
A local version of the Projection Theorem

Toby O’Neil∗

February 15, 1995

Abstract

We prove the following theorem:
Suppose that 1 ≤ m ≤ n are integers and µ is a Borel measure on Rn such that for µ-a.e. x,

(1) The upper and lower m-densities of µ at x are positive and finite.

(2) If ν is a tangent measure of µ at x then for all V ∈ G(n, m) the orthogonal projection
of the support of ν onto V is a convex set.

Then µ is m-rectifiable.

1 Introduction

In his pioneering papers [Bes28, Bes38, Bes39], Besicovitch investigated ways of differentiating
between regular and irregular 1-sets in the plane. It is easy to see that for almost all straight
lines (through the origin) the orthogonal projection of a rectifiable (or regular) 1-set is a set of
positive length. In [Bes39] Besicovitch studied the projection properties of irregular 1-sets and
showed that the orthogonal projections onto lines of a purely unrectifiable (or irregular) 1-set in
the plane would have zero length for almost every line. This work was later extended to higher
dimensions by Federer in [Fed47]: a good account of the Besicovitch-Federer Projection Theorem
and variants on it may be found in [Fed69].

The Projection Theorem has extended considerably our understanding of the structure of
sets in Euclidean space and clearly illustrates the profound dichotomy which exists between
rectifiable and unrectifiable sets. It is however a qualitative result whose hypotheses require
global information about the behaviour of a set. It has been observed by G. David and S. Semmes
in [DS91, DS94] that one of the difficulties in trying to find quantitative characterisations of
rectifiability is the lack of a local version of this Projection Theorem. The result presented in
this paper is a first step towards this goal:

Theorem 1.1 Suppose that 1 ≤ m ≤ n are integers and µ is a non-zero, almost finite, Borel
measure on Rn such that for µ-a.e.x

(1) 0 < Dm(µ, x) ≤ Dm(µ, x) < ∞.

(2) If ν is a tangent measure of µ at x then for all V ∈ G(n, m), PV (Spt ν) is convex.

Then µ is m-rectifiable.
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Tangent measures were introduced in [Pre87] and are an extension of ideas in [Mar61] and
[Mat75]. They provide a natural framework within which to describe and investigate the local
behaviour of measures.

The main advantage of Theorem 1.1 is that it only requires information about the local
projection properties of the measure in order to deduce global information about its structure.

There are several directions in which further investigation may prove productive. The main
problem is to find what an optimal version of (2) should read. The present requirement in (2)
that all projections of the tangent measures be convex appears unnecessarily restrictive and it
could possibly be relaxed to only requiring that almost all projections are convex.

2 Preliminaries

2.1 Notation

We use Rn to denote n-dimensional Euclidean space with ‖.‖ denoting the usual Euclidean norm
and 〈. , .〉 the associated inner product. For E ⊂ Rn and x ∈ Rn we define

d(x,E) := inf{‖y − x‖ : y ∈ E}

and for r ≥ 0 we set
B(E, r) := {y ∈ Rn : d(y, E) ≤ r},
U(E, r) := {y ∈ Rn : d(y, E) < r}.

Observe that U(E, 0) = ∅ and B(E, 0) is just the usual topological closure of E in Rn (usually
denoted by clos (E)). We abbreviate B({x}, r) by B(x, r) and similarly for U(x, r). If r > 0 then
B(x, r) is a non-degenerate ball. If V ⊂ Rn let int V (E) denote the interior of E with respect
to the induced topology on V and let ∂V E denote the boundary of E ∩ V (when considered
as embedded in V ). Define int (E) := int Rn(E) and ∂E := ∂Rn(E). Let conv (E) denote the
closed convex hull of E. For a set E, card (E) will denote the cardinality of E.

N will denote the natural numbers and Z the integers. For x ∈ R, dxe will denote the least
integer greater than or equal to x and bxc will denote the largest integer less than or equal to x.

Let
G(n, m) := {V ⊂ Rn : V is an m-dimensional linear subspace of Rn}.

For V ∈ G(n, m) let PV denote orthogonal projection onto V thus PV :Rn → Rn and has range
V . Define Vi → V to mean that ‖PVi

− PV ‖ → 0 in the usual operator norm. Let P⊥V be the
orthogonal projection onto the (n−m)−dimensional subspace of Rn which is orthogonal to V .

For x ∈ Rn, h > 0, k ≥ 1 and V ∈ G(n, m) define X(x, h, k, V ) by

X(x, h, k, V ) := {y ∈ Rn : ‖x− y‖ ≤ k [h + ‖PV (x− y)‖]} .

This is an expanded cone around x with central axis V .

2.2 Measures and densities

Throughout this paper by saying that µ is a Borel measure over Rn we shall understand that µ
is a Borel regular outer measure over Rn such that all Borel sets are µ-measurable. A measure
µ is locally finite if for all x ∈ Rn there is an r > 0 such that µU(x, r) < ∞. Recall that locally
finite, Borel measures on Rn are Radon measures (see [Fed69, 2.2.5]). Observe that this implies
that for all compact sets K ⊂ Rn, µ(K) < ∞. All measures we shall consider in this paper
are Borel measures and consequently we shall often just write ‘measure’ for ‘Borel measure’. A
measure µ is almost finite if

µ {x ∈ Rn : For all r > 0, µU(x, r) = ∞} = 0.
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We define the support of a measure µ by

Spt µ := Rn \ {x : There is an r > 0 with µU(x, r) = 0} .

Notice that Spt µ is a closed set and µ (Rn \ Spt µ) = 0. For a set E ⊂ Rn we define the
restriction of µ to E, µbE , by

µbE(A) := µ(A ∩ E) for A ⊂ Rn.

Observe that if E is a Borel set and µ is a Borel measure then µbE is also a Borel measure.
A function f :Rn → X, where X is a topological space, is Borel-measurable if for all open

sets U ⊂ X we find that f−1(U) is a Borel set in Rn. Observe that if µ is a Borel measure on
Rn then such anf is µ-measurable.

For x ∈ Rn, A ⊂ Rn and r > 0 define

Ax,r := {x + ra : a ∈ A}

and for a measure µ on Rn define a new measure µx,r by, for E ⊂ Rn,

µx,r(E) := µ ({x + re : e ∈ E}) .

Thus µx,r(E) = µ(Ex,r).
One measure which will appear on numerous occasions in this work is m-dimensional Haus-

dorff measure (where 0 ≤ m ≤ n and we are working in Rn.) If α(m) denotes the Lebesgue
measure of a unit ball in Rm then we define the m-dimensional Hausdorff measure of a set
E ⊂ Rn by

Hm(E) = sup
δ>0

inf

{ ∞∑
i=1

α(m)
(

diam (Ui)
2

)m

: {Ui} is an open δ-cover of E

}
.

For further discussion of Hausdorff measures and proofs that they are indeed Borel measures see
either [Rog70] or [Fed69, 2.10].

It will also be helpful to define for integer m between 0 and n

G(n, m) := {cHmbV : c > 0, V ∈ G(n, m)}

which may be thought of as the set of flat m-dimensional measures.
For a measure µ on Rn, x ∈ Rn and 0 ≤ m ≤ n define the lower m-density of µ at x,

Dm(µ, x), by

Dm(µ, x) := lim inf
r→0

µB(x, r)
α(m)rm

and define the upper m-density of µ at x, Dm(µ, x), by

Dm(µ, x) := lim sup
r→0

µB(x, r)
α(m)rm

.

If these two limits are the same at a point x then we call their common value the m-density of
µ at x and denote it by Dm(µ, x).

The following lemma allows us to compare a measure µ with m-dimensional Hausdorff mea-
sure.

Lemma 2.1 Suppose that µ is a locally finite, Borel regular measure on Rn, 0 < χ < ∞ and
0 ≤ m ≤ n.
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(1) If E ⊂ Rn is a Borel set such that for µ-a.e.x in E, Dm(µ, x) ≤ χ then µ(E) ≤
2mχHm(Spt µ ∩ E).

(2) If E ⊂ Rn is a Borel set such that for µ-a.e.x in E, Dm(µ, x) ≥ χ then µ(E) ≥
χHm(Spt µ ∩ E).

Proof: Both statements follow directly from [Fed69, 2.10.19(1)].
For a sequence of measures (µi) on Rn we say that µi converges to a (locally finite) measure

µ (denoted by µi → µ) if for all continuous functions f : Rn → R with compact support (that
is, the set clos {x : f(x) 6= 0} is compact) we have∫

f dµi →
∫

f dµ.

For a continuous function f : Rn → R we set lip (f) to be the least (possibly infinite) real
number such that for all x, y ∈ Rn

|f(x)− f(y)| ≤ lip (f)‖x− y‖.

If D > 0 and two Borel measures µ and ν are such that (µ + ν)U(0, D) < ∞ then we define
their distance apart on U(0, D) by

FD(µ, ν) := sup
{∣∣∣∣∫ f dµ−

∫
f dν

∣∣∣∣ : f ≥ 0, Spt (f) ⊂ B(0, D) and lip (f) ≤ 1
}

.

It can be shown, [Pre87, 1.11], that
µi → µ

if and only if for all D > 0
FD(µi, µ) → 0.

Four elementary observations to make about FD(µ, ν) are

if ω is also a measure then FD(µ, ν) ≤ FD(µ, ω) + FD(ω, ν),

if x ∈ Rn then DF1(µx,D, νx,D) ≤ F|x|+D(µ, ν),

if D ≤ E then FD(µ, ν) ≤ FE(µ, ν),

FD(µ, ν) = DF1(µ0,D, ν0,D).

 (2.1)

Let M(Rn) denote the set of all locally finite, Borel measures on Rn (we shall usually write M
for M(Rn)).

If for µ, ν ∈M we define

dist(µ, ν) :=
∞∑

i=1

2−i min{Fi(µ, ν), 1}

then this is a metric on M and with this notion of distance M is both complete and separable
(see [Pre87, 1.12(2)].) Also observe that for µ ∈M, FD(µ, .) is an upper semicontinuous function
with respect to the topology induced by dist on M.

We shall have frequent recourse to the following lemma which is a consequence of Prohorov’s
Theorem.

Lemma 2.2 If (µi) is a sequence of Borel measures on Rn such that for all T > 0

lim sup
i→∞

µiB(0, T ) < ∞

then (µi) possesses a convergent subsequence.
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Proof: See, for example, [Pre87, Lemma 1.12]. A version of this result for probability measures
can be found in [Par67].

The following Lemma provides us with a basic technique for comparing two measures.

Lemma 2.3 Suppose that µ and ν are in M(Rn) and D > 0. If τ > 0 and E ⊂ Rn are such
that B(E, τ) ⊂ B(0, D) then

µ(E) ≤ νB(E, τ) + FD(µ, ν)/τ.

Proof: This is [Pre87, Proposition 1.10(3)].

2.3 Tangent Measures

In this section we shall give a brief outline of the theory of tangent measures. We shall, however,
be using a slightly different definition of tangent measures to that given in [Pre87]. Under the
density bounds which we shall assume it is easy to see that the two definitions are equivalent.

Suppose µ is a measure such that for some 0 ≤ m ≤ n we find that for µ-a.e.x

0 < Dm(µ, x) ≤ Dm(µ, x) < ∞.

Then we may define the standardised tangent measures of µ at x, Tanm(µ, x), as follows:

Tanm(µ, x) :=
{

ν ∈M : ν = lim
k→∞

r−m
k µx,rk

for some sequence rk ↘ 0
}

.

Tanm(µ, x) has the following properties:

For µ-a.e. x, Tanm(µ, x) 6= ∅. (2.2)

Tanm(µ, x) is a closed set. (2.3)

If ν ∈ Tanm(µ, x) then for all ρ > 0,

α(m)Dm(µ, x)ρm ≤ νB(0, ρ) ≤ α(m)Dm(µ, x)ρm. (2.4)

For µ-a.e. x if ν ∈ Tanm(µ, x) and ζ ∈ Spt ν then

νζ,1 ∈ Tanm(µ, x). (2.5)

Both (2.2) and (2.3) are elementary consequences of the density estimates on the measure µ
together with Lemma 2.2. Equation (2.4) follows from the definition of convergence and it has
been observed by P. Mörters that Equation (2.5) may be proved by making obvious modifications
to the proof of shift invariance for tangent measures given in [Pre87, Lemma 2.12].

