N-FOLD SUMS OF CANTOR SETS

KATHRYN E. HARE AND TOBY C. O’NEIL

ABSTRACT. We generalize the Newhouse gap lemma by finding a geometric
condition which ensures that N-fold sums of compact sets, which might even
have thickness zero, are intervals. We also obtain a new proof of a lower bound
on the thickness of the sum of two Cantor sets.

1. INTRODUCTION

By a Cantor set we mean a compact, totally disconnected, perfect subset of the
real line. All Cantor sets can be constructed in a similar fashion to the classical
middle-third Cantor set, but rather than using the ratio 1/3 at each step, we allow
the removed intervals to be variable in length and not necessarily centred.

The question of whether the arithmetic sum of two or more Cantor sets contains
an interval has arisen in number theory, harmonic analysis and dynamical systems.
Recent papers studying the problem include [6], [2], [1] and [3] where it was shown
that generically the sum of two regular Cantor sets contains an interval if and only
if the Hausdorff dimension of the two Cantor sets sum is greater than one.

In contrast, deterministic results are less clearcut. A useful geometric condition
which allows one to conclude that the sum of two Cantor sets contains an interval is
provided by the Newhouse gap lemma [4] (see also [5], p. 53). By obtaining a lower
bound on the thickness (see Definition 2.4) of the sum of two Cantor sets, Astels [1]
was able to extend this to N-fold sums of Cantor sets of positive thickness. Here
we show that a weaker geometric condition, which allows for the possibility of sets
of thickness zero, suffices to prove that N-fold sums of compact sets contain an
interval. We also give a simpler proof of Astels’ thickness formula.

2. RESULTS AND DEFINITIONS

Definitions 2.1. For a compact set C' C R, a gap of C' is a non-empty connected
component of the complement of C. A bridge of C' is a non-empty, closed interval
whose left and right endpoints are left-isolated and right-isolated, respectively, in
C. A bridge and gap which share a boundary point will be called a bridge-gap
pair. We will call a bridge-gap pair (B, G) maximal if the bridge B is a maximal
interval which contains no point of a gap whose length is at least the length of
G. We let g(B) be the length (possibly infinite) of the smallest component of the
complement of C' adjacent to the bridge B. Notice that when (B, G) is a maximal
bridge-gap pair, then g(B) = |G| (where |-| denotes the diameter).

Definition 2.2. For N > 1 we say that non-empty compact sets C, ..., Cy satisfy
the N-fold bridge-gap condition if whenever (B;, G;) are maximal bridge-gap
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pairs of C; for i = 1,..., N with min{|G;| : 1 <i < N} < oo, then
mkmﬂBk\ +IGrl} < Y |Bil
1<i<N
Our main result is:

Theorem 2.3. Suppose that C4,...,Cn are non-empty compact sets for which the
N-fold bridge-gap condition holds. Then C1 + ---+ Cn is an interval.

Earlier work on this problem, estimated the size of the sum sets in terms of the
thickness of the constituent sets.

Definition 2.4. The thickness of a non-empty compact set C' is defined as

7(C) = inf { :? (B, @) maximal bridge-gap pairs with |G| < oo}

Note that if 7(C') is infinite, then C is an interval (possibly degenerate), and if
C has an isolated point, then 7(C) = 0 except if C is only a single point. The New-
house gap lemma states that if two compact sets, C7 and Co, satisfy 7(C1)7(Ca) > 1,
and neither set is contained in a translate of a gap of the other, then C7 + C5 is an
interval. Very recently, Astels [1] found a lower bound on the thickness of Cy + Cs
in terms of 7(C7) and 7(C2), and as a consequence he was able to extend the gap
lemma to N-fold sums of Cantor sets: our result above extends Astels’ theorem (as
we will show in section 3).

Theorem 2.5 (Astels [1]). Suppose C1,...,Cn are Cantor sets having thicknesses
Ti, ..., TN respectively. Suppose that O; is a bounded gap of C; of maximal diameter,
and

(2.1) |Ck + -+ Cn| > |Og—1| and |Cx_1| > max{|Ok|, ..., |On|}
forall2 <k <N. Lety;, =1;/(1: +1).
(1) If Zil i < 1, then
Yisi %
1- Zf\il ')/i'
(2) If SN i > 1, then Cy + -+ Cx is an interval.

