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ABSTRACT. For a compact set I' C R? and a point z, we define the visible part
of T" from x to be the set

Te={uwel:[z,u]NT = {u}}.

(Here [z,u] denotes the closed line segment joining x to w.)

In this paper, we use energies to show that if I' is a compact connected
set of Hausdorff dimension larger than one, then for (Lebesgue) almost every
point & € R?, the Hausdorff dimension of T';, is strictly less than the Hausdorff
dimension of I'. In fact, for almost every x,

1 / 3
dimH(Fz) < 5 + dimH(F) — Z

We also give an estimate of the Hausdorff dimension of those points where

the visible set has dimension larger than o + % + 1/dimg(T) — % for some
o> 0.

1. INTRODUCTION

Given a subset F of the plane, Urysohn [11] 12] defined the notion of linear
accessibility for a point p € E: pis linearly accessible if there is a non-degenerate line
segment L that only meets E at the point p. In a sequence of papers, Nikodym [7,
8,19] investigated the relationship between the set theoretic complexity of E and
the set of linearly accessible points.

In this paper, we consider those points of a planar continuum (a compact connec-
ted subset of the plane) T' that are linearly accessible from a given fixed point
and investigate the relationship between the (Hausdorff) dimensions of the com-
pact set and its linearly accessible part from x for Lebesgue almost all + € R2\ T.
Denoting I'; to be the points of I' that are linearly accessible from z, it is clear
that dimg (T';) < dimg (T) for all z € R?\T'. However, more surprisingly, for most
points there is a drop in dimension.

Proceeding more formally, if for a compact set in the plane, K, and = € R? we
define the visible part of K from z by

K,={ue K :[r,ulNK = {u}},

where [z, u] denotes the closed line segment joining x to u, then our results may be
summarised as follows.
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Theorem 1.1. IfT' is a planar continuum with dimg (T') > 1, then for (Lebesgue)

almost all © € R2,
. 1 . 3
dimy (T,) < 3 +4/dimg(T) — 7

This follows directly from the stronger theorem that we prove in this paper.

Theorem 1.2. Let I' be a planar continuum with dimg(I') > 1. Then for % +
dimpy(T) — 3 < s < dimg(T),

< dimg (T) — s
- s—1

dimg{r € R? : dimg () > s}

(To see how Theorem[I.1 follows from Theorem[T.2, first observe that if dimy (") =
1, then Theorem [1.1is obviously true. If d = dimg(I") > 1, then Theorem [1.1] fol-
lows provided we show that for o > 0,

dimpy {xeR%dimH(FI) >o'—|—%_|_ d—%} <2

However 1 < %—i— d— % < d, and Theorem/1.2limplies that for s € (%—i— d— %, d],

dimpg{z € R? : dimp (T',) > s} < =2, An easy algebraic manipulation then shows
that

d—s
S_1<<d—%— d—§>/<—%+ d—%)<2,
for d € (1,7).)

In an earlier paper [3], it is shown that for a particular class continua (namely
quasicircles), whenever z lies outside the set, dimy (T';) = 1. Since quasicircles can
have dimension arbitrarily close to 2, and for connected sets of positive dimension,
dimg (T';) > 1 whenever = ¢ T', it follows that, unless the optimal upper bound for
dimg (T';) is one, there is no general result concerning the lower bound of dimg (T'y,)
beyond the trivial estimate of one.

There are many possible directions for future work. Despite the fact that the
upper bound given in Theorem [1.1]is the golden-ratio for dimg(T') = 2, there is
no good reason to believe that this bound is optimal, since the proof we give in
this paper uses at least one sub-optimal estimate. Indeed, Theorem [1.2 gives no
information on the size of the set of points where the visible sets have Hausdorff

dimension between 1 and % +4/dimg(T") — % — it may be that there can be many

points where the visible set has dimension between these bounds.

Our method of proving Theorem [1.2]relies in an essential way on the properties
of connected sets in the plane; in particular that the points visible from one location
together with the connectedness of the original set result in certain regions of the
plane not being visible from a different location. It is unclear whether a similar
result could possibly hold in higher dimensions. Whether a dimension drop must
occur for totally disconnected subsets of the plane is also unclear: in [3], it is
shown that for the cross-product of a Cantor set with itself in the plane, there
is a dimension drop (to 1), provided that the original Cantor set has Hausdorff
dimension sufficiently close to 1.
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2. BACKGROUND RESULTS AND PRELIMINARY ESTIMATES

In this section we summarise the main definitions and results that we use.

Most of the time we shall be working in the plane, R?, endowed with the usual
norm, |- | and inner product (-, -). We let e; and es denote the usual basis vectors
in R? and set 2 = z/|z| for x # 0, and 2+ = (x, e1)ea — (x, e2)e; for z € R%. For
x € R? and A C R?, define arc-diam,(A) to be the angle (in radians) subtended
by the smallest arc in the circle {u : |z —u| = 1} that contains the radial projection
of A onto this circle. (If z € A, then arc-diam,(A) = 27.) We let diam (A4) denote
the usual diameter of a set A.

For a subset A of the plane and r > 0, let

B(A,r) = {y € R? : There is v € A with |y — z| <7}

and, in a slight abuse of notation, let B(x,r) = B({z},r), the usual closed ball of
centre z and radius r. For a point x and a set A, we define d(x, A) = inf{|z — y| :
y € A}

Let X be a Polish space. (That is, X is a complete, separable, metrisable
topological space.) A sub-additive, non-negative set function p on X is a Radon
measure if it is a Borel measure (all Borel sets are p-measurable) for which all
compact sets have finite measure and both

w(U) =sup{p(K) : K C U, K is compact}, for open sets U
and
w(A) =inf{u(U): AC U, U is open}, for A C X.

We denote the set of Radon measures on X by M(X).

We let 0(A (X)) denote the o-algebra generated by the analytic subsets of X,
we suppress mention of X when this is clear from the context. If y is a Radon
measure on this space then all sets in o(A) are y-measurable, see [4, (21.10)].

For s € R and A C X, we define

M (A) ={v e M(X) :v(A) > 0 and v(B(z,r)) <r° for x € X, and r > 0}.

If 11 is a Radon measure on the plane and s € R, then I (u) denotes the s-energy
of u given by

Is(p) =/ |z —y| ™% du(x) du(y).

The Hausdorff dimension of a set is defined in the usual way via Hausdorff
measures, see [1,2,6,/10]. The following theorem summarises some useful equivalent
ways of finding the Hausdorff dimension of a set.

Theorem 2.1. Let A be an analytic subset of a Fuclidean space, R™. Then
dimg (A4) = sup{s € R: M*(A4) # 0}
=sup{s € R: There is p € M(R"™) with p(A) >0 and Is(u) < oo}
= sup{dimy (K) : K C A and K is compact}.
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Proof. See [6] Theorem 8.8] and [1, Theorem 6.4] together with |2, 2.10.48] or [10,
Theorem 57]. O

2.1. Elementary geometric estimates. We end this subsection by recording
some simple geometric estimates that we use later.
For z € R?, u € R?\ {0} and o > 0, let

V(z,u,0) ={y € R : |{y — z, ub)| < oly — 2, u)},

the open cone with vertex x, direction v and opening o. The following lemma gives
a lower bound on the distance of a point in a particular subregion of a cone from
the vertex.

Lemma 2.1. Let p € R?\ {0} and 0,7 > 0. If

u e V(O,p, U) \ V(I% D, T)7

then
o

(u—p, p") > — Ip).

o+T
Proof. Suppose that u € V(0,p,0) \ V(p, —p, T), then
(u—=p,p") = (g —p, p")
where
q=pp+op*)=p+A-p+7p*),
for some p, A > 0. Calculating (g, p*) gives

p=A-
o

and substituting for p in (g, p) gives

0

oc+T
Hence -
(a=p.p") 2 ———1pl,

as required. ([l

The second lemma is slightly trickier to prove and is an estimate of the angle
subtended by points p — a and p + a with the origin when a and p are sufficiently
separated. For # € R?, d_,dy € RT, let A(x,d_,d;) = B(x,dy) \ B(z,d_), the
half-open annulus centred on x with inner radius d_ and outer radius d.