If 0 < Dm(µ, x) ≤ Dm(µ, x) < ∞ then lim supr→0
µB(x,2r)
µB(x,r) < ∞ and so we may use Lemma 2.2

to deduce that for every sequence ri ↘ 0, (r−m
i µx,ri

) possesses a convergent subsequence and
hence Tanm(µ, x) is a compact set. As an immediate consequence of this together with (2.4)
and (2.5) we deduce that:

Corollary 2.4 Suppose that µ is a measure on Rn, 0 ≤ m ≤ n and for µ-a.e.x

0 < Dm(µ, x) ≤ Dm(µ, x) < ∞

then for µ-a.e.x if ν ∈ Tanm(µ, x), ζ ∈ Spt ν and ρ > 0 then

0 < α(m)Dm(µ, x)ρm ≤ νB(ζ, ρ) ≤ α(m)Dm(µ, x)ρm < ∞.

Moreover there are tangent measures ν, ω ∈ Tanm(µ, x) such that

Dm(ν, 0) = Dm(µ, x) and Dm(ω, 0) = Dm(ν, x).
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2.4 Rectifiability

A set E ⊂ Rn is m-rectifiable for some m, an integer between 0 and n, if there is a countable
set of Lipschitz maps fi : Rm → Rn such that

Hm

(
E \

⋃
i

fi (Rm)

)
= 0.

A set E is purely m-unrectifiable if for all Lipschitz maps f : Rm → Rn

Hm (E ∩ f (Rm)) = 0.

A measure µ is m-rectifiable if there is an m-rectifiable Borel set E such that

µ (Rn \ E) = 0.

Observe that we have not required that µ be absolutely continuous with respect to Hm. Thus,
under our definition, Hlog 2/ log 3 restricted to the usual 1/3-Cantor set is a 1-rectifiable measure.
However the density estimates in the hypotheses of Theorem 1.1 ensure that any measure µ
satisfying the hypotheses of the Theorem will also be absolutely continuous with respect to Hm

measure.
A measure µ is purely m-unrectifiable if for all m-rectifiable Borel sets E

µ (E) = 0.

One deep result about rectifiability which we shall use is the Besicovitch-Federer Projection
Theorem:

Theorem 2.5 Suppose that E is a purely m-unrectifiable, Hm-measurable set with Hm(E) < ∞
then for almost every V ∈ G(n, m)

HmPV (E) = 0.

Proof: See [Mat95, Theorem 18.1].
More recently Preiss has proved the following theorem concerning rectifiability:

Theorem 2.6 Whenever µ is an almost finite Borel measure on Rn, the following conditions
are equivalent:

(1) µ is m-rectifiable and is absolutely continuous with respect to Hm.

(2) For µ-a.e.x, 0 < Dm(µ, x) < ∞.

(3) For µ-a.e.x, 0 < Dm(µ, x) ≤ Dm(µ, x) < ∞ and Tanm(µ, x) ⊂ G(n, m).

Proof: See [Pre87, Theorem 5.6].
We shall split the proof of Theorem 1.1 into two sections; the first section contains many of

the preliminary Lemmas which are required for proving the Theorem and the second contains
the actual proof.

3 Lemmas

Unless otherwise stated we shall always be working in Rn and M = M(Rn). Define for 0 <
a ≤ b < ∞ and 0 ≤ m ≤ n

Mm(a, b) := {0 6= ν ∈M : For all ζ ∈ Spt ν, for all ρ > 0, α(m)aρm ≤ νB(ζ, ρ) ≤ α(m)bρm}
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and let
Mm

C := {ν ∈M : For all V ∈ G(n, m), PV (Spt ν) is convex } .

Finally define
Mm

C (a, b) := Mm
C ∩Mm(a, b).

First let us observe that:

Lemma 3.1 If 0 < a ≤ b < ∞ and if ν ∈ Mm
C (a, b) then for all ζ ∈ Rn and all ρ > 0,

ρ−mνζ,ρ ∈Mm
C (a, b).

Proof: This is obvious.
The next lemma is a generalisation of Pythagoras’ Theorem.

Lemma 3.2 Suppose W is an (Hm,m)-rectifiable set in Rn. Define

Λ(n, m) := {λ : λ: {1, . . . ,m} → {1, . . . , n} and if i < j then λ(i) < λ(j)}

and let {e1, . . . , en} be the standard orthonormal basis in Rn and for x =
∑n

i=1 xiei in Rn and
λ ∈ Λ(n, m) define

Pλ(x) :=
m∑

i=1

xλ(i)eλ(i)

and
Vλ := {Pλ(x) : x ∈ Rn} .

Then if

aλ :=
∫

card
(
P−1

λ (y) ∩W
)

dHmbVλ
(y)

we have that  ∑
λ∈Λ(n,m)

(aλ)2

1/2

≤ Hm(W ) ≤
∑

λ∈Λ(n,m)

aλ.

Proof: This is [Fed69, 3.2.27] .
Using the same notation as the last Lemma it is easy to see that:

Lemma 3.3 Suppose that E is an m-dimensional linear subspace of Rn and there is a σ ∈
Λ(n, m) such that

Pσ(E) = Vσ

and for all λ 6= σ we have
Hm(Pλ(E)) = 0.

Then E = Vσ.

Our next proposition is a variation on the covering lemmas more usually seen. The key point is
that we know that the boundaries of the covering sets are not too large.

Proposition 3.4 Suppose that A ⊂ Rm is a bounded set and that {B(x, r(x)) : x ∈ A} is
a collection of non-degenerate balls in Rm such that supx∈A r(x) < ∞. Then we may find a
countable (possibly finite) set D ⊂ A and an associated disjoint collection of Borel sets C :=
{Cx : x ∈ D} such that

(1) for all x ∈ D, B(x, r(x)) ⊂ Cx ⊂ B(x, 4r(x)),

(2) A ⊂ ∪C,
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(3) for all 0 < ε < [2/(3m)]m+1 and for all x ∈ D

Hm [B(∂Cx, εr(x))] ≤ c(m)ε1/(m+1)[r(x)]m.

(The constant c(m) depends only on m.)

Proof: Since supx∈A r(x) < ∞ we may use [Fed69, 2.8.4] to find a countable set D ⊂ A such
that {B(x, r(x)) : x ∈ D} is a disjoint collection and yet {B(x, 4r(x)) : x ∈ D} covers A.
Moreover as A is a bounded set and {B(x, r(x)) : x ∈ D} is a disjoint collection we conclude
that for all x ∈ D the set

{y ∈ D : B(x, 4r(x)) ⊂ B(y, 4r(y))}

is finite. Hence, as A is bounded, we can find an enumeration x1, x2, . . . of D such that the
sequence (r(xk)) is decreasing. Therefore, by a selection process, we may assume that if x and
y are distinct elements of D then both B(x, 4r(x)) \B(y, 4r(y)) and B(y, 4r(y)) \B(x, 4r(x)) are
non-empty. Define the collection C inductively as follows: For k ≥ 1,

Ck := B(xk, 4r(xk)) \

 ⋃
1≤i≤k−1

Ci ∪
⋃

i≥k+1

B(xi, r(xi))

 .

Clearly the family C := {Ck : k ≥ 1} is disjoint and each member of it is a Borel set. Claims (1)
and (2) are similarly straightforward to verify.

For the third claim fix j ≥ 1 and for all i ≥ 1 let ri = r(xi). We split the collection {xi} into
three classes:

D1 := {xi : i < j and B(xi, 4ri) ∩ B(xj , 4rj) 6= ∅},

D2 := {xi : i > j, ri > ε1/(m+1)rj and B(xi, ri) ∩ B(xj , 4rj) 6= ∅}

and
D3 := {xi : i > j, ri ≤ ε1/(m+1)rj and B(xi, ri) ∩ B(xj , 4rj) 6= ∅}

and observe that

∂Cj ⊂ clos

[
∂B(xj , rj) ∪ ∂B(xj , 4rj) ∪

⋃
x∈D1

∂B(x, 4r(x)) ∪
⋃

x∈D2∪D3

∂B(x, r(x))

]
.

Upon recalling that for distinct x and y in D, B(x, r(x))∩B(y, r(y)) = ∅ it is a simple application
of the Besicovitch Covering Theorem [Fed69, 2.8.12] to deduce that there is a constant c1 = c1(m)
such that

card (D1) ≤ c1.

Furthermore it is clear that there is a constant c2 = c2(m) such that for each x ∈ D1

Hm [B(∂B(x, 4r(x)) ∩ B(xj , 4rj), εrj)] ≤ c2εr
m
j .

Hence
Hm [B(∪x∈D1∂(B(x, 4r(x)) ∩ B(xj , 4rj)), εrj)] ≤ c1c2εr

m
j .

Since for all x ∈ D2, ε1/(m+1)rj ≤ r(x) ≤ rj it is easy to see that for all x ∈ D2, B(x, r(x)) ⊂
B(xj , 6rj). Consequently disjointness enables us to estimate that

cardD2) ≤
α(m)6mrm

j

α(m)εm/(m+1)rm
j

= 6mε−m/(m+1).
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and thus as there is a c3 = c3(m) such that for all x ∈ D2

Hm [B(∂B(x, r(x)), εrj)] ≤ c3εr
m
j

we deduce that

Hm

[
B

( ⋃
x∈D2

∂B(x, r(x)), εrj

)]
≤ 6mc3ε

1/(m+1)rm
j .

Finally let us consider the contribution to the boundary of Cj due to D3. It is sufficient to observe
that, as for all x ∈ D there is no y ∈ D (distinct from x) such that B(x, 4r(x)) ⊂ B(y, 4r(y)),
for any x ∈ D3

B(x, r(x)) ⊂ B(xj , 4rj + 2r(x)) \ B(xj , 4rj − 5r(x))

and so

B
(
∂B(x, r(x)), ε1/(m+1)rj

)
⊂ B

(
xj , (4 + 3ε1/(m+1))rj

)
\ B

(
xj , (4− 6ε1/(m+1))rj

)
.

Hence

Hm

[
B

( ⋃
x∈D3

∂B(x, r(x)), εrj

)]
≤ α(m)4mrm

j

[
(1 + 3ε1/(m+1)/2)m − (1− 3ε1/(m+1)/2)m

]
which, as ε < [2/(3m)]m+1, is

≤ 3× 4mm2α(m)ε1/(m+1)rm
j

= c4ε
1/(m+1)rm

j , say.

Finally putting all these estimates together we deduce that there is a constant c(m) so that

Hm [B (∂Cj , εrj)] ≤ c(m)ε1/(m+1)rm
j

as required.

Lemma 3.5 Suppose 0 < a ≤ b < ∞, 0 < ε < (m + 1)−1/2/3 and both R and D > 0. If µ ∈M
and y ∈ Spt µ ∩ B(0, D) are such that for 0 ≤ r ≤ R

µB(y, r) ≥ α(m)arm

and if ν ∈Mm(a, b) is such that

FD+R(µ0,r/rm, ν) < α(m)aεm+3

then there is a ζ ∈ Spt ν such that
‖ζ − y/r‖ ≤ ε.

Proof: This is a consequence of Lemma 2.3 with E = B(y, mε/(m + 1)) and τ = ε/(m + 1).
The next lemma is a straightforward consequence of the compactness of Tanm(µ, x) for ‘nice’

x.

