, namely by de�ningVK(A) = (A \K) [ fx 2 A j [PK(x); x℄ \ (A nK) = fxgg:For simpliity of the exposition, we shall assume throughout that A \K = ;.For the purpose of adapting the general formulation of the projetion theoremdue to Peres and Shlag [PS℄, we reall the following notation from [PS, De�nition7.1℄.



4 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'Neil2.3. De�nition. Let (X; d) be a ompat metri spae, Q � Rn an open onnetedset, and � : Q � X ! Rm a ontinuous map with n � m. For any multi-index� = (�1; : : : ; �n) 2 Nn , let j�j =Pni=1 �i denote its length, and�� = �j�j(��1)�1 : : : (��n)�nwhere � = (�1; : : : ; �n) 2 Q. Let L be a positive integer and Æ 2 [0; 1). We say that� 2 CL;Æ(Q) if for any ompat set Q0 � Q and for any multi-index � with j�j � Lthere exist onstants C�;Q0 and CÆ;Q0 suh thatj���(�; x)j � C�;Q0 and supj�0j=L j��0�(�; x)� ��0�(�0; x)j � CÆ;Q0 j�� �0jÆfor all �; �0 2 Q0 and x 2 X.We ontinue by de�ning a sublass of CL;Æ(Q) onsisting of regular funtions ona region of transversality of ertain order [PS, De�nition 7.2℄.2.4. De�nition. Let � 2 CL;Æ(Q) for some L and Æ. De�ne for all x 6= y 2 X�x;y(�) = �(�; x)� �(�; y)d(x; y) :Let � 2 [0; 1). The set Q is a region of transversality of order � for � if thereexists a onstant C� suh that for all � 2 Q and for all x 6= y 2 X the onditionj�x;y(�)j � C�d(x; y)� impliesdet(D�x;y(�)(D�x;y(�))T ) � C2�d(x; y)2�:Here the derivative with respet to � is denoted by D and AT is the transpose of amatrix A. Further, � is (L; Æ)-regular on Q if there exists a onstant C�;L;Æ andfor all multi-indies � with j�j � L there exists a onstant C�;� suh that, for all�; �0 2 Q and for all distint x; y 2 X,j���x;y(�)j � C�;�d(x; y)��j�jand supj�0j=L j��0�x;y(�)� ��0�x;y(�0)j � C�;L;Æj�� �0jÆd(x; y)��(L+Æ):2.5. Remark. In Setion 3 we will de�ne a map � whih satis�es the assumptionsof De�nitions 2.3 and 2.4 for any positive integer L; in this ase we say that theyare satis�ed for L = 1. Then Æ plays no role (we may hoose Æ = 1), and theassumptions redue to saying that the maps � and � are in�nitely smooth as fun-tions of � 2 Q, and furthermore, all derivatives are uniformly bounded as funtionsof x 2 X. Our mapping in Setion 3 will also satisfy the transversality ondition inDe�nition 2.4 for � = 0. For this it is enough to show that the determinant in Def-inition 2.4 is uniformly bounded away from zero under the ondition that j�x;y(�)jis small.After de�ning Sobolev norms and Sobolev dimension of a measure we are readyto state the result from [PS℄ that we will need in Setion 3.



Visible parts and dimensions 52.6. De�nition. Let � be a �nite, ompatly supported Borel measure on X and� 2 R. The �-energy of � isE�(�) = ZX ZX d(x; y)��d�(x)d�(y):In the ase X = Rm we de�ne the Sobolev norm k � k2; for  � 0 byk�k22; = ZRm j�̂(�)j2j�j2dHm(�)where �̂(�) = ZRm e�i��xd�(x)is the Fourier transform of �. The Sobolev dimension of � isdimS(�) = supf� 2 R j ZRm j�̂(�)j2(1 + j�j)��mdHm(�) <1g:The following theorem from [PS℄ gives a relation between energies of a givenmeasure and Sobolev-norms of image measures under CL;Æ(Q)-mappings. We willstate it only in the speial ase L = 1 and � = 0 (see Remark 2.5) whih isenough for our purposes. For the general formulation, see [PS, Theorem 7.3℄. Weuse the notation f�� for the image of a measure � under a map f : X ! Y , thatis, f��(A) = �(f�1(A)) for all A � Y .2.7. Theorem. Assume that Q � Rn and � satis�es the assumptions of De�ni-tions 2.3 and 2.4 for L = 1 and � = 0 (see Remark 2.5). Let � be a �nite Borelmeasure on X suh that E�(�) <1 for some � > 0. Then for any ompat Q0 � Q(2.1) ZQ0 k(��)��k22;dHn(�) � CE�(�)for some onstant C provided that 0 < m + 2 � �. Moreover, for any � 2(0;minf�;mg℄ we have(2.2) dimHf� 2 Q j dimS((��)��) � �g � n+ � � �:Here the Hausdor� dimension is denoted by dimH (for the de�nition see [Mat, 4.8℄)and �� = �(�; �).Proof. See [PS, Theorem 7.3℄. �3. Visible parts and general projetion formalismWe begin this setion by onsidering visible parts of ompat sets in Rn withHausdor� dimension at most n�1. Aording to the following theorem, from typialaÆne subspaes visible parts have in this ase the same Hausdor� dimension as theset itself. In the proof of Theorem 3.2 we need the following well-known lemma.The proof is stated for reader's onveniene.