7(C1+---+Cn) >

We outline briefly how Astel’s second condition implies the N-fold bridge-gap
condition for bounded gaps.
Suppose that (B;,G;) are maximal bridge-gap pairs for C; with max{|G;| : 1 <
i < N} < 0co. Then
Ti |Bl|
< )
Ti+1 7 |Gil + B
and so the assumption that Zf\il v; > 1 implies that

Z |Bi
|G| + | Bi|”

Hence
min{| By | + |G|} < > Bl
1<i<N
and the N-fold bridge-gap condition holds for (B;,G;),i=1,...,N.
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3. PROOF OF THE MAIN THEOREM

We will proceed by examining the relationship between a gap in the sum of two
sets and gaps in the original sets .

Lemma 3.1. Let Cy and Cs be non-empty compact sets. Let B = [b,c] be a bridge
of C1 + Co. Then the collection of pairs of gaps (a;,b;) of C; which satisfy any of
the following four conditions is both non-empty and finite:

(1) a1 + a2 < b <min{ay + ba, b1 + a2} < ¢;

(2) b < max{aj + ba,b1 + a2} < c < by + by

(3) b<ai+ay<c< min{a1 + ba, b1 + ag};

(4) max{a1 + bg,bl + 0,2} <b<b +b<ec

(We use the convention that if, for a pair of gaps, (—oo + 00) occurs in one of
the expressions (1)-(4), then the corresponding inequality is not satisfied.)

Proof. We can find right-isolated points a; € C; for ¢ = 1,2 with ¢ = a; + a2. The
gaps of C; with left endpoints a;, i = 1,2, clearly satisfy (3). Hence the collection
is non-empty.

In order to show finiteness, we first note that if g(B) = oo, then B contains
C1+C5 and the only gap pairs which can possibly satisfy (1)—(4) are the unbounded
gap pairs of C7 and Cb; there are only four of these.

If g(B) < o0, then, by symmetry, it suffices to show that the collection of pairs
of gaps satisfying either (1) or (3) is finite. We note that we always have a; < oo
and b; > —oo for i =1, 2.

Gap pairs satisfying (1): In this case, a1 + ag < b — g(B), and both b < a; + by
and b < ag + by. In particular, neither a; nor as are —oco. Rearranging these
inequalities gives min{b; — a1,bs — as} > g(B) > 0. Hence there are only finitely
many gaps satisfying (1).

Gap pairs satisfying (3): In this case, since b < a; + az, neither a; nor as are
—00. Moreover, a1 + a2 < ¢, and both a1 + by > ¢+ ¢g(B) and as + b1 > ¢+ g(B).
Rearranging gives min{b; —ay,bs —as} > g(B) > 0 and again there are only finitely
many gaps. ([

The following proposition is the main step in deriving our results.

Proposition 3.2. Let Cy and Cy be non-empty compact sets. Let B be a bridge of
Cy + Csy. Then there are bridges B; of C; satisfying |B1| + |Bz2| < |B| and

9(B) < min{g(B1) — |Bz|,g(B2) — |Bi1|}.
(Note that both sides of this expression may be infinite.)

Proof. If g(B) = +o00, then B contains C; + Cs, and we set B; to be the unique
bridge containing C; for ¢ = 1,2. Clearly, |B;| 4 |Bz2| = |B| and, as ¢g(B;) = +o0,
the inequality is also satisfied and we are done.

We now suppose that g(B) < co.

Assume B = [b,c] and consider the collection, C, of gap pairs (G1,G2) (G; a
gap of C;) satisfying one of (1)—(4) of Lemma 3.1 and which minimise the sum
G| + |Gal.