Lemma 2.2. Suppose that 0 < d_ < d, a € B(0,3d_)\{0} and E C A(0,d_,d)
is a compact set. Let o = min{|(p, at)/(p, a)| : p € E}. If a < 1, then for all
peFE

—a,p+a)

—allp+a = 172

3 (p
57 Ip

Proof. For any p € R?,
(p—a,p+a)=Ipf* —|af?

and
lp—al*lp+al®* = (Ip|* + |a|*)?® — 4(p, a)®.
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On defining A = (p, a*)/(p, a) (possibly infinite), then 1 + A? = pr'i‘;';, and so

(Ip]? = |a|2)? + (|p|? + |a[?)* A2

lp—al’lp+al* = Tz
(We take |p — a|?[p + a|*> = (|p|* + |a|?)? for |A| = +0.) Hence
(*) ((p—a,p+a>>2_ 1+ A2 —1_ (2 + p)A?
lp — allp + al 1+ (14 p)2A2 1+ (14 p)2A2’
where
2(lal/Ipl)?

K T /o)

Expression (*) is a monotonic decreasing function of A. Hence for p € E, (*) is

maximised when A = o, and so, since 1_‘:((2117‘;))3‘; =1- % € [0, 1], we use
that for 0 < <1, (1— x)% <1-— %:C to deduce

<p—mp+a><1_}< M2+M02)

lp—allp+al ~ 2\ 1+ (1+ p)2a?

However

2 2 2 2
b oy (Y o, BB 8 (1) 2
di || 1= (lal/lp))> = 3 \|p| 3

and so (2+ p)/(1+ (14 p)?a?) > &, giving

<p_a’p+a><1—%,ua2§1—

< (lala)?.
lp — allp + a

_9_
2
17d

The lower bound follows from recognising that (*) is minimised when p =
d_a*/|a|, giving A = 400, u = 2|al?/(d*> — |a|?) and

2.2. Elementary measure estimates. We now prove some estimates concerning
the geometric distribution of mass for Radon measures in the plane.
We start by recording a simple mass estimate.

O

Lemma 2.3. Fiz s > 0 and 0 < dy. Let v be a Radon measure such that for all
u€R? and r >0, v(B(u,r)) <r®. Suppose that x € R? and V C R?, then

v(V N B(z,dy)) < carc-diam, (V N B(x,dy))* ™,
for some fixed positive constant ¢ depending only on dy and s.

Proof. We may suppose that x = 0. Let § = arc-diamg(V). If § < 1/2, then
V N A(0,d_,d;) may be covered by 1+ % boxes of side d;f. Hence a simple
estimate of mass gives

v(V N B(0,d})) <2351+ 67 1)(d,0)° < 3d5.27°~ 19" 1,

) <
and the lemma follows for § < 1/2. If § > 1/2, then we use the estimate that
V(B(0,d4) < d5. O
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We now prove a lemma on the distribution of mass for an arbitrary measure in
semi-infinite tubes. To do this we define for z € R? and r > 0,
TH(x,r) = {z € R?: [p1(2) — p1(2)| < r and pa(2) > pa(2)}
and
T (x,r) = {z € R? : |p1(2) — p1(z)| < r and pa(2) < pa(z)},
where p; and p2 denote orthogonal projection onto the z- and y-axis, respectively.

Thus T (z,r) is a semi-open vertical tube of width 2r extending upwards from x
and T~ (z,r) is a semi-open vertical tube of width 2r extending downwards from x.

Proposition 2.1. Suppose v is a compactly supported Radon measure in the plane.
Then for & >0 and v-a.e.
(T~ (z,r))

. Lu(TT(x,r) v
hITn_}élf — T - hin_%lf — i - +o00.

Proof. We give the proof for TT; the proof for T~ is similar. Without loss of
generality we can assume that spt v lies in the unit square [0, 1] x [0, 1].
For M € N and ¢ € N, let

Ay = {2 €[0,1] x [0,1] : (T (2,277%)) < M2+,

and define
Bui= |J (w—270" 2+ 270 [—1,1)).
T€EAM,i

Notice that for each z € Byry, v(Ani NTH(2,270FD)) < M2710H9): for if Ay N
T+(z,2- D) = (), then there is nothing to prove; otherwise if we set

HY =TH(z 27 0| T (2,277 12 € Ay N TH(z,27 0,

then v(Ay; NTH(2,270FY)) < v(H') and either H+ = TF (w,270FY) or HT =
int(T+ (w, 2= 0+1)) for some w € R? (that lies directly above z) — in the first case,
H* C T*(z,27") for some x € Ay, and in the second case, HT is an open set
with
v(H') < sup V(T (x,271) < M27H0+9),
C€AN AT (2,2-(HD)

Since L£(Br,i) <9, we can use Fubini’s theorem to estimate,

9M271+E) > / V(A NTH (2,27 0+Y)) da

B,
[ £BunT w2 G
Ant,i

> 270D (A ).
Hence
v(Ani) < 18M27%,
and so ), v(Ap;) < 0o, implying that

v ({o timinf 4L 2) <u})=o

i—00 271'(14’5)

Since liminf, or~HOy(TH(z,r) > 27O liminf; o 20+ (TH(2,27%)) for
any = € R?, the proposition follows. O
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T, (u,r)

FIGURE 1. The radial tubes T, (u,r) and T, (u,r).

For z # u € R? and r > 0, define radial tubes T, (u,r) and T, (u,) by
5 (u,r) = V(z,u —z,7/d(z,u) N {z € R* : d(x, 2) > d(x,u)}
and
T, (u,r) = V(z,u—z,r/dz,u)) N{z € R* : d(z, 2) < d(z,u)},
see Figurell.

It is straightforward to transform our lemma about parallel tubes to one concer-
ning radial tubes.

Lemma 2.4. Let v be a compactly supported Radon measure in the plane and
suppose © € R? satisfies v({x}) = 0. Then for & >0 and for v-a.e. u
+ -
lim inf vy (w,r)) = lim inf VT (w,r))

= +0Q.
r—0 rl+é r—0 rit+e +

Proof. Since v({z}) = 0, it is enough to prove the lemma when there is p > 0
for which v(B(z,p)) = 0. Since sptv is compact, we can find some R > p for
which spt v C B(z, R). Moreover, by restricting and translating v suitably, we may
suppose that sptv is a subset of a quadrant of the plane with corner at z, Q(x)
say, intersected with the annulus A(z, p/2, R). It is now straightforward to find
an invertible transformation 7: Q(z) N A(z, p/2, R) — R? (namely, re® — (r,0))
which transforms radial line segments from z that intersect this region into half-
lines parallel to the y-axis. Moreover v(T;" (u,r)) = v(T (T (T (u),cr))) for some
constant ¢ > 0. This gives us the situation described in Proposition [2.1 for the
image measure Tyv, and the claim follows. 0

Later we shall use this lemma to show that for a measure with dimension larger
than one, the radial tubes of a typical point u, T3 (u,r), have mass distributed
relatively far from u provided r is sufficiently small. For now we just prove part of
this statement. The set F is introduced in the following lemma because there is no
guarantee that the measure v is supported on the right set when we use the lemma
later in the paper.

Lemma 2.5. Lets > 1,0<7 <rog<1and & M,d_,c>0, and x € R?. Suppose
that v is a compactly supported Radon measure on the plane and F' C E are compact
sets in the plane satisfying:

(1) forallue E, |u—xz| >d_;
(2) for allu e E and 0 <r < rg,

vB(u,r) < cr®;
(3) for allu e F and 0 < r <y,
v(ENTE(u,r)) > Mrite,
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(A+R)x

FIGURE 2. Estimating the mass of T, (u,r).