6 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'Neil3.1. Lemma. Let A and B be symmetri n � n-matries suh that all the eigen-values of A are positive and those of B are non-negative. Thendet(A+ B) � det(A):Proof. Let Q be the orthogonal matrix whih diagonalize A and let � = QAQT .Further, let D be the diagonal matrix with positive entries suh that ��1 = D2.Nowdet(A+B) � det(A) () det(QAQT +QBQT ) � det(QAQT )() det(D�D +DQBQTD) � det(D�D) = det(I)() det(I + eB) � 1 () nYi=1(1 + bi) � 1where I is the identity matrix and bi, i = 1; : : : ; n, are the eigenvalues of thesymmetri matrix eB whih by assumption are all non-negative. �3.2. Theorem. Let 0 � k � n � 1. Assume that A � Rn is a ompat set withdimH(A) � n� 1. Then dimH(VK(A)) = dimH(A)for �n;k-almost all K 2 A(n; k) not interseting A.Proof. Sine for all r > 0 we have VW+ra(rA) = r(VW+a(A)) for all W 2 G(n; k)and a 2 W? with A \ (W + a) = ; and sine Hausdor� dimension is preservedunder homotheties and translations, we may assume that A � B(0; 12).For all Æ > 0 and K 2 A(n; k), de�neA(Æ) = fx 2 Rn j dist(fxg; A) < Ægand SÆ(K) = fx 2 Rn j dist(fxg; K) = Æg:Reall that SÆ(K) is a smooth (n� 1)-dimensional manifold for all K 2 A(n; k) forall k = 0; : : : ; n� 1.Fix 0 <  < 12 . Let eK 2 A(n; k) suh that dist( eK;A) � 3. Clearly it is suÆientto prove the laim for �n;k-almost all K 2 N( eK) whereN( eK) = fK 2 A(n; k) j d(K; eK) < g:Sine A(n; k) is a manifold, making  smaller if neessary, one may view N( eK) asan open subset of the (k + 1)(n� k)-dimensional Eulidean spae.For the purpose of proving the laim for typial planes in N( eK), we onstrutfor all K 2 N( eK) a map g(K; �) : A( 10)! S(K) suh that(3.1) g(K;A) = g(K;VK(A))for all K 2 N( eK), and furthermore,(3.2) dimH(g(K;A)) = dimHA



Visible parts and dimensions 7for �n;k-almost all K 2 N( eK).For all K 2 N( eK) and x 2 A( 10) de�neg(K;x) = y where fyg = [PK(x); x℄ \ S(K):Now g is a well-de�ned Lipshitz funtion sine dist(K;A) � 2 for all K 2 N( eK).Moreover, property (3.1) follows diretly from the de�nition. Note that g(K; �) isthe natural projetion onto S(K).For the purpose of proving (3.2), we may assume that diam(A) < 10 where thediameter of the set A is denoted by diam(A), sine dimH([li=1Bi) = maxi dimH(Bi)for any sets Bi, i = 1; : : : ; l. To adapt Theorem 2.7 involves tehnial argumentsusing the mapping � = f Æ g : N( eK) � A( 10) ! Rn�1 where f (whih dependssmoothly on K) is a smooth hart from a neighbourhood of g(K;A( 10)) on S(K)to Rn�1 suh that its determinant is uniformly bounded above and away from zero.Note that there exists suh a f sine diam(A) < 10 . After having proved that for�n;k-almost all K 2 N( eK) we have(3.3) dimH(�(K;A)) = dimH(A);equality (3.2) follows sine f preserves Hausdor� dimension.To verify (3.3) we �rst show that the funtion � satis�es the assumptions ofTheorem 2.7 with L = 1 and � = 0. Indeed, the smoothness assumptions arelear. Note that Æ plays no role in the ase L =1. What is left is to show that �satis�es the following transversality ondition: there exists " > 0 suh that for allK 2 N( eK) and y 6= z 2 A( 10 )(3.4) j�y;z(K)j � " =) det(D�y;z(K)(D�y;z(K))T ) � "2;where �y;z(K) = �(K; y)��(K; z)d(y; z) :Observe that D�y;z(K) is a (n � 1) � l-matrix for l = (k + 1)(n � k) > n � 1.By Lemma 3.1 it is enough to �nd one (n� 1)� (n� 1)-minor of D�y;z(K) whihsatis�es the right hand side of (3.4). Indeed, let A be a (n � 1) � l-matrix andlet M be the (n� 1)� (n� 1)-matrix orresponding to the �rst n� 1 olumns ofA. Write A = fM + N , where �rst n � 1 olumns of fM are those of M and allother olumns onsist of zeros. Similarly, �rst n � 1 olumns of N are zeros andthe rest are those of A. Now AAT = fMfMT +NNT and det(MMT ) = det(fMfMT ).To �nd this minor we have to �x some oordinates in N( eK). Taking " > 0suÆiently small, we may assume that the piee of S(K) we are onsidering isalmost at, that is, the di�erene between the projetion to the ylinder S(K) andto a hyper-plane tangent to S(K) at g(K; z) is of order "2 (in the sense of Taylorexpansion so that the derivative of this di�erene is of order "). We parametrize thehyper-planes by their orthogonal omplements � = ("1; : : : ; "n�1;q1�Pn�1i=1 "2i )where j"1j; : : : ; j"n�1j < " and use some oordinates ~� for the remaining degreesof freedom in N( eK). Sine we need to onsider the determinant only in the asej�y;z(K)j < ", we may assume that the points y; z 2 Rn belong to the line whih is



8 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'Neilperpendiular to the hyperplane determined by the �rst n�1 oordinates. Thereforethe problem redues to the study of the projetion of x = (0; : : : ; 0; xn) to hyper-planes lose to the orthogonal omplement of (0; : : : ; 0; 1), sine projetion is linear.Here xn = d(y; z). Thus there are a onstant 0 and a funtion h satisfying jhj � 0"2and j �h�"i j � 0" for all i = 1; : : : ; n� 1 suh that�y;z(�; ~�) = f Æ (�("1; : : : ; "n�1) + h):This gives det(D�y;z(�; ~�)D�y;z(�; ~�)T ) � C +O(")for some C > 0 depending on f but being independent of ". This ompletes theproof of (3.4).Now assume that dimH(A) = s � n� 1. Let � < s. By Frostman's lemma [Mat,Theorem 8.8℄ there is a Radon measure � on A with E�(�) < 1. Aording to(2.2) we have for �n;k-almost all K 2 N( eK)dimS((�K)��) � �where �K = �(K; �). (Note that �n;k is a uniformly distributed Radon measure,and hene it is a onstant multiple of the d-dimensional Hausdor� measure ford = dimA(n; k).) Using [Mat, Lemma 12.12℄, we observe that for any ompatlysupported Radon measure � on Rm and � < m there exist onstants C and D suhthat E�(�) = C ZRm j�̂(�)j2j�j��mdHm(�)= C Zj�j�1 j�̂(�)j2j�j��mdHm(�) + C Zj�j>1 j�̂(�)j2j�j��mdHm(�)� eC + eD Zj�j>1 j�̂(�)j2(1 + j�j)��mdHm(�)� D ZRm j�̂(�)j2(1 + j�j)��mdHm(�):Now [Mat, Theorem 8.9℄ implies thatdimH(�(K;A)) � �for �n;k-almost all K 2 N( ~K). Taking an inreasing sequene �i ! s we onludethat (3.3) holds sine � annot inrease the dimension.To omplete the proof, (3.1) and the fat that the map g(K; �) does not inreasedimension give(3.5) dimH(g(K;A))� dimH(VK(A)) � dimH(A):This implies the laim by (3.2). �The same method gives the almost sure lower bound n � 1 for visible parts ofompat sets in Rn having Hausdor� dimension greater than n� 1.