We note that C cannot consist only of pairs of unbounded gaps: For if it does,
then the sum is infinite and, as g(B) < oo, one of the endpoints of B is the
endpoint of a bounded gap. Suppose it is ¢ (the argument for b is similar). Then
we can find right-isolated points a; € C; for which a; + as = ¢. Let b; be the right
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endpoints (possibly 4+00) of the corresponding gaps. If a; is the right endpoint of
C; for i = 1,2, then ¢ cannot be the left endpoint of a bounded gap, thus one of
the (a;,b;) is a bounded gap. But then the pair ((a1,b1), (az,bs)) satisfies (3) of
Lemma 3.1 and we have a contradiction.

Choose (G1,G2) = ((a1,b1), (az,bs)) € C such that for any other pair (G}, G%) €

c,

min{| G|, |Gz} < min{|G4], |G}

(Notice that, by the preceding, at least one of G1, G2 is a bounded gap.)
We will use the following two constructions.

(4)

(B)

If a1 +as < band b < a; +by < ¢ we construct a bridge By of C; such that
|B1| < a1 4+ be — b, |Ga| > |B1| + g(B) and ¢g(B;) = |G1]: To do this first
note that —oo < ay, by < 00, and define

B1 =min{x € Cy : x + by > b};
by assumption 8, < ay. Set By = [81,a1]. Then
|Bi| = a1 + by — (1 + b2) < ay + by — b.

If ag = —o0, then clearly a1 + a2 < b— g(B). If ag > —o0, then a1 + as €
C1 + Cs and still a1 + az < b — g(B). Thus

|G2| — |Bi| = 1 + b2 — (a1 + a2) > g(B).

If z € C; and z 4+ by < b, then z + by < b — g(B) and therefore g; is
left-isolated. Let H; = (aq, 1) be the adjacent gap of C;. As a1 < f,
a1 +be < b, and thus the pair of gaps (Hi, Go) satisfies (4). If |G1|+|G2| <
00, then their minimality ensures that |Hy| > |G1|. If |G1]| 4 |G2| = oo and
|H1| < o0, then |G1| < oo and |G2| = oo, otherwise we have a contradiction,
and again, by minimality, |Hy| > |G1|. If |Hy| = oo, then it is clear that
|H1| = |G1|. Thus g(B1) = |G1].

If b <ai;+as <cand a; +by > ¢ we construct a bridge By of C such that
B = [ﬂl,al], B1+as > b, |G2| > |Bl‘ +g(B) and g(Bl) = |G1|Z To this
end first note that —oo < a1, as < oo and set

B1 =min{x € C; :x +a2 >b, x4+ by > c+ g(B)},

(if by = oo, then the second condition is vacuous). Let By = [31,a1] and
observe, since (31 is left-isolated in C7, we have a gap Hy = (ay, 1) of C;
with right-endpoint G;. Our definition of §; ensures that

b<pBi+ars<a;+ax<c<Bi+by,

Hence |Ga| — |B1| > ¢g(B). If |Hi| < oo, then —o0 < ag < oo and we
have various possibilities: if a3 + by < (1 + ag, then (2) holds for the
pair (Hy,Gs); if, instead, a; + by > (1 + az but a3 + as < b, then (1)
holds for (Hiy,Gs); finally, if ay + as > b, then as a3 < f; the choice of
01 ensures that ay + be < ¢ and (2) is satisfied for the pair (Hp,Gs). If
|G1|+|G2| < o0, then minimality ensures that |Hy| > |G1|. If |G1]|+|Ge| =
00, then |G2| = oo and |G1]| < o0, as otherwise minimality implies that
00 = |G1|+|G2| < |H1|+]|G2| < o0, a contradiction. Thus, by the choice of
(G1,G2), [Hi| = min{|H1|,|G2|} = min{|G1], |G|} = |G1|. If [Hi| = +oo,
then |H;| > |Gy]|. Hence in all cases we conclude that g(B1) = |G1].
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We will also use symmetric versions of these constructions, obtained by exchan-
ging the indices and/or changing direction. For example, a version of (A) may
assume that by + by > ¢ and b < a; + by < ¢ and construct a bridge By of Cs such
that ‘BQ| <c-— (a1 +b2), |G1| > |BQ‘ +Q(B) and g(BQ) = ‘G2|

We now find the required bridges By, B2 depending upon which of (1)—(4) holds.
By symmetry it suffices to treat (1) and (3). First, we split (1) into two cases.