Then there is ro € (0,2’%7"1] and dg > 0 such that foru e F and 0 <r < rg,
V(ENTE(u,r) N (R?\ Az, |u — 2| — dor®T67%, Ju — | + dor?7%))) > 0.
Proof. Let

1
do = %273/2 and ry = min{r /v/2, %\/gd,, (d—/dp) e dg '}

We give the proof for T, (u,r); the proof for T, (u,r) is similar. By rotating
and translating, we may assume that z = 0 and the line segment [z, u] is on the
positive x-axis. Let A = |u — x| > d_.

Elementary geometry shows, since r < 21/3d_ < 11/3A and so (1+(r/A)2)"2 >
1— 2(r/A)?, that

T (u,7) 0 A, A — R,A+ R) C T (u,r) 0 Bz, A+ R)

C ([A=3r*/A A x [—r,7]) U([A, A+ R] x [-r(1 + R/A),r(1 4+ R/A))),
for any R > 0. We choose R = dor?T¢~*, see Figure 2|

We estimate that T} (u,7) N A(x, A — R, A + R) can be covered by

24+ (1+R/r)x (2(1+R/A)+1)
closed squares of side 7, since %’I”2/A < %g—fr < r. We find that
24+ (1+R/r)x 21+ R/A)+1)<2R/r+ (2R/r)(2(14+ 1)+ 1) < 12R/r,

since r < R < A and r < 1. Hence we require at most 12R/r balls of radius V2r
to cover ENT, (u,r) N (A, A — R, A+ R).
So, since Vor<r < r9, we estimate that

V(ENTS (u,r) N (A, A — R, A+ R)) < (12R/r) x 28/ =12 23 dr'*¢
< MT1+E,

proving the lemma. O

2.3. A ‘two measures’ estimate. In this subsection we investigate the interac-
tion of two measures of dimension larger than one when they are supported on
different visible sets of I'.  We show that if two measures of large dimension are
supported in different visible sets, then they are ‘disjoint’ in the sense that balls
containing points from both visible sets have small mass for both measures: this
result is the key idea in our proof, and the remainder of the paper consists mainly
of placing ourselves in a position to use it.
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In the following proposition, 7 (x,y, p) denotes the closed triangle with vertices
z, y and p, and H(x,y;u) denotes the closed upper-half plane that has the line
segment [z,y] in its boundary and u lying in its interior.

Proposition 2.2. Let " be a non-empty planar continuum. Suppose that s > 1,
0<&é<s—1,0<r; <19 <1,0<d_<dy and M > 0 are given. Let z,y € R®\T
satisfy

0 < 2lz—y| < d- <min{d(z,T), d(y,T")} < max{d(z,T), d(y,T")}+ diam (") < d..

Let v, and v, be Radon measures for which v,(R?\ T;) = v,(R*\ T,) = 0), and
let By, Fy, Ey, F, be compact sets for which

F,CE,CT; and Fy C E, CT,.
Suppose that:
(1) for allu € Ey, ve E, and 0 <1 <1y both
vp(B(u,r) < r° and vy(B(v,r)) < r;
(2) for allu e Fy, ve Fy and 0 <1 <1y both
Vw(Tf(u, rYNE;) > Mr*tE and uy(T;[(v, r)NE,) > Mrite.
(3) there is ¥ € (0,3) such that for u € F, U F,,
((u—2)", (u—y)") € [3,1-¢].
Then there are constants ag,dy,c1 > 0 such that for u € Fy, if 0 < p < dlz/J% =i ,
then
(2.1) v, (F, N Blu,p)) < eryp(7e) pries,
Furthermore, if v € Fy N B(u, p), then there is
p € [3(x+y),ul N Blu,ae™?p)
such that T(z,y,p) NT =0 and
V(p, 3(z +y) —u, 2¢7)NT N H(z,y;u) = 0.
Notice that the symmetry of the hypotheses in this proposition imply that a
version of (2.1) holds for u € F, with v, replaced by v, and F), replaced by F}.
P _ [ 24e-s 1 2+§—s
roof. Let ag = 60dy /d_, di = min{(ra/a1)=1=¢, d_/ap, 55d—, 5 } and
¢ = 25%5/2571(d, /d_), where o21*7* = (ag + 1)/do, and dy and ry are the
constants determined in Lemma 2.5 Suppose the conditions of the proposition are
satisfied and let .
0< p S dlwi 57175;
we must show that
vy(Fy N B(u,p)) < Cl¢7%(%)P%-

If F, N B(u,p) =0, then there is nothing to prove. So suppose w € F, N B(u, p)
and set (see Figure[3)

e=(u-2)" f=w-y" and g=(u-y"
Notice that the third hypothesis of the proposition simply states

(2:2) 1<le, gy <1—4
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FIGURE 3. The vectors e, f and g.

and, since

<6ng>2:1_<67 g>221_(1_¢)2:¢(2_¢)2¢7
it follows that
(2.3) (et g)] > 7.

We now make a sequence of geometric observations, of increasing complexity,
about the relationships hypothesised in the proposition until we have enough infor-
mation to prove the claims.

The first three observations are purely geometric, and make no use of the mea-
sures v, and vy.

In the first observation, we make some further simple estimates on the angles
between various of the vectors e, e, f, f+,g and g*.

Observation 1. If0 < p < id,, then

(2.4) [{f, 97)] < p/d-

(2.5) (f,9)=21—=2p/d-

(2.6) (e, £) > 3d_/d;.

Proof. For inequality (2.4), we use g = (g, f)f* — (g, f+)f and calculate
Ly oo iy Ly fumw )

Hence |(f, g-)| < p/d_.
For inequality (2.5), on noting

(f,dw—yllu—yl=(w-y, u—y) = (w—u, u—y) +u—y*

we find
lu—yl p |u —wl
(1, 9) (w—u, g) + >+ (1= >1-2p/d_.
jw—yl — d- lw—yl
To verify inequality (2.6]), note that w = y + |w — y|f € B(u,p), and so w =
y+ (x —y)+ |u—x|e + z for some |z| < p. Hence |w —y|f = (x —y) + |u—zle + 2z
and

w -y

lw—=y|(f; ) = (& =y, &) + lu—z|+ (2, ¢).
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Now
(z—y, e)| < 5d- < glu—z| and [(z,¢)| <p< gd < 3lu—al.
Thus
lw—y|{e, f) > %|u—:v| > %d_
and so (e, f) > $d_/dy, as required. O

We now note that, since u and w are close, if z € V(y,w — y, ), then it is also
in V(y,u —y,r’) for 7’ not too much bigger than r.

Observation 2. If0 < p < id_, then

V(y, f,p/d-) CV (y,9,4p/d-).
Proof. It z € V(y, f,p/d_), then
p

(27) |<Z_y7 fL>|<d__<Z_y7 f>

Since
z—y=(z—y, Hf+(z—y [,
we find
2=y, 97) =z =, [ g7) + (2 =y, [N 07)
Hence (2.4) implies

(2 =9, g) < Tz =9, O+ 1z =y, S
Thus (2.7) gives
28) =y g S Mo =y D+ -z —y, ) =2p/d) =~y )

It only remains to estimate (z — y, f) in terms of (z — y, g). Since f = (f, g)g +
(f,9")g"

0<(z—y, f)<(z—y, 9)(fs 9) +(z—y, g"){f. g7),
which, on using (2.8) and (2.4), gives

2 Ly, ),

0<(z—y f)<{z—y g{f g)+ = x

Rearranging and using 0 < (f, g) < 1, we find
<Z - Y f>[1 - 2(p/d—)2] < <Z - Y g>
Substituting back into (2.8]), then gives
[{z =y, g7 < 2(p/d-)[1 = 2(p/d-)*) "Mz —y. g)
which, since p < %d,, proves the claim. (|

The next observation is that the intersection of a cone from x in direction u — x
and a cone from y in direction w—y is contained within a not too large ball centered
on u (or w) provided that the opening angle of the cones is sufficiently small.