Visible parts and dimensions 93.3. Proposition. Let A � Rn be ompat with dimH(A) > n� 1 and let 0 � k �n� 1. Then dimH(VK(A)) � n� 1for �n;k-almost all K 2 A(n; k) not interseting A.Proof. We proeed as in the proof of Theorem 3.2; the only di�erene being thatunder the assumption dimH(A) > n� 1 we have(3.6) dimH(g(K;A)) = n� 1for �n;k-almost all K 2 N( eK). Indeed, Frostman's lemma and (2.1) imply theexistene of a Radon measure � suh that (�K)�� is absolutely ontinuous withrespet to the (n�1)-dimensional Hausdor� measure for �n;k-almost allK 2 N( eK),and has therefore Hausdor� dimension equal to n � 1. Reall that the Hausdor�dimension, dimH(�), of a measure � isdimH(�) = inffdimH(B) j B is a Borel set with �(B) > 0g:This in turn gives (3.6) sine dimH(�(K;A)) = dimH(g(K;A)) for all K 2 N( eK).Finally, the laim follows from the �rst inequality in (3.5). �We ontinue studying visible parts of ompat sets in Rn having Hausdor� di-mension greater than n � 1. Given suh a set A, there is a ompatly supportedRadon measure � on A with 0 < �(A) <1 and dimH(�) > n�1 [Cu, Theorem 1.5℄.In a forthoming paper [JJN℄ we will prove the following proposition. Aordingto it, the visible parts of A are almost surely smaller than the set A itself, that is,almost all visible parts have �-measure zero. The proof is based on an extension ofthe results of [JM℄ onerning dimensional properties of slied measures.3.4. Proposition. Assume that A � Rn is a ompat set and � is a Radonmeasure with ompat support suh that �(A) > 0 and dimH(�) > n � 1. Then�(VK(A)) = 0 for �n;k-almost all K 2 A(n; k) where 0 � k < n.3.5. Remark. A onsequene of Proposition 3.4 is that any attempt to onstrut ameasure with Hausdor� dimension greater than n� 1, giving non-trivial values forpositively many visible parts, fails. More preisely, let D � A(n; k) with �n;k(D) >0, A � Rn be a ompat set, and B = [K2DVK(A). Proposition 3.4 impliesthat for any ompatly supported Radon measure � with �(B) > 0 we have eitherdimH(�) � n� 1 or �(VK(A)) = 0 for �n;k-almost all K 2 D.4. Examples: Quasi-irles and Cantor setsIn this setion we onentrate on plane sets and visible parts from aÆne lines.We begin by onstruting a set for whih the Hausdor� dimension of the visiblepart from ountably many lines has any value between 1 and 2. The onstrutionis based on the following example.4.1. Example. Let A � R2 be the attrator of the iterated funtion system fi :[0; 1℄ � [0; 1℄ ! [0; 1℄� [0; 1℄, i = 1; 2; 3; 4, where f1(x; y) = (x=4; y=2), f2(x; y) =



10 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'Neil(x=4+1=4; y=2+1=2), f3(x; y) = (x=4+1=2; y=2), and f4(x; y) = (x=4+3=4; y=2+1=2). Then dimH(VL(A)) = 3=2 for the aÆne line L = f(t;�1) j t 2 Rg 2 A(2; 1).Proof. Noting that any vertial line not having quadrati rational x-oordinateintersets the set A in at most one point, we obtain A = VL(A) [ N wheredimH(N) � 1. One we show that dimH(A) > 1 we havedimH(VL(A)) = dimH(A):Sine at the nth level of the onstrution there are 4n retangles of width 4�n andof height 2�n one needs 4n2�n=4�n squares of side length 4�n to over the setA. Thus dimH(VL(A)) = dimH(A) � 3=2. For the alulations showing that theopposite inequality holds, see [M℄. �One an easily modify the above onstrution to obtain an example where thevisible part from a �xed aÆne line has any dimension between 1 and 2. For �xed1 � s � 2 this in turn an be modi�ed to show the existene of a ompat setA � R2 with dimH(A) = s suh that the Hausdor� dimensions of the visible partsfrom ountably many (even dense set of) lines are equal to dimH(A).In [DF℄ Davies and Fast onstruted a ompat set A � Rn suh that its Haus-dor� dimension equals