Lemma 3.6 If µ ∈M is such that for µ-a.e.x

0 < Dm(µ, x) ≤ Dm(µ, x) < ∞

then there is a Borel set B of positive µ-measure such that if xi ∈ B for all i and xi → x ∈ B and
if νi ∈ Tanm(µ, xi) is a sequence of measures converging to a measure ν then ν is in Tanm(µ, x).
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Proof: We may find 0 < a ≤ b < ∞ and a Borel set E of finite and positive µ-measure which
is contained in the support of µ such that for all x ∈ E

a ≤ Dm(µ, x) ≤ Dm(µ, x) ≤ b.

This implies that for all x ∈ E, Tanm(µ, x) is a non-empty, compact set and Tanm(µ, x) ⊂
M(a, b). For non-empty compact subsets M, N ⊂M we may define their Hausdorff distance to
be

H(M,N) := max{d(M,N), d(N,M)}
where

d(M,N) := sup
µ∈M

inf
ν∈N

dist(µ, ν).

If K is defined to be the collection of non-empty compact subsets of M then (K,H) is a complete
separable metric space (see [Mic51, Propositions 4.5(1), 4.1(3)]). Moreover it is a straightforward
exercise to verify that t:E → K defined by t(x) := Tanm(µ, x) is Borel-measurable (see [O’N94,
1.4.5]). Hence we may use Lusin’s Theorem [Fed69, 2.3.5] to find a compact subset B contained
in E which is of positive µ-measure and upon which t is continuous. Thus if xi → x in B
and if νi ∈ Tanm(µ, xi) converge to a measure ν then since t(xi) → t(x) we conclude that
ν ∈ Tanm(µ, x) — this implies the lemma.

The following (technical) lemma reduces the notion of convex projections to considerations
of finite sets of points. Observe that the constant R in the following lemma is a uniform bound.

Lemma 3.7 Suppose µ ∈M(Rn), B is a compact set of positive µ-measure and 0 < a ≤ b < ∞
are such that

(1) for all x ∈ B, a ≤ Dm(µ, x) ≤ Dm(µ, x) ≤ b,

(2) if (xi) ⊂ B and xi → x ∈ B and νi ∈ Tanm(µ, xi) converge to a measure ν then ν ∈
Tanm(µ, x),

(3) for all x ∈ B, Tanm(µ, x) ⊂Mm
C (a, b).

(4) for all x ∈ B, if ν ∈ Tanm(µ, x) and ζ ∈ Spt ν then νζ,1 ∈ Tanm(µ, x).

Then for all ξ, γ ∈ (0, 1) and integer M ≥ 2, there is an R ≥ 1 so that for all x ∈ B, all
ν ∈ Tanm(µ, x), all V ∈ G(n, m) and all distinct points {ζ1, . . . , ζM} ⊂ Spt ν which satisfy

min
i 6=j

{‖PV (ζi − ζj)‖} ≥ γ max
i,j

{‖ζi − ζj‖}

we have that if u ∈ conv {PV ζ1, . . . ,PV ζM} then there is a ζ ∈ Spt ν∩B(ζ1, R maxi,j{‖ζi−ζj‖})
with

PV ζ ∈ B(u, ξ min
i 6=j

{‖PV (ζi − ζj)‖}).

Proof: This is a technical but straightforward exercise in using compactness. For the unedifying
details see [O’N94, 2.2.7].

Lemma 3.8 If 0 < a ≤ b < ∞, µ is a measure, x ∈ Spt µ, s > 0 and ν ∈ Mm(a, b) are such
that for some R ≥ 1 and 0 < ε < 1/m

FR+3

(
ν,

µx,s

sm

)
< α(m)aεm+3

then for all z ∈ (x + sSpt ν) ∩ B(x,Rs) and all t ∈ [εs, s] we have that

α(m)a(1− 3mε)t ≤ µB(z, t) ≤ α(m)b(1 + 3mε)t.

10



Proof: This is an application of Lemma 2.3 with E = B((z − x)/s, t/s) and τ = εt/s.

Lemma 3.9 Suppose 0 ∈ E ⊂ Rn is such that for all V ∈ G(n, m), PV (E) is a convex set and
for almost every V ∈ G(n, m), Hm[PV (E)] = 0 then there is an (m − 1)-dimensional subspace
of Rn which contains E.

Proof: If there were m+1 points , {0, e1, . . . , em}, such that the linear span, V , of {0, e1, . . . , em}
was m-dimensional then Hm(PV conv {0, e1, . . . , em}) > 0 and moreover for all W ∈ G(n, m)
sufficiently close to V we would have

Hm(PW (conv {0, e1, . . . , em})) > 0

which is impossible by the hypotheses of the Lemma. Thus, for any m points, {e1, . . . , em} in
E, the linear span of {0, e1, . . . , em} has dimension strictly less than m. This gives the Lemma.

As a consequence of this we have our first result concerning convex projections of purely
unrectifiable measures:

Lemma 3.10 If 0 < a ≤ b < ∞ and ν is a purely m-unrectifiable, locally finite measure on Rn

with

(1) for all ζ ∈ Spt ν, a ≤ Dm(ν, ζ) ≤ Dm(ν, ζ) ≤ b,

(2) for all V ∈ G(n, m), PV (Spt ν) is a convex set.

Then ν ≡ 0.

Proof: From Lemma 2.1 we know that for all Borel sets E we have

2mbHm(Spt ν ∩ E) ≥ ν(E) ≥ aHm(Spt ν ∩ E)

and so we deduce from the unrectifiability of ν that if E is m-rectifiable then ν(E) = 0. Thus
Spt ν is a purely (Hm,m)-unrectifiable set. Hence Theorem 2.5 enables us to deduce that for
almost every V ∈ G(n, m) and all R ≥ 0

Hm [PV (Spt ν ∩ B(0, R))] = 0.

Thus for almost every V ∈ G(n, m)

Hm [PV (Spt ν)] = 0

and so we can use Lemma 3.9 to deduce that there is an (m− 1)-dimensional subspace, W say,
which contains Spt ν. But then for any ζ ∈ Spt ν and r > 0

ν[B(ζ, r)] ≤ 2mbHm [Spt ν ∩ B(ζ, r)]
= 2mbHm [W ∩ Spt ν ∩ B(ζ, r)] = 0

which implies that Spt ν = ∅ and so the Lemma follows.

Lemma 3.11 Suppose that 0 < a ≤ χ ≤ b < ∞, x ∈ Rn and µ ∈M are such that

(1) a ≤ Dm(µ, x) ≤ Dm(µ, x) ≤ b,

(2) if ν ∈ Tanm(µ, x) and ζ ∈ Spt ν then νζ,1 ∈ Tanm(µ, x).

(3) χ ≤ inf {Dm(ω, 0) : ω ∈ Tanm(µ, x) ∩ G(n, m)} ≤ b.
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Then for all ν ∈ Tanm(µ, x) we have that for ν-a.e. ζ

Dm(ν, ζ) ≥ χ.

Proof: Suppose that the Lemma is false: Then there is a ν ∈ Tanm(µ, x), a Borel set C of
positive ν-measure and a θ ∈ (0, 1) such that for all ζ ∈ C

Dm(ν, ζ) ≤ χ(1− θ), (3.1)

if ω ∈ Tanm(ν, ζ) and ξ ∈ Spt ω then ωξ,1 ∈ Tanm(ν, ζ). (3.2)

Fix ζ ∈ C and consider ω ∈ Tanm(µ, ζ) then (3.1) and (3.2) enable us to conclude that for all
ξ ∈ Spt ω

Dm(ω, ξ) ≤ χ(1− θ).

However for any ξ ∈ Spt ω

ωξ,1 ∈ Tanm(ν, ζ) = Tanm(νζ,1, 0) ⊂ Tanm(µ, x)

and so
Tanm(ω, ξ) ⊂ Tanm(µ, x) (⊂Mm

C (a, b)) .

Thus 3.11(1,2,3) together with Theorem 2.6 force us to conclude that ω is purely m-unrectifiable.
But then Lemma 3.10 implies that ω = 0. This is impossible and so our claim holds.

It is easy to see that conditions (1),(2),(3) and (5) of the following proposition are not suffi-
cient to guarantee its conclusion. For example we may consider the measure H1b∂B(0,1)+H1bC
where C ⊂ B(0, 1) is any purely 1-unrectifiable 1-set with positive and finite upper and lower
1-densities.

Proposition 3.12 Suppose that V ∈ G(n, m) and ν is a measure which satisfy the following:

(1) For all W ∈ G(n, m), PW (Spt ν) is a convex set,

(2) there is a χ > 0 such that for ν-a.e. ζ, Dm(ν, ζ) ≥ χ,

(3) there are 0 < a ≤ b < ∞ such that for ν-a.e. ζ

a ≤ Dm(ν, ζ) ≤ Dm(ν, ζ) ≤ b,

(4) for all I ⊂ V , ν(P−1
V (I)) = χHm(I),

(5) there is an h ≥ 0 and k ≥ 0 so that Spt ν ⊂ X(0, h, k, V ).

Then ν is an m-rectifiable measure.

Proof: From the density hypothesis, 3.12(3), we may use Lemma 2.1 to deduce that for all
Borel sets E ⊂ Rn

χHm(E ∩ Spt ν) ≤ ν(E) ≤ 2mbHm(E ∩ Spt ν). (3.3)

These density estimates enable us to conclude that a set A is (ν, m)-rectifiable if and only if
A∩Spt ν is an (Hm,m)-rectifiable set. Hence we may split Spt ν into an (Hm,m)-rectifiable Borel
set, R, and a purely (Hm,m)-unrectifiable Borel set, U , such that Hm(R ∩ U) = ν(R ∩ U) = 0
and Hm[(R ∪ U) \ Spt ν] = 0.

If Hm[PV U ] = 0 then, from 3.12(4), we conclude that ν(U) = 0 and hence (3.3) implies that
Hm(U) = 0 and we are done.
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So suppose instead that Hm[PV U ] > 0. We may suppose (by a suitable translation and
relabeling of h and k) that 0 is a density point of PV (U). Fix 0 < ξ < 1 and recall that
Spt ν ⊂ X(0, h, k, V ). We can find an r > 0 such that for 0 < s ≤ r

Hm(PV (U) ∩ B(0, s)) > (1− ξ)Hm(B(0, s) ∩ V ).

So for such an s we find that

ν[P−1
V (B(0, s)) ∩R] ≤ χξHm(B(0, s) ∩ V )

and so, by (3.3),
Hm[P−1

V (B(0, s)) ∩R] ≤ ξHm(B(0, s) ∩ V ).

Fix [1− ξ1/m]r < s < r. Since P−1
V (B(0, s) ∩ X(a, h, k, V ) is compact we may find a δ > 0 such

that if W ∈ G(n, m) has ‖PV − PW ‖ < δ then

P−1
W (B(0, s)) ∩X(0, h, k, V ) ⊂ P−1

V (B(0, r)) ∩X(0, h, k, V ).

On observing that 3.12(1) and 3.12(4) imply that PV Spt ν = V we deduce that we can find
0 < δ′ ≤ δ such that for all W ∈ G(n, m) satisfying ‖PV − PW ‖ < δ′ we have

PW [Spt ν ∩ P−1
V (B(0, r))] ∩ B(0, s) ⊃ B(0, s) ∩W.

Hence, for such W ,

Hm[PW [U ∩ P−1
V (B(0, r))] ∩ B(0, s)] ≥ Hm[B(0, s) ∩W )−Hm(PW (R ∩ P−1

V B(0, r))]
≥ α(m)sm − α(m)(ξχ/a)rm

> 0.

However, from the Projection Theorem, we know that for almost every W ∈ G(n, m) we have
Hm[PW U ] = 0. But this contradicts the above and thus Hm(U) = 0 as required.

The following lemma is a key part of the proof of Theorem 1.1: The proof of this theorem
is directed towards showing that if there is a purely m-unrectifiable measure µ satisfying the
hypotheses of the theorem then we can construct a tangent measure, ν, satisfying the hypotheses
of the following lemma. However the construction of ν is such that the following condition must
also hold: For all A ⊂ V (defined below) we have

νP−1
V (A) = χHm(A).