Observation 3. If0 < p < %d7¢1/2, then
V(z,e,p/d-)NV(y, f,p/d-) C Blu,ap™/?p),

d
where ag = 607+,
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Proof. Fix z € V(y, f,p/d-) N V(z,e,p/d_). Since 0 < p < od_1'/? < 1d_,
observation [2/ implies z € V(y, g,4p/d_). Hence there are A, u > 0 for which
z=1y+ Mg —bgt) =z + pule + aet)
where |b] < 4p/d_ and |a| < p/d_. We wish to find an upper bound for |z — u].
Notice that
(z—w,e)=p and (z2-y, g)=A
and
(2.9) 2 —ul® = (z —u, 9)° + (z —u, g)% = (A = [y —ul)® + b2)?,
and so upper estimates for (A — |y —u|)? and A\? give an upper estimate for |z — u|.
Now

(z—u,e) = (y—u,e) + Mg, ) = blg", €) = (& —u, e) + p

and so
p= e —ul = |u—ylg, e) + A((g, €) = b{g™, €)).
However
(z—u, et) = (y—u, ) + (g, e*) —blg", eh) = ap,
and so

—lu—yllg, e*) + A((g, ) = blg", 7))

= au — 2| — alu—yl(g, €) + aA({g, e) —blg*, e)).
This rearranges to give
(2.10) Xy = alu—a| +u—yl({g, e7) — afe, g)),
where v = (1 — ab)(g, e*) — (a + b)(e, g).

Since |a| < p/d_ and [b|] < 4p/d_, it follows that |ab| < 3 and |a +b] < 5p/d_.
From equation (2.3) we know |(et, g)| > +'/2, and so
vl = 59*/% = 5(p/d-) = '/,

since p < %d_wl/?
Hence, since |a| < p/d_ <1,

Al < 4972 Jallu — 2l + Ju = yl([{g, e)| + lall(e, 9))] < 12d40 "2,
Using (2.10), we find
A= lu—yl=~""alu— 2]+ |u - y|((g, ") — ale, g) = )]
=" [alu— x| +blu —yl(afg, e*) + (e, 9))] -
and so, since |b| < 4p/d_,
A= Ju—yl| < 4972 [lallu — 2| + [b]lu — y|(lall{g, e*)| + (e, 9)])]
< 36(dy/d- )y~ p.

Thus gives

|2 —ul* < (36(dy/d_ )~ "/?p)” + (48(dy /d_ )~/ p)?,
and so

|2 —u| < 60(dy/d_)p~"/?p,

as claimed. O
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We now show that there is a ‘large’ triangle with vertices at « and y and a third
vertex close to u such that the triangle is disjoint from I'. This observation lies at
the core of our whole argument, and is the first time that we use the hypotheses
about the measures v, and v,,.

Observation 4. If0 < p < dlwé(k—%*f), and r = o (w_%p)Wlfs, then there is
zeV(x,e,r/d_)NV(y, f,r/d-)
with T (x,y,2) NT =0 and 2z € B(u, agyp~/2p).
Proof. We aim to find a point z that is visible from both x and y. Recall that
a2t = (ag +1)/do and dy = min{(r2/ay) 1€, d_ Jag, d_ /20, r3H675).

(The constant g is as given in observation [3, and ry and dy are as given in
Lemma [2.5])
Since w € Fy and

r=a1 (" Ep) e < aldf*% <,
we may use Lemma [2.5] applied to v, and w to find w’ € E, N Ty‘Ir (w,r), and in
particular lying in V(y,w — y,r/d_), for which

lw—w'| > dor®t¢% = dpa TSy 3 ),
Hence, since |w — u| < p,

W' —u| > doa Y2 p — p = (doo T YTE — 1)p > agy 2.

But
p < dw)é(?kg) <d_Jap < %d,

and
s—1—¢

r=al( Ep) T p T p = an (T Ep T T p < agd T p < rap < .
Hence, by observation 2, w’' € V(y,g,4p/d_).
Similarly, there is v’ € E, N T, (u,r) C V(x,u — x,7/d_) for which
|u' —u| > agp™?p, see Figure 4]

Now both |u — z| and |u — y| are no less than d_ and

agp/2p < aodﬁfé(%) <apdy <d-—,

hence
min{|u — z|, |u — y|} > apy™2p.
Moreover
r<p<dipr(7) <dypd < Ld g2,
and so it follows from observation 3] that
0 # [z, u'] N[y, w'] C Blu,gp™?p).

Let z denote this intersection point. Then, since v’ is visible from z, w’ is visible
from y and T is connected,

([, 2] U [z, 9] U [y, 2]) NT = 0.

The observation follows. O
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FIGURE 5. p € [(z +y),ul N (V(z,e,4p/d-) UV (y, g, 4p/d_)).

We now refine this observation slightly and use it to find an empty cone with
base point that is near to u.

Observation 5. If 0 < p < dﬂ/}é(sifﬁ), then there is p € [4(z + y),u] N
B(u, g~ 2 p) for which

T(z,y,p))NT =0 and V(p, %(:z:—i—y) —u, %1/11/2) NHz,y;ulNT = 0.
Proof. Let
pE 3@ +y),ulN(OV(z,edp/d_) UV (y,g,4p/d-))

be chosen to be at the minimum possible distance from 3(z + y), see Figure [5.
Then there is A > 0 such that
o Ju—zletfu—ylg

|lu —zle + Ju—ylg|

p=u

We first show that p € B(u, gy~ 2p).
Suppose (without loss of generality) that p € V(y, g,4p/d_), then there are y > 0
and o € {+1,—1} such that

p=y+nulg+4pd_ogh).
Hence, if we set h = |u — z|e + |u — y|g, then
w—Ahb/|h| =y + p(g +4pd_"ag™),
which, since u — y = |u — y|g, rearranges to give

(2.11) u—ylg — Ah/|h| = u(g +4pd—"ag™).
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So taking the inner product of with gt gives

u — x| 1 4p
2.12 W b .
(2.12) 7 (e, 97) e

and taking the inner product of with ¢ and rearranging gives
ju—al(e, g) + lu—yl _

lu—y|l—A
|h
Substituting for u from (2.12) gives
lu—z[{e, g) + |u—yl d- |u—z|(e, g*)
u—yl—A =—— ———7% L)
I~ ) o]
and this rearranges to give
d_
M (50099 =t ) lu=al = = yl] = =lu =it
po
and so, substituting for h,
A (- te, g — dpote, 9)) — 4o | = _apofu — ) e + 112U
|u — x| |u — x|

Since |z — y| < £d_, it easily follows that

and so
lu — y|
oe, gty —4pd="((e, g) + [u —y|/Ju— z|)].
Now [(e, g) + |u — y|/|u — z|| < 2 and by (2.3),
(e, g5) = (et g)| > v'/2.
Thus, since p < dyop?(7178) < dygp3 < Ld 12,
(e, g*) — 4pd =" ((e, g) + [u — y|/|u— z|)| > ¥"/* —10p/d_ > Jv'/2.

Hence

|A|§3—fx(1+§)

A < 10pd="u —y| x 207> < 20(d /d-)¢~?p < aop™2p,

and p € B(u, gy~ ?p), as claimed.

Since the hypotheses of observation [4 are satisfied, there is a point z satisfying
its conclusions, and we note that p € 7 (z,vy, z). Hence 7 (x,y,p) NT = 0.

To show that

Vip, 3(x+y) —u, 29"?) N Hlz,y;u] N T = 0,
we recall that h = |u — z|e + |u — y|g and so
ht =etu— x|+ gtfu—yl.

