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We discuss the dynamics of particles in one dimension in potentials
that are random in both space and time. The results are applied to recent optics
experiments on Anderson localization, in which the transverse spreading of
a beam is suppressed by random fluctuations in the refractive index. If the
refractive index fluctuates along the direction of the paraxial propagation of the
beam, the localization is destroyed. We analyze this broken localization in terms
of the spectral decomposition of the potential. When the potential has a discrete
spectrum, the spread is controlled by the overlap of Chirikov resonances in phase
space. As the number of Fourier components is increased, the resonances merge
into a continuum, which is described by a Fokker–Planck equation. We express
the diffusion coefficient in terms of the spectral intensity of the potential. For
a general class of potentials that are commonly used in optics, the solutions
to the Fokker–Planck equation exhibit anomalous diffusion in phase space,
implying that when Anderson localization is broken by temporal fluctuations
of the potential, the result is transport at a rate similar to a ballistic one or
even faster. For a class of potentials which arise in some existing realizations
of Anderson localization, atypical behavior is found.
Abstract.
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1. Introduction

It is well known that a particle moving in a spatially disordered time-independent potential
can exhibit Anderson localization and that this is the generic situation in one or two
dimensions [1, 2]. However, it is very difficult to find unambiguous evidence for Anderson
localization in solids, because of complications due to electron–electron interactions. Recently,
Anderson localization was demonstrated by the trapping of light propagating in a paraxial
disordered optical system [3], in a scheme called ‘transverse localization’ [4]. That experiment
had much follow-up in optical settings [5, 6], whereas related experiments were also carried out
with cold atoms [7]. In the optics experiments in the transverse localization scheme, the role of
time is played by distance along the waveguide, and considerable care should be taken to ensure
that the disordered modulation in the refractive index is perfectly uniform along the direction of
propagation (which we take to be the z-axis).
If the potential fluctuates in time as well as in space, the arguments leading to Anderson
localization break down. Anderson’s original paper was titled ‘The absence of diffusion in
certain random lattices’; hence it might naturally be expected that when Anderson localization
is destroyed, it will be replaced by diffusive transport. In the optical setting of transverse
localization, the spatially disordered potential corresponds to small random variations of the
refractive index in the x y-plane, normal to the propagation direction, whereas the temporal
fluctuations correspond to adding longitudinal fluctuations (in the z-direction) to the disordered
refractive index. That is, the refractive index would have random variations both in the x y-plane
and in the z-direction, but at different rates. In this paper, we consider the effects of such an
evolving disorder, which, as we show, destroys localization, leading to expansion of the optical
beam, by virtue of the evolving disorder. We argue that when Anderson localization is broken,
for a generic realization of the optical potential, the result will be super-diffusion: expansion of
the optical wavepacket at a rate similar to a ballistic or even faster.
Several different mechanisms for the breakdown of Anderson localization due to temporal
fluctuations of the potential have been discussed, all of which predict that localization is
replaced by diffusion. Mott and Davis [8] considered the effect of phonons at low temperatures,
and argued that this gives rise to a diffusive motion of the electrons termed ‘variable-range
hopping’ conductivity. Mott [9] also considered the effects of an ac electric field, and suggested
that a resonant interaction dominates the low-frequency response. It has been argued that an
alternative limiting procedure leads to a distinct type of diffusive response at a low-frequency
electric field, termed adiabatic transport [10]. Destruction of Anderson localization by noise
for tight-binding models has been studied extensively [11–17]. Here, we consider a continuous
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model and show that, in contrast to previous work predicting diffusion, the response to a timedependent fluctuating spatially disordered potential may result in super-diffusion. Specifically,
