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Introduction

The dominant concern in MEG analysis has been to produce source maps and to co-register these to anatomical
data [e.g. 1,2]. However, this may not be the most appropriate approach when there is a focus on speci�c
source regions, e.g. the thalamus, fusiform gyrus etc. In these cases it may be more appropriate to generate an
activation curve, a graph of the source power in a speci�ed region as a function of time. Several methods of
generating activation curves have been proposed [e.g. 3,4,5].

An activation curve can be found simply by integrating the current density over the region of interest
[3] but this has two drawbacks. It is computationally ine�cient and it leads to an unnecessarily high expected
error. This can be traced to the use of small voxels with consequently high expected errors in the current
density estimates. In this paper, an optimised method of generating an activation curve for a region of interest
is presented. The method is based on the use of quadratic functionals [6]. It involves the calculation of the
shape of a single voxel that approximates the region of interest and also minimizes the expected error.

Suppose that the current density, ~j, is a square integrable �eld de�ned on the brain volume 
 (i.e.
~j 2 L2(
)) and that the region of interest is de�ned by an operator X̂ on ~j. Then the activation curve is
de�ned to be A(t) = h~j(t); X̂~j(t)i where h ; i is the following inner product on 
 [5]:

h~j1;~j2i =

Z



~j1 �~j2
!(~r)

d~r (1)

If the MEG/EEG data vector is b 2 R
N then the method may be expressed in terms of �nding an N�N matrix

Y such that

h~j; X̂~ji ' hb; Y bi (2)

In the methods section, an expression for the matrix Y is derived which minimizes the expected error in A(t).
In the results section the method is applied to simulated data. It should be noted that no assumptions are made
about the noise in the measurement channels other than it has zero mean and a well de�ned covariance matrix
C, i.e. if the measurement noise is denoted by a vector e then the covariance matrix is de�ned by C = eiek
where denotes the time average.

Methods

The basic idea is to choose a matrix Y such that hb; Y bi is an approximation to the activation curve A(t). The
starting point is to discretize the source space (which may be the whole of the brain or a smaller volume) into
M voxels of volume Vm where m = 1; : : : ;M . Similarly the current density ~j can be discretized on this set of
voxels.

jm =
1

jVmj

Z
Vm

~j(~r) d~r where m = 1; : : : ;M . (3)

In this discretized source space the biomagnetic forward problem can be expressed as b = Lj+ e, where L is the
lead �eld matrix (a discretized form of the lead �elds ~Lj(~r)) and e is a vector which represents the measurement
error. With these de�nitions the inner product hb; Y bi can be expanded:

hb; Y bi = hLj + e; Y (Lj + e)i = jTLTY Lj + eTY Lj + jTLTY e+ eTY e (4)

The task of making this an estimate for A(t) = h~j; X̂~ji is made easier by reasoning that A(t) is not required
for an arbitrary current density ~j but only for the currents that can be measured by the experiment. It follows
that Equation 4 should agree with A(t) on the subspace spanned by the lead �elds, i.e.

~j(t) =

NX
i=1

ai !(~r) ~Li(~r) (5)

for some co-ordinate vector a. The factor !(~r) is a weighting factor which allows some exibility in the procedure.
The only restriction imposed on !(~r) is that the integral over each voxel is �nite. In other papers the factor
!(~r) has been interpreted as a probability weight [7].



In terms of the discretized source space the relationship between the co-ordinates a and the current
estimates j is given by

j =WLTa where W is a diagonal matrix with Wmm =
1

jVmj

Z
Vm

!(~r) d~r (6)

This can be substituted into Equation 4 to get:

hb; Y bi = aTLWLTY LWLTa+ eTY LWLTa+ aTLWLTY e+ eTY e (7)

where some simpli�cation has been achieved by noting that W is symmetric. This expression can be simpli�ed
further by de�ning the Gram-Schmidt matrix, P = LWLT , to yield

hb; Y bi = aTPY Pa+ eTY Pa+ aTPY e+ eTY e (8)

The next step is to compare this with the operator X̂ on the subspace spanned by the lead �elds. A matrix X
is de�ned to represent the operator X̂ on the subspace spanned by the lead �elds:

Xik = h!(~r)~Li(~r); X̂!(~r)~Lk(~r)i where i; k = 1; : : : ; N (9)

With this de�nition the activation curve can be calculated as A(t) = aTXa. Comparing this with Equation 8
gives the condition for hb; Y bi to be a good estimate for A(t):

aTXa ' aTPY Pa+ eTY Pa+ aTPY e+ eTY e (10)

The task is to choose Y such that the above approximation is valid. One way of achieving this is to minimize
the error function E de�ned by:

E = jjX � PY P jj2 + jjeTY P jj2 + jjPY ejj2 + jjeTY ejj2 (11)

where jj jj2 is the L2-norm. Equation 11 can be interpreted in physical terms. The �rst term is the error in
approximating the operator X̂ by Y . The second and third terms give a measure of the overlap between the
measurement error and the imaging source space induced by Y . Note that these terms are equal for a symmetric
Y . The fourth term is a measure of how Y magni�es the measurement error in all the signal channels.