(1) holds and a1 + as < b < aj + by, by +az, by + by <c¢

Here —0o < ay,az,b1,bs < 0o and we define By using Construction (4) and By
via (A) but with interchanged indices. Then

9(B1) = |G1] = [B2| + 9(B), 9(B2) = |Ga| = |B1| + g(B)

and
|B1] + |Ba| < (a1 +ba —b) + (ag + by —b) <by + by — b < |B].

(1) holds and a1 +as <b<aj;+by <c<by+by

Define B; using Construction (A) and Bs with Construction (A) in the alterna-
tive version described above. It is easy to check that the desired properties hold.

(8) holds: b< a;+as <c<ay+by, by +as

Define B; by Construction (B) and By by Construction (B) with interchanged
indices. Then

9(B1) = |G1| = |B2| + g(B) and g(Bz) = |G| = |B1| + g(B),
so we need only check that |B;| + |Bz| < |B|. Assume otherwise, i.e.,
a1+ a2 — (P14 B2) >c—b.

Since a1 + as < ¢ this implies that 31 + B2 < b. Choose v; € B;[]C; such that
i = Biy 71+ 72 < b—g(B) and 1 + 72 is maximal. Construction (B) ensures that
both 31 + as, B2 + a; > b, thus 7; < a;. The choice of 7; implies that there exist
(bounded) gaps D; = (v;,d;) of C; such that §; < a; and 01 472, d2+v1 > b. Hence
the gaps D1, D5 satisfy (1) of Lemma 3.1. But D; C B; and thus

|D1] + |Do| < |Bi| + |Ba| < |Ga] — g(B) +|G1| — g(B),

contradicting the minimality of |G1| + |Ga|.
This concludes the proof of the proposition. [

Corollary 3.3. Suppose that C1,...,Cn are non-empty compact sets and B is a
bridge of C1 + -+ + Cn. Then we can find bridges B; of C; fori=1,..., N such
that SN | |Bi| < |B| and

(3.1) g9(B) <ming g(By) = > |Bi|: 1<k <N

ik
Proof. Note if N = 1, the sum on the righthand side of the inequality is zero, and
the result is obvious. For N > 2, we apply Proposition 3.2 iteratively to estimate:
the size of a bridge of C7 + - - - + C'y in terms of bridges of C'; and Cs + - -- + Chi;
a bridge of Cs + -+ - + Cy in terms of bridges of C5 and C5 + --- + Cp;...; and a
bridge of Cny_1 + Cy in terms of bridges of Cy_1 and Cy. O

We are now in a position to prove Theorem 2.3.
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Proof of Theorem 2.3. If C1+---+ Cn contains a bounded gap, then we can find a
bridge B of Cy + - - -+ Cx for which 0 < g(B) < oo and thus |B| < |C1+---+Cy]|.
Hence, by Corollary 3.3, we can find bridges B; of C; for i =1,..., N, with

(3:2) |Bi| + -+ [By| < |B| <|C1+ - + Cn]

and

(33) 0<g(B)<min{ g(By) = > |Bi| : 1<k<N
ik

Choose G; a gap of C; adjacent to B; with ¢g(B;) = |G;|. Then (B;,G;) is a
maximal bridge-gap pair for C;, i = 1,..., N. The only way (3.3) cannot contradict
the N-fold bridge-gap condition is if |G;| = oo for all 4, but then B; D C; which
contradicts (3.2). Thus C; + -+ + Cn does not contain a bounded gap. O

Proof of Astels” Theorem 2.5. If N =1, then there is nothing to prove, so we sup-
pose that N > 2. We first note that Astels’ inequality (2.1) concerning the largest
gaps ensures that if we have maximal bridge-gap pairs (B;, G;) of C; fori =1,..., N
with max{|G;|: 1 <i < N} = 0o and min{|G;| : 1 <i < N} < oo, then the N-fold
bridge-gap condition holds for these bridge-gap pairs: For, choose 1 < i < N such
that |G;| = oo and for j < ¢, |G| < oo. If for i < k < N, |Gi| = oo, then
|Bi| = |Ck| and ¢ > 2. Thus