the diffusion constants have a sensitive dependence on energy. Also, if the potential is time
dependent, the energy of a particle will not be constant. If the diffusion constant is a rapidly
increasing function of energy, the response to a time-dependent perturbation can be superdiffusive, ballistic or even super-ballistic.
Anderson localization is a quantum mechanical effect (at least in cases where the potential
is not large enough to trap the particles classically). However, as the energy increases, the
effects of quantum phenomena decrease, and a classical analysis becomes appropriate. This
correspondence is believed to be typical, and in future studies its validity will be analyzed for
potentials which are studied here as well as for others. As we will see in this paper, rapid
spreading in configuration space is related to an increase of the kinetic energy, justifying the
use of the classical (particle) picture. Also, as the energy increases, the effects of the potential
become a weak perturbation. Accordingly, in order to characterize the asymptotic behavior
in the long-time limit we consider the behavior of a particle moving classically in a weak
disordered potential that is also fluctuating in time.
The random potentials which are prepared in optics [3] and atom optics [7, 18] experiments
are naturally described in terms of a Fourier series where the expansion coefficients are independent random variables. This motivates representing the random potentials using their spectral content. In practice, there are a finite number of Fourier coefficients (denoted here by N ),
but this number may be large. We shall therefore also consider potentials with a continuous Fourier transform, approximating the limit as N → ∞. It is important to note that our
paper differs from most studies of this problem in the context of solid-state physics, where
the tight-binding model is assumed, and the energy is limited to a band and therefore the
momentum is inherently bounded [11–17]. In the continuum anomalous diffusion has been
found [19].
In section 2, we consider the classical dynamics of a particle in one-dimensional (1D)
potentials that are random in both space and time, emphasizing the diffusive spread of
momentum. In the case when there is a finite number of Fourier components, the theory
is formulated in terms of Chirikov’s resonance overlap criterion [20–22]. In the limit of
N → ∞, we show how the Chirikov resonances are related to an expression for a diffusion
coefficient D characterizing random changes in the momentum p. In agreement with earlier
investigations [23–26], we conclude that, for generic random potentials, the diffusion coefficient
has a universal power-law dependence on momentum p, such that D( p) ∼ | p|−3 as | p| → ∞.
This in turn implies that asymptotically in time the average momentum satisfies h p 2 i ∼ t 2/5 .
The average displacement satisfies hx 2 i ∼ t 12/5 for 1D systems [23–26] (faster than ballistic)
and hx 2 i ∼ t 2 (ballistic transport on average) for systems with dimension higher than one [24].
Our discussion in section 2 differs from earlier works analyzing anomalous diffusion
in random potentials [23–26], in that we express the diffusion coefficient D( p) in terms of
the spectral intensity of the potential, as well as making the connection with the Chirikov
resonances explicit. This picture leads to an improved intuitive understanding of transport in
phase space. This approach highlights some of the subtleties that can arise when considering real
experiments. In section 3, the theory is used to derive the transport properties for a potential that
naturally appears in optical experiments on Anderson localization, such as [3]. An experiment
relevant to this work was performed and will be described in great detail in [27]. We find a
family of potentials for which the diffusion coefficient of the momentum vanishes for high
New Journal of Physics 14 (2012) 043047 (http://www.njp.org/)
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momentum in contrast to [23–26]. This suggests that the diffusive spreading in momentum
saturates asymptotically and therefore does not exhibit the universal behavior described in
previous studies [23–26]. In optical experiments such as [3, 5, 6], both types of potentials
could readily be realized, which allows the exploration of both transport regimes. The formulae
presented here give a quantitative prediction of the anomalous spread of the beam. The results
are summarized in section 4.
2. A particle in a quasi-periodic potential