We shall estimate |(x —u, h)|, [(y —u, h)|, [(z — u, h)| and |{y —u, h)|; for if
q € H(z,y;u) satisfies

g —p, k") < m{q —p, h)
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where m = IIllIl{|<I - u, hl>/<‘r —u, h>|7 |<y - u, hl>/<y - u, h>|}7 thenq S T(Iayvp)
Now

(@ —u, b)) = |z —ully — ul(e, gT)
(x —u, h) = —|z —ul]* = |z — ully — ul{e, g)
(y—u, h*) = —|z — ully — ul(g, e)
<y - u, h> = _|y - u|2 - |‘T - u”y - u|<e, g>=
and so
(x —u, ht) B (e, g*)
( —wu, h) (e, g) + |z —ul/ly — ul
and
<y —u, hL> o <€7 gL>
<y_u7 h> <67 g>+|y—u|/|x—u|
Hence m > %7,/}1/ 2 and the observation follows. O

The existence of a large empty cone near to v and w forces all other points of
F, N B(u, p) to lie in a relatively narrow cone in direction w — y.

Observation 6. Let 0 < p < d11/)%(3*i*5) and r = al(w_%p)ﬂéfs. If vyw €
F, N B(u,p), thenv € V(y,w—y,3r/d_).

Proof. Suppose that (v —y, (w —y)*) > 0. (If not, then interchange the labelling
of v and w — notice that (v —y, (w — y)*) # 0 since v and w are both visible from
y.) By observation[4, there is

zeV(z,e,r/d_)NV(y, f,r/d_) N B(u,agp~/?p)

for which ' N7 (x,y,2) = 0.
By Lemma 2.5, we can find v € E, N T, (v,r) for which

(2.13) [/ —u| > [/ —v|=[u=v| > dor**$*—p = (doai T T E1)p = agy/?p.
We show that if
(2.14) (v —1y, (w—y)ﬂ > 3(r/d_)(v—y, w—y),

then v/ € T(x,y,z) — contradicting 7 (z,y,z) NT = (§ . To do this, since z €
V(z,e,r/d_)NV(y, f,r/d_), it is enough to show

(2.15) W =z, ety < —(r/d_) (v —x, e)
and
(2.16) W' =y, (w=y)*) > (r/d) (v —y, w—1y).

For (2.15): If
v eV(y,v—y,r/d_)NV(z,e,r/d"),

then observation 3 applied to v implies that |[v/ — u] < @b~
ting (2.13). Hence, since v’ € V(y,v —y,r/d_), we deduce

(W =, e)| > (r/d) (W' —z, e),

172 contradic-
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and it only remains to show that (v/ —xz, el) < 0. If (v/ —x,el) > 0, then
(v' —z, et) > (r/d_){v' — x, €). But, by observation[2 applied to v, [{(v' — y, g)| <
4(p/d-){(v' —y, g) and so, since |v' — y| < |v — y|, we find
(W' =y, g7 < 4lp/d)lv —y| < A(p/d-)(Ju—yl| + p)
< (5p/d-)|u —yl, since p < +d_
< 5(dy/d-)p.
)

But (v/ —u, gt) = (v —y, g*), and so

(v —u, g*)| < 5(d/d-)p.
Now
(W' —u, )= (' =y, 9) = lu—y[ <fJo—y| = Ju—yl < p.
Let g be the point of intersection of [z, u] with [y, y+ |y —u|(g+4(p/d—)g*)]. Then
since v’ € V(y,g,4(p/d_)) and (v —z, et) > (r/d_){v' —x, €), it follows that
(v —u, g) > (¢ —u, g). Hence it is enough to find a lower bound for (g — u, g).
There is 0 < A < Ju —y| and 0 < p < |z — u/| such that

g=y+Ng+4(p/d-)g") =z + pe,
and so
—lu—ylg+ g +4(p/d-)g") = (u — [u — z|)e.
Taking inner products of this expression with g and g, and solving for A gives

r=tual (104 () <i€i,gg>>>_l'

Hence
A= fu—y|(L+4(p/d )™ 2) 0 > Ju—y|(1 = 4(p/d_)p~/?).
Thus
(g —u, g) > —4(p/d_)p~"|u —y|
and so
(W —u, g) > —4p/d ) |u— y| > —4(dy /d_ )2 p.
Hence

0" — | < 5pgE + dppV2GE <9(dy/d_ ) 2 p < ag™Hp,

contradicting .
For (2.16), notice that v/ —y = a(v — y) + B(v — y)* for some 0 < @ < 1 and

|8] < a(r/d-). Thus, using (2.14),
W =y, (w=y)") = alv—y, (w-y)") + B -y)", (w-y)")
> 3a(r/d-){v—y, w—y) — |Bl[(v —y, w —y)|
>2ar/d_{v—y, w—1y)

and
W =y, w—y)=alv—y, w—y) + 8-y, w-y).
But
(v=y" w—y) =(v—y)" w—2)
and so (v —y)*, w —y)| < 2plv -y, and

w—y,w—y)=w-—y, w—0)+v—y]
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and so
(v =y, w—=y)| > o —yl(Jv—y|—2p) > 3d_|v—1yl,

since |[v —y| > d_ and p < id_. Thus

{(w =" w—y)| <2pv—y| < 4(p/d_){v—y, w—y).
So
(a+4(p/d-)|B){v —y, w—y)
(L+4(p/d-)(r/d=))alv —y, w —y)
< (L+4(p/d-)(r/d-))(d-/(2r) (v =y, (w—y)")

(W' =y, w—1y)

and rearranging gives

W =y, (w—y)") > (2r/d_) 1+ 4(p/d-)(r/d-)) " (v =y, w —y)
which, since 4(p/d_)(r/d_) <r/d_ <rg/d_ <1, implies (2.16). O

We can now finish the proof of the proposition.
Let 0 < p < dldJ%(S*LE) and r = al(@[}_%p) 7es Suppose w € B(u,p) N Fy,
then
FyN B(u,p) C V(y, (w—y),3r/d-).
Thus F, NB(u, p) is contained in a rectangle of height 2p and width 6rd, /d_ which
can be covered by (2 + 2p/r)(2 4 6d4 /d_) boxes of side r. Since

(2+2p/r)(2+6d4./d-) < 32(p/r)d+/d-,

and v2r < V20 (dlwé(ﬁ?i))ﬁ < \/ialdf*% < V2ry < ro, we estimate
that

vy (Fy N B(u, p)) < 27/2(d Jd_)prs=" = 254520371 (dy Jd_ )y~ 3 (55 priess
as required. The remainder of the proposition follows from observation [5! (|

2.4. A mixed mass estimate. The main utility of Proposition[2.2!lies in its use
in proving the following proposition, where we obtain an estimate of the ‘mixed
mass’ v, @ vy(A x B) for appropriate planar sets A and B. (Here v, ® v, is the
product measure of v, and v;,.)

Proposition 2.3. Let I be a non-empty planar continuum. Suppose that s > 1,
0<é<s—1,0<r <10 <1,0<d_<dy and M > 0 are given. Let x,y € R2\T
satisfy

0 < 2z—y| < d- <min{d(z,T), d(y,I)} < max{d(z,T), d(y, ')} + diam (T") < d.

Let v, and vy, be Radon measures supported in I'y and I'y, respectively, and suppose
F.,E;, Fy and E, are compact sets for which

F,CE,CT, and F,CE, CT,.
Suppose that:
(1) for allu e Ey, ve E, and 0 <1 <1y both
vp(B(u,r) < r° and vy(B(v,r)) < r®;
(2) for allu e Fy, ve Fy and 0 <r <1y both
Ve (TE (u,r) N Ey) > M and Vy(Tyi(v, r) N Ey,) > Mr'te,
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(3) there is ¢ € (0,1) such that for u € F, UF,,
((w=2)", (u—y)") € [5.1-¥].
Then there are constants ca,ds > 0 such that if 0 < p < dg@/J%S*—LE, then
(e @vy) ((Fr x Fy) N {(u,0) : Ju — o] < p})

s+§&

< cparc-diamy (4 ) (Fo N B(Fy, p)) (12 p) T .