To minimize E, @E=@Yik is derived for each element of the matrix Y . This gives N
2 equations to solve for

the N2 unknowns Yik . These may be written as a single matrix equation. In order to illustrate the manipulations
involved, the method will be elaborated for the fourth term in Equation 11. The fourth term is expanded using
the de�nition of the L2-norm:

jjeTY ejj2 =

0
@X

�;�

e�Y��e�

1
A
2

(12)

and is then di�erentiated:

@jjeTY ejj2
@Yik

= 2

0
@X

�;�

e�Y��e�

1
A eiek = 2

X
�;�

eie�Y��e�ek (13)

At this point the random variables in this expression are replaced with their time averaged values, i.e. eie� = Ci�

and e�ek = C�k. So

@jjeTY ejj2
@Yik

= 2
X
�;�

Ci�Y��C�k (14)

This is the ikth term of the matrix product CY C. Similarly, all of the other terms in Equation 11, when
di�erentiated, give terms that can be written as the ikth elements of a product. So, the equations can be
collected as:

�2PXP + 2P 2Y P 2 + 2P 2Y C + 2CY P 2 + 2CY C = 0 (15)

This may be written in the form:

(P 2 + C)Y (P 2 + C) = PXP (16)



To solve this equation let �i be the eigenvalue of the matrix P with eigenvector �i. Then the matrices X and
C can be represented with respect to the basis f�ig as new matrices x and c, i.e.

X =
X
ik

�ixik�
T
k where xik = �Ti X�k; C =

X
ik

�icik�
T
k where cik = �Ti C�k (17)

With these de�nitions, the matrix Y can be �nally expressed as:

Y = (P 2 + C)�1P

 X
ik

�ixik�
T
k

!
P (P 2 + C)�1 =

X
ik

�i
�i

�2i + cii
xik

�k
�2k + ckk

�Tk (18)

Error bars for the activation curve, A(t), can be estimated using the last term in Equation 11 to give the amount
of measurement noise reected in the activation curve. The estimate is given by :

noise =
X
�;�

C��Y�� (19)

Results

A simple simulated experimental system (Fig. 1) has been analysed to illustrate the method. The head is
modelled as a homogeneously conducting sphere of radius 8.9 cm with its centre at (0,0,-0.07 cm). The source
space is a 9 cm�9 cm square thin lamina consisting of 33�33 voxels in the plane z=-0.01cm with centre (0,0,-
0.01 cm). The measurement instrument is a hexagonal array of 37 second order axial gradiometers with baseline
5 cm with the lowest 'sensing' coils in the plane z = 4cm.
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Fig. 1 A plan view of the experiment geom-
etry. Crosses denote source space voxels and
diamonds denote the projections of the centres
of the detector coils.
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Fig. 2 The sensitivity pro�le in source space
of the Y matrix which is derived from the op-
erator X̂ = �(~r � ~r0).

The spatial selectivity implicit in the use of the matrix Y can be shown by de�ning and plotting a sensitivity
pro�le in source space. The de�nition requires the speci�cation of a procedure which may be summarised as
follows. Consider a point in source space and compute the idealised measurements b1, b2 and b3 for a unit
current dipole oriented along the x, y and x axes at that point. For a given Y, calculate the eigenvalues �1, �2
and �3 of the matrix Eik = hbi; Y bki. Repeat this process across source space. The sensitivity pro�le of Y is
de�ned by the variation of

p
�2
1
+ �2

2
+ �2

3
. It may be thought of as an instrumental generalisation of the lead

�eld of a single measurement channel.
Now consider, in the context of the simulated system, the simplest possible region of interest operator

X̂ = �(~r � ~r0) where �( ) denotes the Dirac delta function and ~r0=(0,0,-0.01cm) is the centre of source space.
This operator might be adopted if one simply wished to focus on a small volume of source space. The matrix
Y used as an estimator from this operator is calculated using Equation 18. The sensitivity pro�le for this Y
matrix is shown in Fig. 2.

The reconstruction of an activation curve has been tested on simulated data using this region of interest
operator and simulated data from a time varying target dipole at (0,0,0 cm), i.e. 1 cm from the region of interest.
The moment of the dipole varies sinusoidally at 10Hz, with an envelope that rises linearly from zero at 200ms



to a maximum at 300ms after which it remains constant. To show the insensitivity to dipole orientation the
dipole moment was made to rotate smoothly in a tangential plane | this rotation is not discernible in the
activation curve. In addition to the target dipole there is distractor dipole at (0,0.02,0 cm), which is active from
0 to 100ms (triangular envelope) and again from 400ms (square envelope).

In the period from 200ms to 400ms when only the target dipole is active, the calculated (power) activation
curve matches closely that of the target. However, the existence of the distractor dipole within the sensitive
region (see Fig. 2) gives rise to apparent activity between 0ms and 100ms and inaccuracy in the calculated
activation curve for the period after 400ms.
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Fig. 3 Activation curves for a simulated experiment. The solid line and the dotted
lines are the activation curves of the target and distractor dipoles. The diamonds are
the calculated activation curve from the Y matrix shown in Fig. 2. The error bars,
omitted for clarity, would be approximately twice the height of the diamonds.

Discussion

We have shown that is possible to directly compute activation curves from the measurement data without
integration over a source image. The method is a computationally optimal way of tracking the power dissipated
in a speci�c portion of the brain. It seems robust to noise and is not dependent on the noise having a Gaussian
pro�le. Correlations between measurement channels are fully taken into account.

For evoked response experiments the covariance matrix, C, can be estimated from the prestimulus period.
For other experiments it might be more suitable to make the a priori assumption that the noise is uncorrelated
gaussian noise with variance �2 which could be considered as a parameter of the method. As � increases, the
more closely the Y matrix sensitivity pattern matches the region of interest, but the larger the error bars on
the resulting activation curve.
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