This is in direct contradiction with the conclusion of the lemma.

Lemma 3.13 Suppose 0 < a ≤ χ ≤ b < ∞ and ν ∈ Mm
C (a, b) is an m-rectifiable measure such

that

(1) for ν-a.e.x, Dm(ν, x) ≥ χ

(2) there is a V ∈ G(n, m) with diam (P⊥V Spt ν) > 0 and V = PV (Spt ν).

Then there is a Borel set B ⊂ V such that

ν(P−1
V (B)) > χHm(B).

Proof: This follows from Lemma 3.3 and Lemma 3.2: For suppose we choose an orthonormal
basis of Rn, {e1, . . . , en}, such that V is the linear subspace spanned by {e1, . . . , em} and σ is
its associated map in Λ(n, m). If for all λ 6= σ we have that

Hm[Pλ(Spt ν)] = 0
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then applying Lemma 3.3 we conclude that Spt ν ⊂ V and this contradicts the fact that
diam [P⊥V Spt ν] > 0. Thus there is a λ ∈ Λ(n, m) which is different from σ and with

Hm[Pλ(Spt ν)] > 0.

Hence we can find a closed ball B ⊂ V such that for some positive ξ

Hm[Pλ((P−1
V B) ∩ Spt ν)] > ξ.

By Lemma 3.2 we conclude that

Hm(P−1
V (B) ∩ Spt ν) ≥

[
(Hm(B))2 + ξ2

]1/2

and so as for ν-a.e. x, Dm(ν, x) ≥ χ we deduce from Lemma 2.1 that

ν(P−1
V (B)) ≥ χ

[
(Hm(B))2 + ξ2

]1/2
> χHm(B)

as required.
Our final lemma in this section is a technical result introduced to reduce repetition later.

Lemma 3.14 Fix L ∈ [0,∞],a, b, q > 0 and suppose that Si, Θi and Ξi are sequences of positive
real numbers with lim sup Si ≥ L, SiΘi → 0 and Ξi → 0. If Vi ∈ G(n, m), νi ∈ Mm

C (l, u) and
Yi ∈ Spt νi ∩ P−1

Vi
[B(0, 1 + Ξi)] ∩X(0, a + Ξi, b, Vi) are such that

Vi → V ∈ G(n, m), Yi → Y and νi → ν ∈Mm
C (l, u),

for all i, ‖P⊥Vi
Yi‖ ≥ q − Ξi

and for all w ∈ B(0, Si) ∩ Vi

P−1
Vi

[B(w,ΘiSi)] ∩ Spt νi ∩X(0, a + Ξi, b, Vi) 6= ∅.

Then (on interpreting B(0,∞) as Rn)

(1) PV [Spt ν ∩X(0, a, b, V )] ⊃ V ∩ B(0, L),

(2) ‖P⊥V Y ‖ ≥ q,

(3) Y ∈ Spt ν ∩ P−1
V B(0, 1) ∩X(0, a, b, V ).

Proof: First observe that an immediate consequence of the density estimates on the νi is that if
yi ∈ Spt νi ∈Mm

C (l, u) for all i and yi → y then y ∈ Spt ν. Hence we may immediately conclude
that Y ∈ Spt ν. Moreover it is clear that ‖P⊥V Y ‖ ≥ q. If there was a θ > 0 such that

B(Y, θ) ∩ P−1
V (B(0, 1)) ∩X(0, a, b, V ) = ∅

then we would find that for all i sufficiently large

B(Yi, θ/2) ∩ P−1
Vi

(B(0, 1 + Ξi)) ∩X(0, a + Ξi, b, Vi) = ∅

which is impossible and so claim (3) holds.
In order to verify claim (1) fix θ > 0 and (interpreting B(0,∞) = Rn) suppose that there is

a v ∈ int [B(0, L)] ∩ L and an r > 0 such that

P−1
V [B(v, r)] ∩ Spt ν ∩X(0, a + θ, b, V ) = ∅.
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Let vi ∈ Vi be such that vi → v. We may find a 0 < ρ < r such that there are arbitrarily large i
so that

P−1
Vi

[B(vi, ρ)] ∩X(0, a + Ξi, b, Vi)

is a subset of
P−1

V [B(v, r)] ∩X(0, a + θ, b, V )

and
P−1

Vi
[B(vi, ρ)] ∩ Spt νi ∩X(0, a + Ξi, b, V ) 6= ∅

which in view of our earlier note enables us to deduce that

P−1
V [B(v, r)] ∩ Spt ν ∩X(0, a + θ, b, V ) 6= ∅,

contradicting the choice of v and r. Hence, as Spt ν is a closed set

V ∩ B(0, L) ⊂ PV [Spt ν ∩X(0, a + θ, b, V )]

and thus as θ was arbitrary

V ∩ B(0, L) ⊂ PV [Spt ν ∩X(0, a, b, V )]

as required.

4 Proof of Theorem

It suffices for us to prove the Theorem in the case that µ is a locally finite measure. We shall
prove the Theorem by contradiction: Suppose that there is a purely m-unrectifiable, non-zero,
locally finite, Borel measure µ which satisfies the hypotheses of Theorem 1.1.

Our first task is to find a set in Rn within which we shall work.

4.1 Decomposition of the support of µ

From Section 2.3 we know that for µ-a.e.x both

Tanm(µ, x) 6= ∅

and if ν ∈ Tanm(µ, x) and ζ ∈ Spt ν then νζ,1 ∈ Tanm(µ, x). From the hypotheses of Theorem 1.1
we know that for µ-a.e.x

Tanm(µ, x) ⊂Mm
C .

Thus we can find a Borel set B ⊂ Spt µ of positive and finite µ-measure such that for all x ∈ B

∅ 6= Tanm(µ, x) ⊂Mm
C

and
if ν ∈ Tanm(µ, x) and ζ ∈ Spt ν then νζ,1 ∈ Tanm(µ, x).

By decomposing B into a set of measure zero and a countable number of (Borel) sets of the form
{x ∈ B : p ≤ Dm(µ, x) ≤ Dm(µ, x) ≤ q} (where p and q are positive rationals) we may find a
Borel set B(0) ⊂ B of positive µ-measure and 0 < l ≤ u < ∞ such that for all x ∈ B(0)

2l ≤ Dm(µ, x) ≤ Dm(µ, x) ≤ u/2.

By Lemma 2.1, for all Borel sets E we have

2lHm(E ∩B(0)) ≤ µ(E ∩B(0)) ≤ 2m+1uHm(E ∩B(0))
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and so if E is Hm-rectifiable then µ(E ∩B(0)) = 0 which implies that Hm(E ∩B(0)) = 0. Thus
B(0) is purely (Hm,m)-unrectifiable and of positive and finite Hm-measure. By the Projection
Theorem we may conclude that for almost every V ∈ G(n, m)

Hm
[
PV B(0)

]
= 0.

By applying Lemma 3.6 we can find a compact subset B(1) of B(0) of positive µ measure
with the following property:

If xi ∈ B(1) and νi ∈ Tanm(µ, xi) are such that
xi → x ∈ B(1) and νi → ν then ν ∈ Tanm(µ, x).

}
(4.1)

Let K := (5m)2mu/l let ξ := 3/82 and γ := 1/(100K) and define M to be the maximum
number of balls of radius 5/4 and with centres in the boundary of B(0, 4) in Rm which may
be packed disjointly. Then, by Lemma 3.7, there is an R ≥ 1 so that for all x ∈ B(1), all
ν ∈ Tanm(µ, x), all V ∈ G(n, m) and all distinct points {ζ1, . . . , ζM} ⊂ Spt ν which satisfy

min
i 6=j

{‖PV (ζi − ζj)‖} ≥ γ max
i,j

{‖ζi − ζj‖}

we have that if u ∈ conv {PV ζ1, . . . ,PV ζM} then there is a ζ ∈ Spt ν∩B(ζ1, R maxi,j{‖ζi−ζj‖})
with

PV ζ ∈ B(u, ξ min
i 6=j

{‖PV (ζi − ζj)‖}). (4.2)

We have now completed our initial decomposition of the support of µ. We now proceed to
investigate the properties of B(1).

Fix 0 < ε < [100KmR]−6m and define α := 21KRε1/(3m) and δ := (2/R)ε1/(3m).

4.2 Properties of B(1) dependent upon ε

If ν is a standardised tangent measure of µ at x ∈ B(1) then ν is not the zero measure and so
Lemma 3.10 implies that ν is not purely m-unrectifiable. Thus, from Theorem 2.6, we deduce
that for all x ∈ B(1), Tanm(µ, x) ∩ G(n, m) 6= ∅ and so we may define

χ := inf
{

λ : There is a Borel set C ⊂ B(1) of positive µ-measure so that

∀x ∈ C, ∃ν ∈ Tanm(µ, x) ∩ G(n, m) with Dm(ν, 0) ≤ λ
}

.

Thus
µ
{

x ∈ B(1) : There is a ν ∈ Tanm(µ, x) ∩ G(n, m) with Dm(ν, 0) < χ
}

= 0

and so we may find a compact subset B(2) of B(1) which is of positive µ-measure such that for
all x ∈ B(2), there is an ω ∈ Tanm(µ, x) ∩ G(n, m) with

χ ≤ Dm(ω, 0) ≤ χ(1 + ε) (4.3)

and if ν ∈ Tanm(µ, x)∩G(n, m) then Dm(ν, 0) ≥ χ. Observe also that from Lemma 3.11 we have
that if x ∈ B(2) and ν ∈ Tanm(µ, x) then for ν-a.e. ζ

Dm(ν, ζ) ≥ χ. (4.4)

We can find a Borel subset B(3) of B(2) of positive µ-measure and 0 < r′ ≤ 1 such that for
all x ∈ B(3) and all 0 ≤ r ≤ r′

α(m)lrm ≤ µB(x, r) ≤ α(m)urm.
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We can find a Borel subset B(4) of B(3) of positive µ-measure and 0 < r′′ ≤ r′ so that for all
x ∈ B(4) and all 0 < r ≤ r′′ there is a ν ∈ Tanm(µ, x) (⊂Mm

C (l, u)) so that

FR+3+ε−1

(µx,r

rm
, ν
)

< α(m)lεm(m+3). (4.5)

Let B(5) be a compact subset of B(4) of positive µ-measure and recall that as B(5) is a subset
of B(0) we have that for almost every V ∈ G(n, m), Hm[PV B(5)] = 0.

By a suitable translation of µ (and hence the corresponding B(i)) we may suppose without
loss of generality that 0 ∈ B(5) and it is a density point of B(5). Thus we can find a 0 < r′′′ ≤ r′′

so that for all 0 < r < r′′′

µ[B(0, r)] > (1− (εm/4))µB(0, r). (4.6)

By (4.3) we can find an ω0 ∈ Tanm(µ, 0) ∩ G(n, m) such that

χ ≤ Dm(ω0, 0) ≤ χ(1 + ε).

Thus as for almost every V ∈ G(n, m), Hm[PV B(5)] = 0 and for infinitely many 0 < ρ ≤ r′′′

FR+3+ε−1

(
µ0,ρ

ρm
, ω0

)
< α(m)lεm(m+3)/2

we can find a ν0 ∈ G(n, m) with Spt ν0 = V0, say, such that

Hm[PV0B
(5)] = 0,

χ ≤ Dm(ν0, 0) ≤ χ(1 + ε)

and
FR+3+ε−1 (ω0, ν0) < α(m)lεm(m+3)/2.