Proof. Using the constants established in Proposition 2.2, let ds = ﬁdl. Ob-
serve that, since do < dy, Proposition[2.2] implies

(Ve @ vy) (Fz x Fy) N {(u,v) : [u—v| < p})

— [ e Qo ol < oD dn e )
B(Fy,p

— [ (B0 B ) dle, (0
B(Fy,p)

< Clrl/)772(2ij§1fs)p—2izisyz (F, N B(F,,p)).
It remains to estimate
vy (Fp N B(Fy,p)).
We begin by noticing that for each

ueFImB(Fyvp)v

Proposition 2.2 guarantees the existence of a p, € [1(z + y),u] N B(u, agth~1/?p)
for which 7 (z,y,p,) NT = 0 and

Vpus 3(x+y) —u, 3¢7) NI N H(,ysu) = 0.
Let 0 = %g‘—ip and fix v € F,, N B(F,, p). Then Lemma 2.1 guarantees that if

weV(E(@+y),po— 2@ +1),0) \ V(po, —(po — 2z +)), 2¢7),

then
o
(w = py, (o = 5(x+y)") > ————Ipo — 5(z + )|
o+ g'lb?
2« 1 _1
> —3dy (5d—0>1/1 2p=—ag) 7p.
+

So suppose u,v € F, with u € V(3(z + y),v,0) and assume, without loss of
generality, that

u=z@+y)l <lo-3z@@+y)l.
We wish to estimate (v — v, (v — 3 (x + y))") from below. (An easy upper bound
is given by zero.) From the preceding we know that

<u ~ Pu; (v B %(I +y))/\> = <u_pv; (pv - %(I +y))A> > —0407/17%0.
Hence
(w=v, (0= 3(@+y)") = w=po, (0 = 3@ +9)") + o =0, (0 = 3@ +9)")
> —aoib_%p — Oéo’lb_%p
> 2001 2 p.
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Thus
V(3(@+y),v— gz +y),0) N ([F N B(Fy,p) N B(5(z +y), v - 3(+y)))
can be covered by (2a0w_1/2p)/(%040p) = B¢~ 2 boxes of side %aop. Hence, by
using the mass estimate in Proposition|2.2 (for v, rather than v,), since 2\/§%a0p <
dygpz i,
ve (V(z(z +y).v—3(x+y),0) N Fe N B(Fy,p) N B(z(x +y), lv—3(= +))))

is at most

14+¢ 14+¢
_1 1 s Tre-s Tre-s 1 | _l+¢
5972 x e 2z (_4\5/§aop> =5c; (—4‘5/5(340) (=2 p)TFe-s.

By choosing v to be as far from %(z + y) as possible and counting the number of
such cones needed to cover F,, N A, we obtain

vy(Fy N B(F,, p))

1 1+¢

14¢ _
< 2arc-diamy ;) (F, N B(Fy,p))o~" x 5y (%ﬁao) T (prp) e

. L e
= cparc-diamy (, ) (Fe N B(Fy, p)) (™2 p)Z=5p 1
s—1
for ¢y = 25cld+(4\/§/5)%a5“’s, and this implies the claim. O

3. MEASURABILITY RESULTS

The aim in this section is to prove the following proposition that encapsulates
the standard uniformisation procedures we require. It allows us to find sets and
measures where the phenomena that we are interested in occur in a controlled and
measurable way. The results of this section do not require that I' is connected.

Proposition 3.1. Let I' be a non-empty compact subset of the plane. Let C' be a
closed ball disjoint from I' and U an open set.
Suppose that s € (1,2) and t € (0,2) are such that

dimg({z € C : dimy (T, NU) > s}) > t.
Then for each & € (0,s — 1), there are M,p,q,c > 0, a compact set D C C and a
Radon measure p with 0 < p(D) <1 such that:

(1) for each x € D and r > 0, p(B(z,r)) < rt;
(2) for each x € D, there is a Radon measure v, and compact sets F, C E,
contained in U N T, such that:
(a) vx(R}\T[';) =0, vz (R?) < cand for0 <r <1andu €T, vy(B(u,r)) <
,,-.S’.
(b) va(Fy) > p and ;
(c) for0<r <qandu € Fy,

min{v, (T, (u,r) N Ey), v (T (u,7) N Ey)} > Mrte,

x

Moreover v given by
v(E) = / ve(Fy, N E)du(z) for Borel E C R?
D

extends to a Radon measure on the plane.
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We give the proof of this result after we prove the measurability of the various
maps that are used in its proof.

Let B be a (non-empty) compact set that is disjoint from the non-empty compact
set ', and let 6 = inf{|z—u|: z € B,u € I'}, and so § > 0. Let I = [§, diam (BUT)].
Letting S' denote the unit circle, we define K C B x S' x I by

K={(z,0,t)e Bx S' xR : z +t0 e T},

where 6 = (cos6,sinf). Notice that K is compact and a lifting of T.
For z € B and 6 € S', define v: B x S — I + U{oo} by

7(3676):{inf{t>0::z:ereF} if (z+0RT)NT # 0

00 otherwise.

Observe that z+(x,0)0 € T for any z € B and § € S* for which (z+6RT)NT # 0.
If we define

gr(7) = {(=,0,7(x,0)) : (z,0) € B x §',7(x,0) < oo},
then gr (v) C K.

Lemma 3.1. The function v is lower semi-continuous. In particular, gr () is a
Gs-subset of K.

Proof. Since the graph of v is the lower envelope of the compact set K, it follows
that ~ is lower semi-continuous. It is a standard result that the graph of a Baire-1
function is Gs, see, for example, [5, Ch 11,§31 VII, Theorem 1]. O

For C C K and z € B, define C,;, = C' N ({z} x S* x I, the slice of C through
x. For convenience, we let gr_(y) denote (gr(7))s-

Recall that M(K) denotes the set of Radon measures supported in K. The set
M(K) can be given the topology of weak convergence by using, as a base, sets of

the form
{ueM(K):/fdu<a},

where a € R and f € C(K), the set of real-valued continuous functions on K. With
this topology, M(K) is a Polish space, see [6} §14.15] and [4, I1.17].

Lemma 3.2. Let E be a Borel subset of K. Then the functions Fg: M(K) — R
and Gg: B x M(K) — R given by

Fr(v) =v(E) and Gg(x,v) = v(Ey)
are Borel. In particular, {(z,v) € B x M(K) : v(E;) > 0} is a Borel set.

Proof. Let E C K be a Borel set. We show that G is Borel; the proof that Ffg is
Borel is similar.

Suppose first that E is a compact subset of K. Then for z € B, E, is also
compact, and for p € M(K),

Ge(z,v) =v(E;) <c
if and only if

there is f € CT(K) such that f > 1 on E, and /f dv < c.
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(Here C*(K) denotes the set of non-negative real-valued continuous functions on
K.) For a given f € CT(K), the sets

By={xe€B:f>1onE,} ande—{VEM(K):/fdu<c}
are open subsets of B and M(K), respectively. Hence
{(z,v) :v(Ey) <c} = U By x My

feCH(K)

is an open set, and so Gg is upper semi-continuous, and in particular, Borel.
If By C E5 C E5 C ---is an increasing sequence of compact sets, and Gy, Go, Gs, . . .,
the associated sequence of maps, then

GUiENEi = hm Gl

11— 00
is a Borel map. Similarly, if 4 O Ey O E3 D --- is a decreasing sequence of
compact sets, and G1, G2, Gs, .. ., the associated sequence of maps, then
GﬁieNEi = hm Gl
1— 00
is also a Borel map. Hence for a general Borel set E, the map Gg is Borel. (|

Lemma 3.3. Let E be a Borel subset of K. The set
{(z,v) € BXx M(K) : v(K \ (gr,(7) N E)) = 0}
is Borel in B x M(K).
Proof. Observe that
{(z,v) € BX M(K) : v(K \ (gr,(v) N E)) = 0}
={(z,v) : v((gr,(v) N E)) = v(K)}
={(z,v) : v((gr (v) N E)s) — v(K) = 0}
= {(;L‘7y) : Ggr('y)ﬁE(xu V) - FK(V) = 0}

But by Lemma (3.2, both Fx and Gy, (y)np are Borel functions, and so the set is
Borel. (]

Define a continuous function II: B x S x I — R2 by I(z,0,t) = = + t6.
Lemma 3.4. Forz € B, if AC KN ({z} x S! x I), then
dimy (II(A4)) = dimg (A).