n and the set of diretions of lines whih interset A at mostat one point is a dense GÆ-set. Clearly this set has the property that the visibleparts from unountably many hyperplanes have Hausdor� dimension n. The ques-tion whether there an be positively many planes (or lines in the plane) with thisproperty remains open. We do not know the aÆrmative answer but we give someexamples whih all support the negative answer.4.2. Remark. Note that n � 1 is the only possible onstant value for Hausdor�dimensions of visible parts of large sets. More preisely, let 0 � k � n � 1. If forall ompat sets A � Rn with dimH(A) > n � 1 there exists  = (A; k) suh thatdimH(VK(A)) = (A; k) for �n;k-almost all K 2 A(n; k), then (A; k) = n� 1.Proof. Assume to the ontrary that (A; k) > n � 1 for some k and A � Rn . LetB be the union of A and a piee of a suitable hyper-plane disjoint from A. ThendimH(B) > n � 1. Moreover, there are E, F � A(n; k) with �n;k(E) > 0 and�n;k(F ) > 0 suh that dimH(VK(A)) = (A; k) for all K 2 E and dimH(VK(A)) =n� 1 for all K 2 F . This leads to a ontradition. �4.3. Example. Let A be the graph of a ontinuous funtion f : [0; 1℄ ! [0; 1℄.Then dimH(VL(A)) = 1 for all aÆne lines L whih do not interset A with thepossible exeption of one diretion.Proof. This follows easily from the fat that at every point of VL(A) the openone determined by the line perpendiular to L and the line parallel to y-axis isin the omplement of VL(A). Aording to [Mat, Lemma 15.13℄ the set VL(A) is1-reti�able. In partiular, dimH(VL(A)) � 1. Clearly, dimH(VL(A)) � 1 sinePL(VL(A)) is an interval, exept in the ase f is aÆne and L is perpendiular toits graph. If L is parallel to the x-axis then dimH(VL(A)) may attain any valuebetween 1 and 2. �Note that unlike the previous example, visible parts are not neessarily reti�-able. For example, the von Koh urve is a purely 1-unreti�able set having purely1-unreti�able visible parts. The following proposition implies that all of its visible



Visible parts and dimensions 11parts have Hausdor� dimension 1. In fat, Proposition 4.4 gives a stronger onlu-sion aording to whih all visible parts of any quasi-irle have upper box ountingdimension 1. We say that A � R2 is a quasi-irle of distortion M � 1 if A is ahomeomorphi image of the unit irle into the plane suh that for all x; y 2 A withd(x; y) < M�1 diam(A), we an join x to y by a (neessarily unique) sub-arar(x; y) � A \ B(x;Md(x; y)):Reall that the upper box ounting dimension, dimB(A), of a bounded set A � Rnis de�ned as follows dimB(A) = lim supr!0 logP (A; r)� log rwhere P (A; r) is the greatest number of disjoint r-balls with entres in A (see [Mat,5.3℄). Note that dimH(A) � dimB(A) [Mat, 5.3℄.4.4. Proposition. Let A � R2 be a quasi-irle of distortion M � 1. ThendimB(VL(A)) = 1 (in partiular, dimH(VL(A)) = 1) for all aÆne lines L not meet-ing A.Proof. Sine A is a quasi-irle, we easily dedue that dimB(VL(A)) � 1 for allaÆne lines L not meeting A. Without loss of generality we may assume that Lis the x-axis, A lies in the upper half-plane, and that A projets vertially onto[�1; 1℄. We let Px and Py denote the orthogonal projetion onto the x- and y-axis,respetively.Given 0 < r < minf1; diam(A)=(2M)g, we will show that if z1; : : : ; zN 2 VL(A)with(4.1) d(zi; zj) > r for i 6= jthen(4.2) N � � log rrwhere  is a onstant depending on M . This immediately implies the theorem.From now on we �x 0 < r < minf1; diam(A)=(2M)g and points z1; : : : ; zN 2VL(A) satisfying (4.1). We make a series of observations whih will ultimately letus ount how many points zj there an be.4.5. Observation. Suppose that z; w 2 VL(A). Then for u 2 VL(A) \ ar(z; w)suh that Px(u) is between Px(z) and Px(w), we �ndminfPy(z);Py(w)g � Py(u) �M jPx(z)� Px(w)j:Proof. Without loss of generality we may assume that Py(u) � Py(z) � Py(w).Sine z; w 2 VL(A) the ar ar(u;w) annot interset the vertial lines x = Px(z)and x = Px(w) below Py(z) and Py(w), respetively. Thus there exists v 2 ar(u;w)with Py(v) = Py(z) and jPx(v)�Px(z)j � jPx(z)�Px(w)j. This implies the laim,sine u 2 ar(z; v) � B(v;M jPx(v)� Px(z)j). �



12 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'NeilTo eah zj we assoiate the losed vertial half-line Hj onsisting of a half-line desending vertially downwards from zj together with a `head' of height r=2extending vertially upwards from zj . SetH = N[j=1Hj and G = H [ fx = �2g [ fx = 2g:The extra lines are introdued for tehnial onveniene only. De�ne Ij to be thelosed horizontal line segment in the plane whose endpoints lie in G and for whih(4.3) G \ Int(Ij) = fzjg;where Int(Ij) is the open horizontal line segment obtained from Ij by removing itsendpoints. Clearly diam(Ij) � 4 for all j. (This is the reason why we added thelines x = �2 and x = 2 to G.)4.6. Observation. For all j = 1; : : : ; N ,diam(Ij) � r2M :Proof. Suppose, instead, that there is a j for whih diam(Ij) < r=(2M). Then theendpoints of Ij must both lie in H and for i 6= j zi 62 B(zj ; r) by (4.1). Thus theendpoints of Ij must belong to Hm; Hn 2 H, say, where both zm and zn lie abovezj , and where, without loss of generality, we may assume that Py(zm) � Py(zn).By our assumption on the length of IjjPx(zm)� Px(zn)j < r2Mand sojPy(zm)� Py(zj)j � r(1� 1=(4M2))1=2 > r=2 �M jPx(zm)� Px(zn)jontraditing Observation 4.5. �We de�ne Rj to be the open retangle whose top edge is Int(Ij) and whose heightis r=2. Notie that for i 6= j, zi 62 Rj . We also let Sj be the open half-strip whosetop edge is also Int(Ij). Notie that(4.4) if zi 2 Sj then Ri \ Rj = ;:Finally, we let hj = Py(Ij), the height of Ij above the x-axis, and Pj = Px(Int(Ij)),the projetion of Int(Ij) onto the x-axis.4.7. Observation. If i 6= j and hi � hj then either(a) Hi ontains an endpoint of Ij,(b) Si � Sj, or() Si \ Sj = ;.Proof. We denote the losure of a set B by B and its boundary by �B. If zi 62 Sjthen Si \Sj = ;. If zi 2 Sj then Si � Sj . And if zi 2 �Sj then zi 62 Int(Ij). Henezi is in one of the vertial edges of Sj and thus Hi ontains an endpoint of Ij . �We note that at most two of the half-lines Hi an satisfy (a) for a given j.



Visible parts and dimensions 134.8. Observation. We have NXj=1 1Rj � 2;where the harateristi funtion of a set B is denoted by 1B.Proof. Assume to the ontrary that z 2 R1 \R2 \R3 and that h1 � maxfh2; h3g.As z 2 R1 \ R2 � S1 \ S2, we onlude that S1 \ S2 6= ;. If S2 � S1, then z2 2 S1and thus, by (4.4), R1 \ R2 = ; whih is impossible. Hene, by Observation 4.7,H2 ontains an endpoint of I1. Similarly, H3 ontains an endpoint of I1. We mayassume that H2 ontains the left endpoint and H3 the right one. But then I2 liesto the left of H1 and I3 to the right of H1 whih implies R2 \ R3 = ; leading to aontradition. �We set for all integers k(4.5) Ik = fIj j 128�k < diam(Ij) � 1281�kg:Then I0 ontains those intervals with endpoints on the lines x = �2 and for k >0 the ondition I 2 Ik means that the endpoints of I lie in H. Note that byObservation 4.6(4.6) Ik = ; if k < 0 or k � � log r8Mlog 8 :We now estimate the ardinality of the sets Ik, as N = ard([1k=0Ik).4.9. Observation. We haveard(I0) � 40 diam(A)r�1:Proof. For eah I 2 I0 the assoiated retangle R has area at least r2 � 12 = r4 . Sinethe quasi-irle A lies in a horizontal strip of height at most diam(A), the retanglesall lie in a region of area at most 4(diam(A) + r2) < 5 diam(A). Observation 4.8thus allows us to estimate thatard(I0) r4 � 2 � 5 diam(A);from whih the result follows. �The orresponding bound on the ardinality of Ik for k > 0 is slightly trikierto obtain.4.10. Observation. If k > 0, Ii; Ij 2 Ik, and Pi \Pj 6= ;, thenjhi � hj j � 8 � 8�kM:Proof. Clearly, we may assume that hj � hi. Suppose thathj � hi > 8 � 8�kM