Thus, in view of the density estimates for µ at 0, there is an r0 ≤ r′′′ such that

µ∂B(0, r0) = 0 and FR+3+ε−1

(
µ0,r0

rm
0

, ν0

)
< α(m)lεm(m+3)

Hence we have, in summary:

Hm[PV0B
(5)] = 0,

µ∂B(0, r0) = 0,

χ ≤ Dm(ν0, 0) ≤ χ(1 + ε) and

FR+3+ε−1

(
µ0,r0
rm
0

, ν0

)
< α(m)lεm(m+3)


(4.7)

and if we set F := B(5) ∩ B(0, r0) then F is compact and, by (4.6), for 0 ≤ r ≤ r0

µ[F ∩ B(0, r)] > (1− (εm/4))µB(0, r). (4.8)

Henceforth let P denote orthogonal projection onto V0. Let

r1 := (1− α)r0, L := lrm
0 /µB(0, r0),

Λ1 := α(m)2−15−mm−m/2LK and Λ2 := α(m)3m2−3m−1Lδm.

For u ∈ V0 and s ≥ 0 define

S(u, s) := {y ∈ Rn : ‖P (y)− u‖ ≤ s} ∩B(0, r0)
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and
So(u, s) := {y ∈ Rn : ‖P (y)− u‖ < s} ∩B(0, r0).

We now define a real-valued function on points of V0 ∩ B(0, r1):
For u ∈ V0 ∩ B(0, r1) define s(u) to be the least (non-negative) number such that if

s(u) < s ≤ r0 − ‖u‖

then both

[I] for all v ∈ V0 ∩ B(u, (1− δ)s),
F ∩ S(v, δs) 6= ∅

and

[II] there is a W ∈ G(n, m) and t ∈ Rn such that

F ∩ S(u, s) ⊂ B(t + W, δs)

and if x, y ∈ W then
K‖Px− Py‖ ≥ ‖x− y‖.

Let
A := {u ∈ V0 ∩ B(0, r1) : s(u) = 0},

A1 :=
{

u ∈ [V0 ∩ B(0, r1)] \A : µSo(u, s(u)) ≥ Λ1

[
s(u)
r0

]m

µB(0, r0)
}

,

A2 :=
{

u ∈ [V0 ∩ B(0, r1)] \A : µ[S(u, s(u)) \ F ] ≥ Λ2

[
s(u)
r0

]m

µB(0, r0)
}

and let

A3 :=
{

u ∈ [V0 ∩ B(0, r1)] \ [A ∪A1 ∪A2] : [I] holds for s(u) at u and

δs(u) ≤ diam [P⊥[F ∩ S(u, s(u))]] ≤ 2K(1 + δ)s(u)
}

.

As F is compact, if u ∈ A then P−1(u) ∩ F 6= ∅ and hence (from (4.7)) we conclude that
HmA = 0.

The function s(u) provides us with a tool to investigate the properties of the set F . Our
next task is to establish some of the elementary properties of s(u) and the sets associated with
it. We shall say that a positive real number s is good for a point u ∈ V0 ∩ B(0, r1) if it satisfies
both [I] and [II]. It is bad if at least one of [I] and [II] fails to hold!

We should first verify that s(u) is well defined:

Lemma 4.1 For all u ∈ V0 ∩ B(0, r1), s(u) ≤ εr0/δ.

Proof: Fix u ∈ V0∩B(0, r1) and εr0/δ ≤ s ≤ r0−‖u‖. As r0−‖u‖ ≥ αr0 and ε/δ < α this is a
non-trivial interval. As ν0 ∈Mm

C (χ, χ(1+ε))∩G(n, m) has Spt ν0 = V0 and FR+3(µ0,r0/r0, ν0) <
α(m)lεm+3 then for v ∈ V0 ∩ B(u, (1− δ)s) we have by Lemma 3.8, since δs ∈ [εr0, r0], that

µB(v, δs) ≥ α(m)χ(1− 3mεm)(δs)m ≥ α(m)χ(1− 3mεm)(εr0)m

≥
[
1− 3mεm

1 + 3mεm

]
(1 + ε)−1εmµB(0, r0)

≥ (εm/4)µB(0, r0) > µ[B(0, r0) \ F ].
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Thus S(v, δs) ∩ F 6= ∅ and so [I] is satisfied. I claim that [II] holds with W = V0 and t = 0.
For suppose there is an x ∈ [F \ B(V0, δs)] ∩ S(u, s) and consider B(x, δs) (which is disjoint
from V0). Let ζ = x/r0 and ρ = δs/r0. By the definition of εm we know that δs ∈ [εmr0, r0].
Moreover as ‖x‖ ≤ r0 and δs ≤ δr0 then B(ζ, ρ) ⊂ B(0, R +3+ ε−1) and so by Lemma 2.3 (with
E = B(ζ, ρ(1− εm)) and τ = εmρ)

1
εmρ

FR+3+ε−1

(
µ0,r0

rm
0

, ν0

)
≥ 1

rm
0

µ0,r0B(ζ, (1− εm)ρ)− ν0B(ζ, ρ)

=
1

rm
0

µB(x, (1− εm)δs)

≥ α(m)l(1− 2mεm)(δs/r0)m ≥ α(m)l(1− 2mεm)εm2

and so

FR+3+ε−1

(
µ0,r0

rm
0

, ν0

)
≥ α(m)lεm(m+1)(1− 2mεm)ρ

≥ α(m)lεm(m+2)(1− 2mεm)
> α(m)lεm(m+3) — a contradiction.

Hence [II] holds.

Lemma 4.2 For all u ∈ V0 ∩ B(0, r1), if s(u) > 0 then it is good for u.

Proof: This is just an exercise in using the compactness of F . If s ∈ (s(u), 2s(u)) it is good for
u. Hence for all v in V0∩B(u, (1−δ)s(u)), F ∩S(v, δs) is a compact non-empty set . Intersecting
these compact sets over s gives that F ∩ S(v, δs(u)) is not empty and so [I] holds.

[II] follows in a similar manner using the compactness of G(n, m).

Lemma 4.3 For all u ∈ V0 ∩ B(0, r1) if s(u) > 0 then there is an xu ∈ S(u, 0) such that

F ∩ S(u, r0 − ‖u‖) ⊂ X(xu, s(u)/2, 2K(1 + 2δ)s(u), V0).

Also
diam

(
P⊥[F ∩ S(u, s(u))]

)
≤ 2K(1 + δ)s(u).

Proof: The second part of the lemma follows from noticing that, as s(u) is good for u
(Lemma 4.2), there is an xu ∈ S(u, 0) and W ∈ G(n, m) such that

F ∩ S(u, s(u)) ⊂ B(xu + W, δs(u))

and if x, y ∈ W then
K‖P(x− y)‖ ≥ ‖x− y‖.

Thus if ζ ∈ F ∩ S(u, s(u)) then

‖P⊥(ζ − xu)‖ ≤ K(1 + δ)s(u).

For the main statement suppose that xu is as defined above and fix ζ ∈ F ∩ S(u, r0 − ‖u‖).
If ζ ∈ F ∩ S(u, s(u)) then by the above it follows that it is in X(xu, s(u)/2, 2K(1 + 2δ), V0) as
required. So suppose ζ ∈ F ∩ [S(u, r0 − ‖u‖) \ S(u, s(u))]. As s(u) is good for u we can find
X ∈ F ∩ S(u, δs(u)) and

‖xu −X‖ ≤ Kδs(u) + Kδs(u).

Now consider ‖P(ζ)− u‖ which is good for u and so we can find W ∈ G(n, m) and yζ ∈ S(u, 0)
such that

F ∩ S(u, ‖P(ζ)− u‖) ⊂ B(yζ + W, δ‖P(ζ)− u‖)
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and for all x, y ∈ W
K‖P(x− y)‖ ≥ ‖x− y‖.

In particular both X and ζ are in B(yζ + W, δ‖P(ζ)− u‖). Hence

‖X − ζ‖ ≤ K[‖P(X − yζ)‖+ ‖P(ζ − yζ)‖] + 2Kδ‖P(ζ)− u‖
≤ Kδs(u) + K(1 + 2δ)‖P(ζ)− u‖

and so as δ ≤ 1/4

‖xu − ζ‖ ≤ K(δ + 2δ)s(u) + K(1 + 2δ)‖P(ζ − xu)‖
≤ K(1 + 2δ)s(u)/2 + K(1 + 2δ)‖P(ζ − xu)‖

as required.

Lemma 4.4 Hm(A2) ≤ 4m−1α(m)εmΛ−1
2 rm

0 .

Proof: Let D2 ⊂ A2 be a countable set such that {B(u, s(u)) : u ∈ D2} is disjoint and
{B(u, 4s(u)) : u ∈ D2} covers A2 [Fed69, 2.8.4]. Then as D2 ⊂ A2

µ[B(0, r0) \ F ] ≥
∑

u∈D2

µ[S(u, s(u)) \ F ] ≥ Λ2µ[B(0, r0)]r−m
0

∑
D2

[s(u)]m.

Hence ∑
u∈D2

[s(u)]m ≤ Λ−1
2 rm

0

µ[B(0, r0) \ F ]
µB(0, r0)

≤ (εm/4)Λ−1
2 rm

0 .

Thus
Hm(A2) ≤ α(m)

∑
D2

[4s(u)]m ≤ α(m)4m−1εmΛ−1
2 rm

0

as required.

Lemma 4.5
V0 ∩ B(0, r1) ⊂ A ∪A1 ∪A2 ∪A3.

Proof: Suppose that u ∈ [V0 ∩ B(0, r1)] \ [A ∪A1 ∪A2] and so s(u) > 0.
By the definition of s(u) it is possible to find an s ∈ ((3/4)s(u), s(u)) such that it is bad for

u— that is either [I] or [II] fails for s at u. Thus there are two cases to consider for s:

(1) Either [I] fails for s at u or

(2) [I] holds for s at u but [II] fails to hold.

Case 1: [I] fails.
In this situation there is a v ∈ V0 ∩B(u, (1− δ)s) such that S(v, δs) ∩ F = ∅. In this case let

t = (4/3)s and so s(u) ≤ t < αr0 and thus t is good for u.
Consider

C := {B(w, 5δt/4) : x ∈ V0 and ‖x− v‖ = 4δt}

and let B = {B(vi, 5δt/4)}M
i=1 be a maximal disjoint subfamily of C (recall that M was defined

so that (4.2) holds.) Since δ ≤ 1/17 then for all i = 1, . . . M

‖u− v‖+ ‖v − vi‖ ≤ (1− δ)s + 4δt ≤ (1− δ)t

and since t is good for u we conclude that for all i

S(vi, δt) ∩ F 6= ∅.
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So for i = 1, . . . ,M choose xi ∈ S(vi, δt) ∩ F . Then if i 6= j we have

δt/2 ≤ ‖P(xi − xj)‖ ≤ 10δt.

Since t is good for u there is a Y ∈ S(u, 0) and a W ∈ G(n, m) such that

F ∩ S(u, t) ⊂ B(Y + W, δt)

and for x, y ∈ W
K‖P(x− y)‖ ≥ ‖x− y‖.

Hence for all i and j

‖xi − xj‖ ≤ 2Kδt + K‖P(xi − xj)‖
≤ 2K[δ + 5δ]t =: ρ, say.

As ρ ≤ r0 ≤ r′′ then, by (4.5), there is a ν ∈Mm
C (l, u) so that

FR+3+ε−1(µx1,ρ/ρm, ν) < α(m)lεm(m+3)

and so, by Lemma 3.5, we can find for each i a zi ∈ [x1 + ρSpt ν] with

‖xi − zi‖ ≤ ρεm.

As ρεm ≤ δt/8 we conclude that
P(zi) ∈ B(vi, 9δt/8)

and so if i 6= j then
δt/4 ≤ ‖P(zi − zj)‖ ≤ 10δt + 2εmρ ≤ (41/4)δt.

In addition
‖zi − zj‖ ≤ ρ(1 + 2εm).

Thus

min
i 6=j

{‖P(zi − zj)‖} ≥ (δt/4)/[ρ(1 + 2εm)]max
i,j

{‖zi − zj‖}

= δ (8K[δ + 5δ][1 + 2εm])−1 max
i,j

{‖zi − zj‖} ≥ γ max
i,j

{‖zi − zj‖}.