Proof. This follows from the fact that II is bi-Lipschitz when restricted to {z} x
St x I O

In particular, since

Dy =I(({z} x " x I) Ngr(y)) = (gr (7)),
it follows that dimg(I'y) = dimpg(gr, (7)) for each z € B. On recalling that for
ACK and s € R,

MP(A)={v e M(K) :v(A) >0 and v(B((,r)) <r°, for ( € K, r € (0,1]},

it is an easy calculation, which we omit, to check that M?*(K) is a Borel set. Since
g1 ,(7) is a Borel set, dimz (gr , (7)) = sup{o : M (gr (7)) # 0}.
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Proposition 3.2. If U is a Borel subset of the plane, then for each t > 0, {x €
B :dimy(T'y NU) >t} is an analytic set.

Proof. Let E C K be given by E = II7}(U) N K, and observe that gr(y) N E is a
Borel subset of K. For t > 0

{z :dimg (T, NU) >t} ={z:dimg((gr (y) N E)z) > t}
={z: M ((gr(y)NE);) # 0 for some 7 > t}
= U {o: M ((gr () N E)) # 0},
peQt

However, if 7g: B x M(K) — B denotes coordinate projection onto B, then
{z: MTP((gr (1) NE)s) # 0} = mp({(z,v) 1w € B, v € M™P((gr (v) N E)a)})

=7 ({(z,v) € Bx M"™P(K):v((gr (v) N E)y) > 0}).
Hence Lemmas(3.1]and[3.2/together imply that {z : M**P((gr (v)NE),) # 0} is the

coordinate-wise projection of a Borel set from a product of Polish spaces, and so it
is analytic, see [4, Chapter III]. Hence {x : dimg (', NU) > t} is also analytic. O

Our next result is a selection theorem and allows us to choose, in a measurable
way, an element of M?(gr (7)) whenever x € B is such that dimg(Ty) > .

Proposition 3.3. Lett > 0 and U be a Borel subset of the plane. There is a map
w:{ze B :dimgT,NU) >t} - M(K)
T = Wy

such that:
(1) w is o(A)-measurable,
(2) wy € MY(K) , and
(3) wa(gr,(v)NII7H(U)) > 0 and w, (K \ (gr ,(v) NII71(V))) = 0 for each z.
(Here o(A) denotes the o-algebra generated by the analytic sets in B.)
In particular, w is p-measurable for every Radon measure y on B.

Proof. Let E =11"Y(U) N K, a Borel set. Since
(B x M(E)) N {(z,v) : v((gr (v) N E)z) > 0} N {(x,v) : (K \ (gr (v) N E)s) = 0}

is Borel in B x M(K), claims (1),(2), and (3) follow from the Jankov-von Neumann
Uniformisation Theorem, see [4) Theorem 18.1].

Lusin’s Theorem, that analytic sets are universally measurable [4] Theorem 21.10],
implies that sets in 0(A) are also universally measurable. O

We can now prove Proposition [3.1]

Proof of Proposition[3.1. Let E = {x € C : dimy (', NU) > s}. From Proposi-
tion [3.2 (with B = C), we see that E is an analytic set. Hence by Theorem 2.1,
since dimg (E) > t, there is a Radon measure p and a compact set B C C such
that 0 < u(B) < 1, and for each z € R? and r > 0,

w(B(z,r)) <t

(Hence for any non-empty compact subset D of B, claim of Proposition
holds.)
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Proposition [3.3] enables us to find a o(A)-measurable function
w: B — M*(K)
T Wy,
(where K = {(2,0,t) € Bx §' x I : x +t0 € T} = II"(I")) such that
we(gr, () NI HU)) > 0 and w,(K \ (gr,(y) NI 1(U))) = 0, for each = € B.

Moreover, there is a constant ¢ such that w,(K) < ¢ for all z € B.
For Borel E C K, define

Q(E) = /B o (E) du(z).

We omit the routine verification that  extends to a Radon measure on K on
setting 2*(A) = inf{Q(F) : A C E and F is Borel} for non-Borel sets A. Now

Qgr (v) NIITHU)) > 0

and
QK (gr (v) NITH(U)) = 0.
Hence there is a compact set K1) C gr(y) NI~ (U) for which Q(K™)) > 0 and

for each z € n(K®M), w,(K™) > 0. (Here m denotes projection onto the first
coordinate, (z,7,0) — x.) For x € m(K(™), let

E, =T((KW),) = TKEY N1 U) Ner (7))
Notice that there is a constant d > 1 so that for each x € B, any v € I' and any
r >0,
O Y(B(u,r))e € BT (u),,dr).
Hence if, for x € B, we define a Radon measure v, on I' by

ve(A) = d Sw,(ITTH(A)) = d Sw, (T (ANT)),), for A C R?,

)
then for each z € B, 0 < v, (R?) < c¢d™* < ¢, v,(R*\ (I’ NU)) = 0 and for each
uwel and 0 < r <1, vy(B(u,r)) < r°. Hence for each z € B, claim (2)(a) holds
for v,. Moreover, x +— v, is a 0(A)-measurable function.

It remains to show that claims (2)(b) and (c¢) hold for the measures v, and sets
E, provided that we make a suitable choice of sets D and F,. Since 0 < £ < s—1,
by applying Lemma [2.4 to the measures v, |, , we find that for each z € w(KM)
and for v, |g,-a.e. u €T, NU,

. . . VI(EI m T;(u7 T))
(3.1) min {11£n\161f Y

xT EI Tﬁ b)
,liminfy (B, N T, (u T))}:—i—oo.

) rlté
That is, for each x € 7(K™) and w,-a.e. ¢ € K1),
wa (KW NI (T (T(C), 7)) wa (KW NI (T, (11(C), 7))

iyt e = liigt = - e

It is routine to verify f: K — RU {400} given by

) Ve(By NT (2 4+10,7)) .. . ve(Ee NTy (2 +t0,7))
f(z,0,t) = min {lllrn\%lf R , hin\lélf —iTe
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is a universally measurable function, and so K = {¢e KW : f(¢) = +o0} is
a universally measurable set with w, (K1) \K&l))) =0 for all z € 7(K™). Hence

m*(KW\ k) = 0. Now
KO- ) UKW

MeNneN
where
K](Vl[)n = {(:E,G,t) e KW :if r € (0, 1], then

min {VI(EI NTH(z+t6,7)), ve(Ey N T (x + t0, r))} > M,rl-l-g} '

Thus we can find M, n € N for which m* (Kl(\/l[)n) > 0, and so we can find a compact
set K(2) C K](\/_l[)n with m*(K®)) > 0. Tt follows that there is p > 0 and a compact
set D C (K ) C B for which u(D) > 0 and for all z € D, we have w,(K®) > p.
For xz € D, let
F, =T((K®),) T, nU

and notice that F, is a compact subset of F, with v,(F,) = w, (K(2)) > p, and for
u € Fy,

min {vy(E; N T (u, 7)), va(Ee N T (u,7)) } > Mr'te.
On defining

v(E) = / vy (Fy N E)du(z) for Borel sets E,
D
and extending to non-Borel sets in the usual way, the proposition follows. (I

4. PROOF OF THEOREM

We now draw all our preparatory work together and prove Theorem

Let I" be a compact connected subset of the plane for which 1 < dimgy(I") < 2.
If dimy (T') = 2, then set d = 2, otherwise choose dimgy(I') < d < 2. Notice that,
in either case, if v is a non-zero Radon measure supported in I, then

To(v) = / & — 4~ d(z) dv(y) = +oo.

(If d = 2, then, since H?(I") < oo, Theorem 8.7 of [6] implies I5(v) = +oc.)