14 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'Neiland thus, as Ii; Ij 2 Ik, hj � hi > rby Observation 4.6. In partiular Hi does not ontain endpoints of Ij . Sine wealso know that Pi \Pj 6= ;, we dedue that Si \ Sj 6= ; and hene, by Observation4.7, Si � Sj . Consequently zi 2 Sj .Sine k > 0, the endpoints of Ij are in H and we an �nd m and n for whih theendpoints of Ij lie in Hm and Hn. SineminfPy(zm);Py(zn)g � Py(zi) � hj � r2 � hiand Observation 4.5 implies thatminfPy(zm);Py(zn)g � Py(zi) �M diam(Ij);we onlude by the fat Ij 2 Ik and Observation 4.6 thathj � hi � r2 + 4M8�k � 8M8�kwhih is a ontradition. �4.11. Observation. There exists  > 0 suh that for all k � 0XI2Ik 1Px(I) � 8�kr�1:Proof. Without loss of generality suppose that u 2 P1 \ � � �\Pm where I1; : : : ; Im 2Ik. It follows that I1 [ � � � [ Im lies in a vertial strip of width at most 81�k.Observation 4.10 implies that I1 [ � � � [ Im lies in a horizontal strip of height atmost 8M8�k. Using Observation 4.6 we see that R1 [ � � � [ Rm lies in a retangleof area 81�k(8M8�k + r2) � 96M8�2k. But, by Observation 4.8, the retangles Rian overlap at most twie and som 128�k r2 � 192M8�2k:We onlude that m � 768M8�kr�1as required. �We now estimate the ardinality of Ik for k > 0.4.12. Observation. There exists C > 0 suh that for k > 0ard(Ik) � Cr�1:Proof. Integrating over the interval [�2; 2℄ both sides of the inequality in Observa-tion 4.11 yields XI2Ik diam(Px(I)) � 48�kr�1:But diam(Px(I)) = diam(I) � 128�k as I 2 Ik and soard(Ik) 128�k � 48�kr�1whih rearranges to give the estimate we require. �Observation 4.12 and (4.6) immediately imply (4.2) and thus prove Proposition4.4. �Next we will onsider �-Cantor sets with � � 1=2. Suh sets are generated byfour similitudes whih ontrat the unit square Q0 = [0; 1℄ � [0; 1℄ by � and thentranslate these smaller squares to the orners of Q0.



Visible parts and dimensions 154.13. Example. Let C be the �-Cantor set in the plane with 1=3 � � � 1=2.Then dimH(VL(C)) � 1 for all aÆne lines L whih do not meet C.Proof. We parametrize the lines l�0 through the origin by the angle 0 � �0 < �that they make with the negative x-axis. It is learly enough to onsider aÆnelines L�0 that are parallel to l�0 with �=2 � �0 � 3�=4 and do not meet Q0. To allsuh aÆne lines we assoiate half-lines R� starting from L�0 and perpendiular toit (that is � = �0 � �=2).Let �1 be the angle determined by the negative x-axis and the line whih goesthrough points (1; �) and (0; 1� �). Consider a half-line R� with �1 � � � �=4. IfQn is a square at the nth level of the onstrution suh that R� \Qn 6= ;, then(4.7) R� \ C \Qn 6= ;:For, assuming that R� \Qn 6= ;, the hoie of �1 implies the existene of squaresQn � Qn+1 � : : : suh that Qi is a square at the ith level of the onstrution andR� \Qi 6= ; for all i. Sine R� \C is losed, one obtains a Cauhy sequene whihonverges to a point in x 2 R� \C giving (4.7). Applying this argument to Q0 we�nd PL�0 (C) = PL�0 (Q0):We show that for some onstant ,(4.8) H1(VL�0 (C)) � H1(PL�0 (C)):Let PL�0 (C) � [I2I Iwhere I is a olletion of pairwise disjoint subintervals of L�0 . For �xed I 2 I, letk be the largest integer with �k � (p2 os(�=4 � �))�1 diam(I). Let Qk be thekth level square that is losest to I among those kth level squares Q0k for whihR� \Q0k 