I claim that v is in the convex hull of {Pz1, . . . ,PzM}: For if not then there is a unit vector
e ∈ V0 such that if

H− := {y ∈ V0 : 〈y, e〉 < 0}

then
v + H− ⊃ conv {Pz1, . . . ,PzM}.

But consider the point v + 4δte: If z ∈ v + H− then z = v + ζ for some ζ ∈ H−. Thus, as
ζ ∈ H−,

‖z − (v + 4δte)‖ = ‖ζ − 4δte‖ ≥ |〈ζ − 4δte, e〉| > 4δt.

Hence B(v +4δte, 5δt/4)∩B(v +H−, 5δt/2) = ∅ and so B(v +4δte, 5δt/4) ∈ C which contradicts
the maximality of B and thus the claim holds.

Hence ρ−1(v − x1) ∈ conv {ρ−1(Pz1 − x1), . . . , ρ−1(PzM − x1)} and for all i, ρ−1(zi − x1) ∈
Spt ν. Thus, from (4.2), we can find a

z ∈ (Spt ν) ∩ B(ρ−1(z1 − x1), Rρ−1 max ‖zi − zj‖) ⊂ Spt ν ∩ B(ρ−1(z1 − x1), R(1 + 2εm))
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such that
Pz ∈ B(ρ−1(v − Px1), ξρ−1 min

i 6=j
‖zi − zj‖).

Hence on setting ζ = x1 + ρz we conclude that

ζ ∈ B(z1, Rρ(1 + 2εm)) ∩ [x1 + ρSpt ν]

and
Pζ ∈ B(v, ξ(41/4)δt).

Thus as
(41/4)ξδt ≤ δs/2

and
max

i
{‖xi‖}+ ρεm + Rρ(1 + 2εm) + δs/2 ≤ r0

we have that
B(ζ, δs/2) ⊂ S(v, δs) (⊂ [S(u, s) \ F ]) .

Hence

µ[S(u, s) \ F ] ≥ µB(ζ, δs/2)

and as δs/2 ∈ [εmρ, ρ], we can apply Lemma 3.8 to conclude that

≥ α(m)l(1− 3mεm)(δs/2)m

= α(m)2−m(1− 3mεm)Lδm(s/r0)mµB(0, r0)

and so as s(u) ≥ s > 3s(u)/4

µ[S(u, s(u)) \ F ] ≥ µ[S(u, s) \ F ]
≥ α(m)2−m(1− 3mεm)Lδm(s/r0)mµB(0, r0)

≥ α(m)3m2−3mL(1− 3mεm)δm

[
s(u)
r0

]m

µB(0, r0).

But this implies that u ∈ A2 which is impossible and so Case (1) cannot occur.
Case 2:[I] holds but [II] fails.
Hence either

(i) there is a W ∈ G(n, m) and xu ∈ S(u, 0) such that

F ∩ S(u, s) ⊂ B(xu + W, δs)

and there are x, y ∈ W with
K‖Px− Py‖ < ‖x− y‖.

Or

(ii) for all W ∈ G(n, m) and all xu ∈ S(u, 0)

[F ∩ S(u, s)] \ B(xu + W, δs) 6= ∅.
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So suppose we have case (i) for some W and xu. Then [Fed69, 1.7.3] enables us to find an
orthonormal basis for W , {e1, . . . , em}, such that if i 6= j then

〈Pei,Pej〉 = 0.

First observe that [I] holding implies that {Pe1, . . . ,Pem} is an orthogonal basis for V0 and so,
in particular, ‖Pei‖ 6= 0 for all i.

Now observe that there is an i such that ‖Pei‖ < 1/K: For if ‖Pei‖ ≥ 1/K for all i and
x, y ∈ W are such that

K‖P(x− y)‖ < ‖x− y‖

then

‖P(x− y)‖2 = 〈P(x− y),P(x− y)〉
=

∑
i

〈x− y, ei〉2‖Pei‖2

≥ K−2
∑

i

〈x− y, ei〉2 = (‖x− y‖/K)2

which contradicts the choice of x and y. So we may suppose without loss of generality that
‖Pe1‖ < 1/K.

Consider open cuboids in V0 with sides parallel to Pe1, . . . ,Pem and with sidelength equal
to 4s/(5Km) in the Pe1 direction and s/m in all the others. Let C be a maximal disjoint family
of such cuboids contained in PB(u, (5m− 1)s/(5m)). Then

card (C) ≥

⌊
2m(5m− 1)K

4
√

m

(
5m− 1
5
√

m

)m−1
⌋
≥ 2m−3Km−m/2(5m− 1)m51−m.

Suppose that C ∈ C and c is the centre of C then there is an xC ∈ F ∩ S(u, s) such that

‖PxC − c‖ ≤ δs

and so, as δ < 2/(5Km), PxC ∈ C. Consider the family of balls in Rn given by

B = {B(xC , (5m)−1s) : C ∈ C}.

I claim that this is a disjoint family. In order to verify this we need to show that if x, x′ are
distinct centres of balls in B then ‖x − x′‖ > 2s/(5m). So suppose that x and x′ are two such
distinct centres and let c and c′ be the centres of the corresponding cuboids in C. Notice that c
and c′ are also distinct.

Since F ∩ S(u, s) ⊂ B(xu + W, δs) we can find X and X ′ in xu + W such that

‖x− x′‖ ≥ ‖X −X ′‖ ≥ ‖x− x′‖ − 2δs

and
max{‖P(X − x)‖, ‖P(X ′ − x′)‖} ≤ δs.

Hence
max{‖PX − c‖, ‖PX ′ − c′‖} ≤ (δ + δ)s < 2s/(5Km)

and thus PX and PX ′ lie in different cuboids.
As c and c′ are the centres of distinct cuboids in C there is an i such that

|〈c− c′,Pei/‖Pei‖〉| > 0.
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If i ≥ 2 then
|〈c− c′,Pei/‖Pei‖〉| ≥ s/m

and hence
‖P(x− x′)‖ ≥ (m−1 − 2δ)s.

Thus
‖x− x′‖ ≥ (m−1 − 2δ)s > 2s/(5m)

and we are done.
If i = 1 then

|〈c− c′,Pe1/‖Pe1‖〉| ≥ 4s/(5Km)

and so
|〈P(X −X ′),Pe1/‖Pe1‖〉| ≥ [4(5Km)−1 − 2(δ + δ)]s

but

|〈P(X −X ′),Pe1/‖Pe1‖〉| = |〈X −X ′, e1〉|‖Pe1‖
< |〈X −X ′, e1〉|/K

and thus

‖X −X ′‖ ≥ |〈X −X ′, e1〉| ≥ K[4(5Km)−1 − 2(δ + δ)]s
> 2s/(5m)

hence
‖x− x′‖ > 2s/(5m)

as required. Thus B is a disjoint collection of balls with centres in F and as for all C ∈ C

‖xC‖+ s/(5m) ≤ r0

we can conclude that all balls in B are contained in S(u, s). Thus

µS(u, s) ≥
∑
B∈B

µ(B) ≥ α(m)l(s/(5m))mcard (B)

≥ α(m)l(5m)−m2m−3Km−m/2(5m− 1)m51−msm

≥ α(m)(2/5)m−1m−m/2LK(s/r0)mµB(0, r0)

and so

µSo(u, s(u)) ≥ 2−1α(m)5−mm−m/2LK

[
s(u)
r0

]m

µB(0, r0)

which implies that u ∈ A1 which is impossible. Hence (ii) must hold. So for 3s(u)/4 ≤ s < s(u)
we have that [I] holds for s at u and for all W ∈ G(n, m) and all xu ∈ S(u, 0)

[F ∩ S(u, s)] \ B(xu + W, δs) 6= ∅.

Hence, in particular, for all xu ∈ S(u, 0)

[F ∩ S(u, s)] \ B(xu + V0, δs) 6= ∅

and so there are an xs and ys in S(u, s) ∩ F such that

‖P⊥(xs − ys)‖ ≥ δs.
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Thus, as F ∩ S(u, s(u)) is compact and contains F ∩ S(u, s) for s < s(u), we conclude that there
exist x and y in F ∩ S(u, s(u)) with

‖P⊥(x− y)‖ ≥ δs.

Hence, as s(u) is good for u (Lemma 4.2), we may use Lemma 4.3 to deduce that

diam
[
P⊥ (F ∩ S(u, s(u)))

]
≤ 2K(1 + δ)s(u)

and so u ∈ A3 as required.

Lemma 4.6 Let
η := (1 + 3mεm)

[
1− 4m−1εmΛ−1

2

]−1 − 1

and suppose that
1 ≤ T ≤ ε(2/(3m))−1.

Then there is a u ∈ A3 and a Borel set J contained in V0 ∩ B(0, r0) such that

V0 ∩ B(u, Ts(u)) ⊂ J ⊂ V0 ∩ B(u, 4Ts(u)),

µ[P−1(J) ∩ B(0, r0)] ≤ χ(1 + η)Hm(J)

and if 0 < θ < [2/(3m)]m+1 then

Hm [B(∂V0J, θs(u)) ∩ V0] ≤ c(m)θ1/(m+1)[Ts(u)]m

(where c(m) is the constant from Proposition 3.4 .)

Proof: Consider

C := {PB(u, s(u)) : u ∈ A1} ∪ {PB(u, Ts(u)) : u ∈ A3}

which is a cover of A1 ∪A3. As 4Ts(u) ≤ αr0 it follows that for all u ∈ A1 ∪A3

PB(u, 4Ts(u)) ⊂ V0 ∩ B(0, r0).

By Proposition 3.4 we can find a disjoint subcollection, J of Borel sets contained in V0, which
may be written as a disjoint union, J1 ∪ J3, such that

(a) A1 ⊂ ∪J1 and A3 ⊂ ∪J3,

(b) for all J ∈ J1 there is a u ∈ A1 such that

B(u, s(u)) ∩ V0 ⊂ J ⊂ B(u, 4s(u)) ∩ V0

and for all J ∈ J3 there is a u ∈ A3 such that

B(u, Ts(u)) ∩ V0 ⊂ J ⊂ B(u, 4Ts(u)) ∩ V0,

(c) for all J ∈ J1 if 0 < θ < [2/(3m)]m+1 and if u is as determined in (b) then

Hm [B(∂V0J, θs(u)) ∩ V0] ≤ c(m)θ1/(m+1)[s(u)]m.

and for all J ∈ J3 if 0 < θ < [2/(3m)]m+1 and if u is as determined in (b) then

Hm [B(∂V0J, θTs(u)) ∩ V0] ≤ c(m)θ1/(m+1)[Ts(u)]m.
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Thus Hm(∪J ) ≥ Hm(A1 ∪A3). If for all J ∈ J , µ[P−1(J) ∩ B(0, r0)] > χ(1 + η)HmJ then as∑
µ[P−1(J) ∩ B(0, r0)] ≤ µB(0, r0) ≤ α(m)χ(1 + 3mεm)rm

0

we find that

α(m)χ(1 + 3mεm)rm
0 >

∑
χ(1 + η)HmJ

≥ χ(1 + η)Hm(A1 ∪A3)
which, by our estimate for the size of A2 (Lemma 4.4), is

≥ α(m)χ(1 + η)rm
0 [1− 4m−1εmΛ−1

2 ]
= α(m)χ(1 + 3mεm)rm

0 — a contradiction.

Hence there is a J ∈ J such that

µ[P−1(J) ∩ B(0, r0)] ≤ χ(1 + η)Hm(J).

If J ∈ J1 and u is the associated point of A1 then we find that

α(m)χ(1 + η)[4s(u)]m ≥ χ(1 + η)Hm(J) ≥ µ[P−1(J) ∩ B(0, r0)]
≥ µS0(u, s(u))

since u ∈ A1

≥ Λ2[s(u)/r0]mµB(0, r0)
≥ α(m)χ(1− 3mεm)Λ2s(u)m

but then
(1 + η)4m ≥ (1− 3mεm)Λ1

which is impossible and so J ∈ J3 which implies the Lemma.