N N
|Bi—1] + |Gi—1| < |Bi—i1| +|0i—1| < |Bica| + Z |Cr] < Z | B|.
=i h—1

Otherwise, we find ¢ < k < N with |G| < oo and see that |Bg| + |Gk| < |Bg| +
|Ok| < |Bg| + |Ci]. In either case the N-fold bridge-gap condition holds.

Proof of (1): Consider a maximal bridge-gap pair (B,G) of Cy + -+ + Cy for
which |G| < co. Then, by Corollary 3.3, we can find bridges B; of C; for which
Byl + -+ |Byl < |B| and

(3.4) 0<|G|=g(B) <min{ g(By) — Y |Bi| :1<k<N

ik
Choose G;, a gap of C;, so that (B;,G;) is a maximal bridge-gap pair, and thus
g(B;) = |G;i]. If any of the G; are unbounded, then, in view of the above, the

N-fold bridge-gap condition will hold which contradicts (3.4). Hence |G;| < oo for
all . We conclude that |G;| < |B;|/7; for all . Hence

Grl + |Bi| — SN |B;
[L<1 I min{| el + | ’;V‘ =1 zl:1<k<N}
B > izt |Bil
B
< mm{a+§HLk|;1gk§N}L
Zi:1|Bi|

It is easy to verify that this minimum is maximised when

Bl (+7nHt w

N = =N 1 N :
Yim 1Bl il (L + 1) LD DA
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(This is where we use ), v; < 1.) Simplifying gives us the bound

@ > lezl
Gl 1 D i1 i
from which (1) follows.

Proof of (2): We have already shown in section 2 that for bridge-gap pairs with
bounded gaps, (2) implies the N-fold bridge-gap condition. If any of the gaps are
unbounded, then we already noted that the N-fold bridge-gap condition is satisfied.
In either event, the N-fold bridge-gap condition is satisfied and we conclude that
C1+---+ Cy is an interval. O

3.1. Example. As we have just shown, the hypotheses in Astels’ theorem imply
that the N-fold bridge-gap condition is satisfied. The following example shows
that the thickness assumption is not necessary. Indeed, Cantor sets can satisfy the
bridge-gap condition and yet each have thickness zero.

Define C1 = |, ka) as follows: Set n; = 3 and choose odd integers z, # 1
tending to infinity. Inductively define niy; = ngzi. Let C) 1 = =10,1/n1]U[L —
1/n1, 1] and assume inductively that C’{k) = U;[ri, ri+1/ng] where ri+1/nj < riq1.

For k even define
11 1
ot = (m,n+ i+ — — ,n+>
i U(! U+ = it ]

%

and for k£ odd define
Zkfl)/2

k+1) U U ,ri+2j+1].

ﬂk+1 Nk41

We define C5 similarly, except that the roles of k even and odd are reversed.

One can easily see that the intervals of C§k+1) are of length 1/nk1, and the gaps
introduced in the Cantor set construction at this step are either the same length
again (k odd) or of length (zx — 2)/ng+1 (k even). Thus the thickness of Cj is
inf —— = 0. Similarly the thickness of C3 is zero.

Notlce the length of any bridge of C’f is equal to the length of any gap of

02(1)’ thus the 2-fold bridge-gap condition holds at step 1 in the construction. Now
assume that it holds for all steps up to k in the construction. Clearly the gaps
introduced at step k 4+ 1 have length less than any interval from step k or earlier.
Moreover, any gap from O{kﬂ) for k£ odd, or C’ékﬂ) for k even, is of the same
length as any bridge from step k + 1. Thus the bridge-gap condition is satisfied
at all steps. Note also that |Cy| = 1 which is more than the length of any gap of
either set, so by our theorem C; + Cy = [0, 2].
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