6= ; for R� starting from I. Note that the uniqueness of Qk follows fromthe hoie of �0. We divide I into two parts I = I1 [ I2 suh that for half-linesR� starting from I1 we have R� \ Qk 6= ; and those starting from I2 we haveR� \Qk = ;. If I2 = ;, then by (4.7)VI(C) = VI1(C) � Qk;where VJ(C) is the set that is visible from J � L�0 . If I2 6= ;, then all the raysR� starting from I2 pass Qk either below the lower left orner or above the upperright orner. This is implied by the hoie of k sineH1(PL�0 (Qk)) � �kp2 os(�=4� �) � diam(I):Now VI1(C) an be overed by either a square in the lower left orner or one in theupper right orner with side length at most ((1 � �) sin�)�1 diam(I1). Note thatthis is true also in the ase that I1 is a single point. Applying the same proedurefor I2 we see that VI(C) an be overed by a ountable family of ubes Cl suhthat Xl diam(Cl) � p2((1� �) sin�)�1 diam(I)



16 E. and M. J�arvenp�a�a, P. MaManus, T. C. O'Neilimplying (4.8). Observe that for eah I there are at most three points whih areovered by a square of zero side length.Now onsider angles �2 � � � �1 where �2 is the angle determined by thenegative x-axis and the line whih goes through points (1; �2) and (0; �� �2). Fora �xed ith level square Qi we say that a half-line R� starting from L�0 hits Qi ifit is losest to L�0 among those ith level squares Q0i for whih Q0i \ R� 6= ;. LetH�0(Qi) be the subinterval of L�0 suh that all half-lines R� starting from H�0(Qi)hit Qi. The hoie of �2 guarantees thatVH�0 (Qi)(C) � A1(Qi)where A1(Qi) is the �rst anestor of Qi, that is, the (i�1)th level square ontainingQi. This follows from the fat that if R� hits Qi, then there exists a squareQi+1 � A1(Qi) at the (i+ 1)th level suh that R� hits Qi+1. The above reasoningguarantees now the validity of (4.8) with a di�erent onstant. We ontinue byonsidering a sequene of angles �k determined by the negative x-axis and theline whih goes through points (1; �k) and (0; �k�1 � �k) and by proving that for�k � � � �k�1 and for a �xed ith level square Qi we have(4.9) VH�0 (Qi)(C) � Ak�1(Qi)where Ak�1(Qi) is the (k � 1)th anestor of Qi, that is, the (i � (k � 1))th levelsquare ontaining Qi. In this way one goes through all angles exept zero for whihthe visible part is the one dimensional �-Cantor set. �4.14. Remark. One an also apply the method of Example 4.13 to Cantor setsfor 1=4 < � < 1=3 but it overs only positively many lines L, not all of them. Thereason is that the proof of (4.9) above depends on the hoie of �. Reall that theHausdor� dimension of the Cantor set orresponding to the parameter � = 1=4 isequal to 1.4.15. Example. Let Q0 = [0; 1℄� [0; 1℄. Consider a onneted self-similar set Agenerated by �nitely many ontrating similitudes fi = Q0 ! Q0 none of whihontains a rotation. Then dimH(VL(A)) = 1 for all aÆne lines L not meeting A(unless A is an interval or one point).Proof. Fix an aÆne line L whih does not meet A. Let Qi = fi(Q0) for all i. Let� = mini diam(PL(Qi) n [j 6=i PL(Qj))= diam(Qi)where the minimum is taken over suh i for whih the denominator is not zero. Let� = mini jf 0i j and  = diam(PL(A))=p2 where jf 0i j is the norm of the derivative offi. Note that, sine A is onneted, PL(A) is an interval. We may assume that > 0. Cover PL(A) by disjoint intervals and �x one of them, say I.Let Q be the smallest onstrution square suh that diam(PL(A\Q)) � diam(I)and suh that Q minimizes the distanedistL(Q; I) = inf dist(R \ I; R \Q);where the in�mum is taken over all half-lines R starting from I and being perpen-diular to L suh that R\Q 6= ;. Then either VI(A) � Q or a part of the half-lines
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