Lemma 4.7 Suppose that 1 ≤ T ≤ ε(2/(3m))−1. Then there are a u ∈ A3, X ∈ F ∩ S(u, δs(u)),
ν ∈ Tanm(µ,X) (⊂Mm

C (l, u)) and a closed set I ⊂ V0 such that:

(1) FR+3+ε−1

(
µX,s(u)

s(u)m , ν
)

< α(m)lεm(m+3),

(2) there is a

Y ∈ Spt ν ∩ P−1 [B(0, 1 + δ + εm)] ∩X(0, 2 + εm, 2K(1 + 2δ), V0)

with
‖P⊥Y ‖ ≥ δ/2− εm,

(3) for all w ∈ V0 ∩ B(0, 5T )

P−1[B(w, (5T + δ)(1− δ)−1δ + εm)] ∩ Spt ν ∩X(0, 2 + εm, 2K(1 + 2δ), V0) 6= ∅,

(4) B(0, T (1− (2εm)m+1)) ∩ V0 ⊂ I ⊂ B(0, 5T ) ∩ V0,

(5) ν[P−1(I) ∩ B(0, 30Kε(2/(3m))−1)] ≤ χ(1 + η)(Hm(I) + 2c(m)εmε(2/(3m))−1) + α(m)lε2m,

(6) for all 0 < θ ≤ [3m]−(m+1)

Hm [B(∂V0I, θT ) ∩ V0] ≤ c(m)[(2εm)m+1 + θ]1/(m+1)Tm.
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Proof: Fix 1 ≤ T ≤ ε(2/(3m))−1. From Lemma 4.6 we can find a u ∈ A3 and a Borel set J ⊂ V0

such that
PB(u, Ts(u)) ⊂ J ⊂ PB(u, 4Ts(u)), (4.9)

µ[P−1(J) ∩ B(0, r0)] ≤ χ(1 + η)Hm(J) (4.10)

and if 0 < θ ≤ [2/(3m)]m+1 then

Hm [B(∂V0J, θTs(u)) ∩ V0] ≤ c(m)θ1/(m+1)Tm. (4.11)

Since u ∈ A3 we can find a y, y′ ∈ F ∩ S(u, s(u)) such that

‖P⊥(y − y′)‖ ≥ δs(u).

Thus, as s(u) is good for u (Lemma 4.2), F ∩ S(u, δs(u)) 6= ∅ and so we can find an X ∈
F ∩ S(u, δs(u)) such that

max{‖P⊥(y −X)‖, ‖P⊥(y′ −X)‖} ≥ δs(u)/2.

We may assume without loss of generality that

‖P⊥(y −X)‖ ≥ s(u)/2

and, as (5T + δ)(1− δ)−1s(u) ≤ αr0 ≤ r0 − ‖u‖, we may use Lemma 4.3 to conclude that there
is a t ∈ S(u, 0) such that

F ∩ P−1
[
B(u, (5T + δ)(1− δ)−1s(u))

]
⊂ X(t, s(u)/2, 2K(1 + 2δ), V0).

Hence
F ∩ P−1

[
B(u, (5T + δ)(1− δ)−1s(u))

]
⊂ X(X, 2s(u), 2K(1 + 2δ), V0).

As s(u) < r0 we may use (4.5) of Section 4.2 to find a

ν ∈ Tanm(µ,X) (⊂Mm
C (l, u))

such that

FR+3+ε−1

(
µX,s(u)

s(u)m
, ν

)
< α(m)lεm(m+3)

which is 4.7(1).
If z ∈ F ∩ P−1

[
B(u, (5T + δ)(1− δ)−1s(u))

]
then

‖z −X‖ ≤ ((5T + δ)(1− δ)−1s(u) + 2εr0δ/δ ≤ 3 + ε−1

and so we may use Lemma 3.5 to conclude that there is a ζ ∈ Spt ν such that

‖ζ − (z −X)/s(u)‖ ≤ εm.

In particular, as
y ∈ P−1B(u, s(u)) ∩ F ∩X(X, 2s(u), 2K(1 + 2δ), V0),

there is a
Y ∈ Spt ν ∩ P−1 [B(0, 1 + δ + εm)] ∩X(0, 2 + εm, 2K(1 + 2δ), V0)

such that
‖Y − (y −X)/s(u)‖ ≤ εm.
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Hence by our estimate for y and as 0 ∈ Spt ν (since ν ∈ Tanm(µ, x)) we have

diam
[
P⊥
(
Spt ν ∩ P−1(B(0, 1 + δ + εm)) ∩X(0, 2 + εm, 2K(1 + 2δ), V0)

)]
≥ δ

2
− εm

which verifies 4.7(2).
Suppose w ∈ B(0, 5T ) ∩ V0 and let v = s(u)w + PX and so v ∈ B(u, (5T + δ)s(u)) ∩ V0. As

(5T + δ)(1− δ)−1s(u) is good for u it follows (by [I]) that there is a

z ∈ F ∩ P−1B(v, (5T + δ)(1− δ)−1δs(u)).

Hence we may use Lemma 3.5 again to conclude that there is a ζ ∈ Spt ν with

‖ζ − (z −X)/s(u)‖ ≤ εm.

But ‖v − Pz‖ ≤ (5T + δ)(1− δ)−1δs(u) and so

‖w − Pζ‖ ≤ (5T + δ)(1− δ)−1δ + εm.

On observing that z ∈ X(X, 2s(u), 2K(1 + 2δ), V0) we conclude that

ζ ∈ X(0, 2 + εm, 2K(1 + 2δ), V0)

and so 4.7(3) holds.
Let

I := Clos
{
(x− PX)/s(u) : x ∈ J \ B(∂V0J, (2εm)m+1Ts(u))

}
and so

B(I, εm(m+1)T ) ⊂ {(x− PX)/s(u) : x ∈ J}
and, for θ > 0,

B(∂V0I, θT ) ⊂ B(∂V0 {(x− PX)/s(u) : x ∈ J} , (θ + (2εm)m+1)T ).

Moreover from (4.11) we have that

Hm(I) ≥ [s(u)]−mHm(J)− 2c(m)εmTm

and, since εm < [3m]−(m+1), for 0 < θ < [3m]−(m+1) we have

Hm[B(∂V0I, θT ) ∩ V0] ≤ c(m)
[
(2εm)m+1 + θ

]1/(m+1)
Tm

which verifies 4.7(6).
From (4.9) we conclude that

B(0, T (1− (2εm)m+1 − δ)) ∩ V0 ⊂ I ⊂ B(0, 5T ) ∩ V0

which is 4.7(4).
It only remains to verify 4.7(5). Since

max{30Kε(2/(3m))−1 + εm(m+1)T, 5T} ≤ R + 3 + ε−1

we may use Lemma 2.3 (with E = P−1(I)∩B(0, 30Kε(2/(3m))−1) and τ = εm(m+1)T ) to conclude
that

ν
[
P−1(I) ∩ B(0, 30Kε(2/(3m))−1)

]
≤

µ
[
P−1(J) ∩ B(X, (30Kε(2/(3m))−1 + εm(m+1)T )s(u))

]
[s(u)]−m

+
α(m)lεm(m+3)

εm(m+1)T

which as ‖X‖+ (30Kε(2/(3m))−1 + εm(m+1)T )s(u) ≤ r0
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≤ [s(u)]−mµ
[
P−1(J) ∩ B(0, r0)

]
+

α(m)lεm(m+3)

εm(m+1)T
which, by (4.10), is

≤ χ(1 + η)[s(u)]−mHm(J) + α(m)lε2m/T

≤ χ(1 + η)
[
Hm(I) + 2c(m)εmε(2/(3m))−1m

]
+ α(m)lε2m

verifying 4.7(5) as required.

4.3 Properties of B(1) independent of ε

Lemma 4.8 For all T ≥ 1 there is an x ∈ B(2), ν ∈ Tanm(µ, x) and V ∈ G(n, m) such that

(1) there is a Y ∈ Spt ν ∩X(0, 2, 2K(1 + 2δ), V ) ∩ P−1
V (B(0, 1)) with ‖P⊥V Y ‖ ≥ δ/2,

(2) V ∩ B(0, 5T ) ⊂ PV [Spt ν ∩X(0, 2, 2K(1 + 2δ), V )],

(3) for all Borel sets C contained in V ∩ int (B(0, T ))

ν[P−1
V (C)] = χHm(C),

(4) Spt ν ∩ P−1
V [int (B(0, T ))] ⊂ X(0, 2, 2K(1 + 2δ), V ).

Proof: Fix T ≥ 1 and suppose we have a sequence of positive real numbers Ξi → 0 and
sequences xi ∈ B(2), νi ∈ Tanm(µ, xi) (⊂Mm

C (l, u)) and Vi ∈ G(n, m) such that

(a) the points xi → x ∈ B(2), νi → ν and so, by the definition of B(1)
(
⊃ B(2)

)
, ν ∈

Tanm(µ, x) ⊂Mm
C (l, u),

(b) the m-planes Vi → V and if Pi := PVi
, P⊥i := P⊥Vi

then we can find a Yi ∈ Spt νi ∩
P−1

i [B(0, 1 + Ξi)] ∩X(0, 2 + Ξi, 2K(1 + 2δ), V ) with ‖P⊥i Yi‖ ≥ δ/2− Ξi and Yi → Y ,

(c) there is a compact set Ii ⊂ Vi such that Ii → I in the Hausdorff metric (denoted by dH)
and

B(0, T (1− Ξi)) ∩ V ⊂ Ii ⊂ B(0, 4T + Ξi) ∩ V,

νi[P−1
i (Ii) ∩ B(0, Xi−1

i )] ≤ χHm(Ii) + Ξi

and if 0 < θ < [3m]−(m+1) then

Hm[B(∂iIi, θT ) ∩ Vi] ≤ c(m) [Ξi + θ]1/(m+1)
Tm

(where ∂i := ∂Vi
.)

(d) For all v ∈ Vi ∩ B(0, 5T ) there is a ζ ∈ Spt νi ∩X(0, 2 + Ξi, 2K(1 + 2w), Vi) such that

‖Pi(ζ)− v‖ ≤ ΞiT.

Then I claim that ν, x, Y and V would satisfy the Lemma. (We shall verify the existence of such
sequences Ξi, νi, xi, Ii and Vi later.)

From Lemma 3.14 (with L = T ) we conclude that ν and Y satisfy 4.8(1,2).
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It is clear that I (defined in (c) above) satisfies

B(0, T ) ∩ V ⊂ I ⊂ B(0, 5T ) ∩ V.

Suppose that 0 < δ ≤ [3m]−(m+1) and j is chosen so that for all i > j

I ⊂ B(Ii, δT ) and Ii ⊂ B(I, δT ).

Thus I ⊂ V ∩ B(Ii, δT ) and, clearly,

Hm(V ∩ B(Ii, δT )) ≤ Hm(Vi ∩ B(Ii, δT )).

Hence

Hm(I) ≤ Hm(V ∩ B(Ii, δT )) ≤ Hm(Vi ∩ B(Ii, δT ))
= Hm [(Ii ∪ B(∂iIi, δT )) ∩ Vi]

≤ Hm(Ii) + c(m) [Ξi + δ]1/(m+1)
Tm.

Now observe that as Ii ⊂ Vi ∩ B(I, δT ) we have

Hm(Ii) ≤ Hm(Vi ∩ B(I, δT )) ≤ Hm(V ∩ B(I, δT )).

Hence on sending i to infinity we deduce that

Hm(I) ≤ lim inf
i→∞

Hm(Ii) + c(m)δ1/(m+1)Tm

and
lim sup

i→∞
Hm(Ii) ≤ Hm(V ∩ B(I, δT )).

But I = ∩δ>0B(I, δT ) and so sending δ to zero gives

Hm(I) = lim
i→∞

Hm(Ii).