It is enough for us to show that whenever C is closed ball disjoint from I'" with
diameter sufficiently small compared with its distance to I', and U is a sufficiently
small open set, then

-8
-1

So let C' be a closed ball disjoint from I', and let U be an open set meeting I,
and suppose that they both have small enough diameter so that

2diam (C) < inf{|x —u|: x € B,u € T'} = d_, say,

d
dimgy({z € C : dimy (T, NU) > s}) < .

and
((u—2)", (u—y)") € [3,1] for each u € U and each z,y € B.
If z,y € C, then 2|z — y| < d_ < min{d(x,T),d(y,T")}. Let dy = diam (B) +
diam (T") + dist (B,T), and so

2z —y| < d_ < min{d(z,T),d(y,I)} < max{d(z,T), d(y,T)} + diam (') < d,.
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Now suppose that ¢ > 0 is such that
dimyg ({z € B : dimy(Ty NU) > s}) > ¢;

we aim to show that ¢t < (d — s)/(s — 1).
Let £ € (0,s —1). By Proposition [3.1, there are M,p,q > 0, a compact set
D C C and a Radon measure p with 0 < (D) < 1 such that:

(1) for each z € D and 7 > 0, u(B(z,r)) < rt;

(2) for each z € D, there is a Radon measure v, and compact sets F, C E, C
U NT, such that:
(a) v, (R?\I';) =0, v,(R?) < candfor0 <r <landwu €T, v,(B(u,r)) <

%

(b) va(Fy) > pand ;
(c) for0<r<gqanduekF,,
min{v, (T (u,r) N E,), ve (T (u,r) N Ey)} > Mr!+e,

x

Moreover v given by
(4.1) v(E) = / ve(Fy N E)du(z) for Borel E C R?
D

extends to a non-zero Radon measure on the plane.
Let A,B C R? be compact and suppose that 1 € (0,1/2) is such that for
u€e (ANF,)U(BNEF),

{(w—2)", (w=—y)") €[1/2,1 -9

Then all the hypotheses of Propositions and [2.3 are satisfied (after suitable
relabelling — in particular, replacing F, by AN F, and F, by BN F,) and so, for

ue ANFy, ve BNF, and 0<p§dﬂ/}éﬁ, we find that
(4.2) v, (AN F, N B(u,p)) < cyp” 37565 p7ees
and for 0 < p < datp? =1-¢
(4.3)
(ve @ 1y) ((Fr X Fy) N (A x B)N{(u,v) : [u—v] < p})
< cyarc-diamy (, 4, (AN F, N B(F, N B, p)) (i~ % p) 2.

We now pull all our estimates together and explicitly calculate the d-energy of
the measure v given in equation (4.1). Noting that for 7 > 0,

/|u —v|77d(v x v)(u,v) = / / lu — v Td(vy x vy)(u,v)d(p X p)(z,y),
DxD JF,xF,
and, since I4(v) = [ |u — v|7d(v x v)(u,v) = 400, we know
@y [ el s ) e ) = 4.
DxD JFyxFy
Now fix x # y € D — we aim to estimate the inner integral of using

equations and (4.3). In order to reduce writing, we translate so that 1 (z+y) =
0 and let a =y, so |z — y| = 2|al.
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FIGURE 6. A]"".

Using Fubini’s theorem, we find that

[ el e @ v

FyxFy

= /0 (Ve @ vy) ({(u,v) € Fy x Byt [u—o|"* >7}) dr

= d/oo p v @ vy) {(u,v) € Fy x Fy - Ju—o| < p}) dp

0
(4.5) =d /OO p~ v, (F, N B(u, p)) dp dvy (u).
w /0
We now split the plane up into regions where we can estimate the ‘angle’ ¥
subtended by points in the region with 0 and a. Let
A7 ={w e A(0.d—,dy) : (w, a™) > [{w, a)},
AO_ = {w € A(Ovd—vd-‘r) : <w7 aJ_> < _|<w7 a>|}7
and for m,n € {0,1} and i € N, set
AT ={w e A0,d_,dy) : [(w, at)/{w, a)] € [27¢, 277,
(—=1)™(w, a*) > 0 and (—=1)"(w, a) > 0},
noting that .
arc-diamg (A7) < 27"
(Here, and subsequently, we let < denote inequality up to a finite positive constant

that is independent of = and y.)
Observe that Lemma 2.2]implies that for w € A",

3 (w—a,w+a)

e _ 271’ 2
57 |w—allw+al ~ 17di(|a| )
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and for w € AJ U 4y,

A 2 1_ 1
For i € {0} UN, let ¢; = (%Z—;|a|2_z> and let p; = dpyp *'7*. Observe that if
u € AP and |u—v| < p; with v € A(0,d_,d, ), then v € A7} UAP™ U A7V}, since
pi < %d,27i. Similarly, if u € AZ U Ay, and v € A(0,d—,dy) with |u — v| < po,
then v € A7*" for some choice of m and n.
Writing f(p) = p~@ tv, (F, N B(u, p)), we let

- . | 1@ dpivi ma iy = [ e | 0w,

We must estimate (4.5), and so must estimate,

/ / J(Fy 01 B(u, p)) dp dv(u)

- </mA:+/M+ > 2 / Amn)/ £ (p) dp dv ()

m,n=0 i=1
1 oo
—If+ 1+ Y, > I
m,n=0 i=1

However

= [ e (["+] OO) 7(p) dp du ()

pi f(p) dp dvy(u) +/F . /OO f(p)dpdvy(u)

/F NAT"NB(FyNB(A™,p;),p;) /0

=I1"" + I}y, say.

Lemma 4.1. Suppose that V C A(0,d_,d;) and 0 <r < 1. Then

/ / f(p)dpdvy(u) < r*~ % arc-diamg (F, N V)1
=NV Jr

Proof. Using the crude estimate that for u € F,NV, v, (F,NB(u, p)) < min{c, 2°p°}
together with Lemma 2.3, we find

oS} 98 2d
/F V/ f(p)dpdvg(u) < <m7§d + Ecld/s> ve(Fp NV)
=M r

=< "% arc-diamg (F, N V)5~ !

In particular, Lemma [4.1]implies that

L'y =< pi~ 4 arc-diamg (F, N AM")s~1 < |a|%2_(s:i£+s_l)i.

In order to estimate I;'{", we use equation (4.3), Fubini’s theorem and the fact
that if u € F, NA7"" and v € B(u, p;) N Fy, then v € A"} UAT"™" UAJY], to calculate
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that, provided zi—gfs —d>0,

mn
Ii,l

pi
/o p~ T ve @ vy ){(u,0) € (Fy NAT™) x (Fy N B(AT™, p)) : [u —v| < p}dp

IN

Pi 1 ste
¢ arc-diamg (A" N Fy) / p T W Ap) T dp
0
1 s+¢€ s+&€

arc-diamg (A" N Fp ), 37 p7 7

s+5—d)

1(ste=d
arc-diamg (A" N F, )@[15(5’1’5

PN

A

=< |a|s i= &2_1(2: == 5)

Combining these estimates for I;'7" and Iy", we deduce that, provided 5 +5E S =
d> 0,

Imn = |a|s 1 52 (2: )+|a|s — 5(2—i)si;i§+s—1

= |a,|s_jI7_§ ((271') Zepd + (271')%4-5—1) '

Hence

s—d
S—1—¢
s 57

1 [eS)
>, D 1Sl

m,n=0 i=1

provided that m = min{zﬂffs —d, 2;_11 gd, % +s— 1} > 0. Estimating I

and I in a similar way, we find

1 [eS)
I+ Iy + Y S < e,
m,n=0 i=1
provided that m > 0. Hence,
/ lu — |~ d(ve @ vy)(u,v) < |z — y|~ 1%, provided that m > 0.
FyxF,

Thus, if m > 0, then

+oo=1I(v) <1 s (1)

and this gives a contradiction if Sf;fg < t, the dimension of u. Since 0 < <s—1

can be arbitrarily small, it follows that if s > max{ (d+1), -2 d+1, 5 Ly /d- %} =

T+4/d— 2, thent < ‘Z:f and Theorem [1.2 (and hence Theorem [1.1) follows.
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