Now observe that if i and δ are such that I ⊂ B(Ii, δT ) and if x ∈ I \ B(∂V I, αT ) (for some
α > δ) then

V ∩ B(x, αT ) ⊂ I ⊂ B(Ii, δT )

and so x ∈ Ii and
d(x, ∂iIi) > [α− δ]T

which means that
I \ B(∂V I, αT ) ⊂ B(Ii, δT ) \ B(∂iI, (α− δ)T ).

Fix 0 < δ < 1 and choose j such that if i ≥ j then

dH(I, Ii) ≤ δT , Hm(Ii) ≤ Hm(I) + δ,

Ξi > 6δ−1T , F7δ−1T (νi, ν) < δ2T

and if x ∈ B(0, 6δ−1T ) then
‖Pi(x)− PV (x)‖ < δT/2.

If x ∈ P−1
V [I \ B(∂V I, 2δT )] ∩ B(0, 6δ−1T ) then

‖Pi(x)− PiPV (x)‖ ≤ ‖Pi(x)− PV (x)‖+ ‖PV (x)− PiPV (x)‖
< δT/2 + δT/2 = δT.
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Thus
P−1

V [I \ B(∂V I, 2δT )] ∩ B(0, 6δ−1T ) ⊂ P−1
i (Ii) ∩ B(0, 6δ−1T )

and so we may use Lemma 2.3 with τ = δT and E = P−1
V [I \ B(∂V I, 3δT )] ∩ B(0, 6δ−1T ) to

deduce that

ν
[
P−1

V [I \ B(∂V I, 3δT )] ∩ B(0, 5δ−1T )
]

≤ νi

[
P−1

V [I \ B(∂V I, 2δT )] ∩ B(0, 6δ−1T )
]
+ F7δ−1T (νi, ν)

≤ νi

[
P−1

i (Ii) ∩ B(0, 6δ−1T )
]
+ δ

as Ξ−1
i > 6δ−1T we may use (c) to deduce

≤ χHm(Ii) + Ξi + δ

≤ χHm(I) + Ξi + (χ + 1)δ.

Hence on sending i to infinity we find that

ν
[
P−1

V [I \ B(∂V I, 3δT )] ∩ B(0, 5δ−1T )
]
≤ χHm(I) + (χ + 1)δ

but δ was arbitrary and so we conclude that

ν
[
P−1

V (int V I)
]
≤ χHm(I).

Now recall from (4.4) that as ν ∈ Tanm(µ, x) and x ∈ B(2) then for ν-a.e. ζ

Dm(ν, ζ) ≥ χ.

Thus if C ⊂ B(0, 5T ) ∩ V is a Borel set then from Lemma 2.1 we can deduce that

ν
[
P−1

V (C) ∩X(0, 2, 2K(1 + 2δ), V )
]

≥ χHm[P−1
V (C) ∩ Spt ν ∩X(0, 2, 2K(1 + 2δ), V )]

which, by projecting back onto V , is
≥ χHm(C).

Hence if C ⊂ int (B(0, T )) ∩ V is a Borel set then

χHm(C) ≤ ν[P−1
V (C)]

≤ ν[P−1
V (I)]− ν[P−1

V (I \ C) ∩X(0, 2, 2K(1 + 2δ), V )]

which by the preceeding
≤ χHm(I)− χ[Hm(I)−Hm(C)]
= χHm(C).

Thus for all Borel sets C ⊂ int (B(0, T )) ∩ V

ν[P−1
V (C)] = χHm(C)

which is 4.8(3) of the Lemma.
If there is an x ∈ P−1

V [int B(0, T )] \ X(0, 2, 2K(1 + 2δ), V ) such that x ∈ Spt ν then we can
find an r > 0 such that PV B(x, r) ⊂ intB(0, T ), νB(x, r) > 0 and

B(x, r) ∩X(0, 2, 2K(1 + 2δ), V ) = ∅
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but then

χHm(B(PV x, r) ∩ V ) = ν
[
P−1

V (B(PV x, r))
]

= ν
[
P−1

V (B(PV x, r)) ∩X(0, 2, 2K(1 + 2δ), V )
]

+ ν
[
P−1

V (B(PV x, r)) \X(0, 2, 2K(1 + 2δ), V )
]

≥ χHm(B(PV x, r) ∩ V )) + ν[B(x, r)]
> χHm(B(PV x, r) ∩ V ) — a contradiction

and so ν satisfies 4.8(4).
It remains to show that we can find sequences which satisfy (a) through to (d). In order to

achieve this it suffices to choose a sequence of positive ε tending to zero and use Lemma 4.7 to
find associated sequences of measures, points, planes and sets. Upon noting that any sequence
of measures (ωi) ⊂ Mm

C (l, u) possesses a convergent subsequence (this is an application of
Lemma 2.2 together with the uniform upper density estimate on the measures ωi) and that, by
compactness, any sequence of points xi in B(2) possesses a convergent subsequence and similarly
for Vi ∈ G(n, m) and compact sets Ii ⊂ B(0, 5T ) we deduce that we can, indeed, find a sequence
satisfying (a) through (d). Hence the Lemma holds.

Lemma 4.9 There is an X ∈ B(2), ω ∈ Tanm(µ,X) and W ∈ G(n, m) such that

(1) Spt ω ⊂ X(0, 2, 2K(1 + 2δ),W ),

(2) W = PW [Sptω],

(3) for all Borel sets I ⊂ W

ω[P−1
W (I)] = χHm(I),

(4) there is a Y ∈ Spt ω ∩ P−1
W (B(0, 1)) ∩X(0, 2, 2K(1 + 2δ),W ) with

‖P⊥W Y ‖ ≥ δ/2,

(5) for ω-a.e. ζ, Dm(ω, ζ) ≥ χ,

(6) ω is m-rectifiable.

Proof: From Lemma 4.8 we may find for all T ≥ 1 an xT ∈ B(1), ωT ∈ Tanm(µ, xT ), WT ∈
G(n, m) and a YT ∈ Spt ωT ∩ P−1

W (B(0, 1)) ∩X(0, 2, 2K(1 + 2δ),WT ) such that

‖P⊥WT
YT ‖ ≥ δ/2

WT ∩ B(0, 5T ) ⊂ PWT
[SptωT ∩X(0, 2, 2K(1 + 2δ),WT )],

for all Borel sets I contained in int (B(0, T )) ∩WT , ωT [P−1
WT

(I)] = χHm(I),

Spt ωT ∩ P−1
WT

[int (B(0, T ))] ⊂ X(0, 2, 2K(1 + 2δ),WT ).

 (4.12)

By repeated use of compactness, application of Lemma 2.2 and (4.1) we may find a sequence
T (i) →∞ such that

xi := xT (i) → X ∈ B(1),

ωi := ωT (i) → ω ∈ Tanm(µ, X),

Wi := WT (i) → W ∈ G(n, m)

Yi := YT (i) → Y ∈ P−1
W (B(0, 1)) ∩X(0, 2, 2K(1 + 2δ),W ).

 (4.13)
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Let Pi := PWT (i) and P⊥i := P⊥WT (i)
. From Lemma 3.14 we may immediately deduce that

Y ∈ Spt ω ∩ P−1
W (B(0, 1)) ∩X(0, 2, 2K(1 + 2δ),W ), ‖P⊥W Y ‖ ≥ δ/2 and

PW [Sptω ∩X(0, 2, 2K(1 + 2δ),W )] ⊃ W. (4.14)

Hence 4.9(2) and 4.9(4) hold.
Since ω ∈ Tanm(µ,X) for some X ∈ B(2) we know from (4.4) that for ω-a.e. ζ

Dm(ω, ζ) ≥ χ

and so 4.9(5) holds. Hence if C ⊂ W is a Borel set then as PW [Spt ν∩X(0, 2, 2K(1+2δ),W )] ⊃ W
we deduce from Lemma 2.1 that

ω[P−1
W (C) ∩X(0, 2, 2K(1 + 2δ),W )] ≥ χHm[P−1

W (C) ∩X(0, 2, 2K(1 + 2δ),W ) ∩ Spt ω]
≥ χHm(C).

Hence in order to verify 4.9(3) it is sufficient to show that for all T ≥ 1

ω[P−1
W (B(0, T ))] ≤ α(m)χTm.

Since then if C ⊂ W we deduce that, for all T ≥ 1,

χHm[C ∩ B(0, T )] ≤ ω[P−1
W (B(0, T ) ∩ C)]

≤ ω[P−1
W B(0, T )]− ω[P−1

W (B(0, T ) \ (C ∩ B(0, T ))]
≤ α(m)χTm − χ[α(m)Tm −Hm(C ∩ B(0, T ))]
= χHm(C ∩ B(0, T ))

and 4.9(3) then follows on sending T to infinity. So fix T ≥ 1 and 0 < Ξ < 1/(2T ). Choose i so
large that

F1+1/Ξ(ωi, ω) ≤ Ξ2T , T (i) > T

and
P−1

W [B(0, T )] ∩ B(0, 1/Ξ) ⊂ P−1
i [B(0, T (1 + Ξ))] ∩ B(0, 1/Ξ).

Then

ω[P−1
i [B(0, T )] ∩ B(0, 1/Ξ)] ≤ ω[P−1

i [B(0, T (1 + Ξ))] ∩ B(0, 1/Ξ)]
and so as Lemma 2.3 implies that

ω[P−1
i [B(0, T (1 + Ξ))] ∩ B(0, 1/Ξ)] ≤ ωi[P−1

i [B(0, T (1 + 2Ξ))] ∩ B(0, 1/Ξ)] + Ξ
which, from (4.12) above

= α(m)χTm(1 + 2Ξ)m + Ξ
and so we may conclude that

ω[P−1
i [B(0, T )] ∩ B(0, 1/Ξ)] ≤ α(m)χTm(1 + 2Ξ)m + Ξ

and as Ξ was arbitrary we deduce that

ω[P−1
i (B(0, T ))] ≤ α(m)χTm.

Thus 4.9(3) holds.
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The fact that 4.9(3) holds together with (4.14) implies (using an identical technique to that
used in Lemma 4.8) that

Spt ω ⊂ X(0, 2, 2K(1 + 2δ),W )

and so 4.9(1) holds.
It remains to verify 4.9(6) but as ω ∈ Tanm(µ,X) ⊂ Mm

C (l, u) and we have already veri-
fied 4.9(1,2,3,5) then we may use Proposition 3.12 to deduce that ω is m-rectifiable. Thus the
Lemma holds.

4.4 Deriving a contradiction

We are now able to find a contradiction: Let ω be the measure whose existence is guaranteed
by Lemma 4.9 and let X ∈ B(2), Y ∈ Rn and W ∈ G(n, m) be as in Lemma 4.9. Since
ω ∈ Tanm(µ, X) we know that 0 ∈ Spt ω and as Y ∈ Spt ω has ‖P⊥W Y ‖ ≥ δ/2 we conclude that

diam (P⊥W Spt ω) ≥ δ/2 (> 0).

In addition ω is m-rectifiable,
W = PW [Sptω],

and for ω-a.e. x ∈ Spt ω
Dm(ω, x) ≥ χ.

Hence we may apply Lemma 3.13 to conclude that there is a Borel set B ⊂ W with

ω[P−1
W B] > χHm(B)

but this contradicts the definition of ω. Thus no such measure ω can exist and so our original
measure µ must be m-rectifiable as required.

References

[Bes28] A. S. Besicovitch. On the fundamental geometric properties of linearly measurable plane
sets of points. Math. Ann., 98:422–464, 1928.

[Bes38] A. S. Besicovitch. On the fundamental geometric properties of linearly measurable plane
sets of points (ii). Math. Ann., 115:296–329, 1938.

[Bes39] A. S. Besicovitch. On the fundamental geometric properties of linearly measurable plane
sets of points (iii). Math. Ann., 116:349–357, 1939.

[DS91] G. David and S. Semmes. Singular integrals and rectifiable sets in Rn. Astérisque, 193,
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