Some of the experiments that demonstrate an optical realization of Anderson localization (such
as that described by Schwartz et al [3]) involve an induction technique, where a change in the
refractive index of a dielectric is induced by an interference pattern generated by external waves
(used strictly to induce the potentials) [28, 29]. Because the optical field defining the disorder
is produced by the interference of plane waves, the ‘potential’ is most naturally described in
terms of its Fourier components. For this reason we need to analyze motion in a quasi-periodic
potential.
Consider the motion of a particle of unit mass described by the Hamiltonian
p2
+ V (x, t),
2
where V (x, t) is a 1D quasi-periodic potential of the form
H=

(1)

N
1 X
V (x, t) = √
Am exp [i (km x − ωm t)] ,
N m=−N

(2)

where A−m = A∗m , so that the potential is real. Here Am are independent (for m > 0), identically
distributed complex random variables. The expectation values of these variables satisfy
(for n, m > 0)
hAm i = hAm An i = 0,

(3)

Am A∗n = σ 2 δmn .

An example of such a variable is Am = |Am | exp (iφm ), where |Am | and φm are independent real
random variables, with φm uniformly distributed in the interval [−π, π]. The random variables
km and ωm are distributed with the probability density P(k, ω), which may be a continuous
spectrum, a sum of delta functions or a distribution concentrated on a line in the k–ω space.
Note that
N
X
√
√
|V (x, t)| 6
|Am | / N 6 2 N max |Am | ,
(4)
m=−N

m

however, the variance of |V (x, t)| is equal to
N
N
1 X X
|V (x, t)| =
Am A∗n exp [i ((km − kn )x − (ωm − ωn )t)]
N m=−N n=1
2

N
N
1 X X
hAm An i exp [i ((km + kn )x − (ωm + ωn )t)] .
+
N m=−N n=1

New Journal of Physics 14 (2012) 043047 (http://www.njp.org/)

(5)

5
Using the assumptions of (3), we have
|V (x, t)|2 = 2σ 2 .

(6)

For finite N the potential is a quasi-periodic function of x and t, and in the limit of N → ∞, for
fixed x and t it is a Gaussian random variable with the variance, σ 2 .
The motion of a particle in a potential given by (2), for a sufficiently small |Am |, (the
exact requirement will be specified below) was analyzed by Chirikov [21]. It was predicted that
the phase space is built up of chains of non-overlapping resonances, which are given by the
condition
d
(7)
(km x − ωm t) = km p − ωm = 0,
dt
which is just the stationary phase requirement. This reduces to the condition
ωm
pmres =
.
(8)
km
Assuming that the resonances are isolated, starting a particle with an initial momentum near a
resonance will produce a bounded pendulum-like motion near that resonance. This can be seen
by neglecting all non-resonant terms in the potential and making a Galilean transformation to
the frame of reference of the specific resonance. The new Hamiltonian in this frame of reference
is just the time-independent Hamiltonian of a pendulum,
p 2 2|Am |
+ √ cos km x.
(9)
2
N
We can estimate the width of the resonances, 1m (i.e. the range of momentum for
√which phase
points lie on oscillating trajectories). From energy conservation, 12m /2 = 4|Am |/ N ,
q
√
1m = 8|Am |/ N .
(10)
H0 =

We now order the resonances, such that p1res 6 p2res 6 · · · 6 p res
N , and define the distance between
res
the adjacent resonances by δm = pmres − pm−1
. The Chirikov criterion [20–22] for trajectories
to remain localized close to their initial momentum is that the resonances do not overlap;
that is,
(1m + 1m−1 ) 6 δm ,

∀m.

(11)

Under these conditions, the momentum of a particle will not change appreciably over time.
One should note that condition (11) is approximate. To obtain better estimates, higher-order
resonances should be considered [22].
When the amplitudes of the potential, |Am |, are not sufficiently small, namely 1m ∼ δm ,
some of the resonance chains will overlap. It is established [20, 21] that in places where
resonances overlap stochastic regions will form, which will result in a random walk between
resonances and therefore a diffusion in the momentum. In order to observe diffusion the number
of resonances has to be large, since for the diffusion approximation to be valid a large number
of jumps between the resonances has to occur. We will now obtain the diffusion coefficient,
adapting a technique developed in [23–26] to the case when the potential is described by the
statistics of its Fourier components. In the limit of N → ∞ the Chirikov resonances become
dense in momentum, which appears at first sight to complicate the problem. However, in this
limit the quasi-periodic potential is replaced by a random potential, and the change of the
New Journal of Physics 14 (2012) 043047 (http://www.njp.org/)
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momentum in a time interval which is longer than the correlation time of this potential can
be regarded as a stochastic variable. In this limit, the small changes in momentum which occur
over a time scale which is large compared to the correlation time of the potential can be treated
using a Markovian approximation, which validates the use of a Fokker–Planck approach.
We will now proceed in line with [26], writing an expression for the small change in
momentum occurring over a time δt that is large compared to the correlation time of the
potential
Z δt
δp =
dt F(x(t), t),
(12)
0

where x (t) is the trajectory of the particle and F(x, t) =
force–force correlation function

∂V
∂x

(x, t) is the force. Defining the

C(x1 , t1 ; x2 , t2 ) = hF(x1 , t1 ) F(x2 , t2 )i ,

(13)

and assuming that it is stationary, we can express the variance of the fluctuation of the
momentum in the form
Z δt
Z δt
2
hδp i =
dt1
dt2 C(x(t1 ) − x(t2 ), t1 − t2 ),
(14)
0

0

and we neglect all the cross-correlations hδpi δp j i, where the indexes i and j correspond to
two different intervals. For this assumption to be true the correlation function C should decay
sufficiently fast, such that for τ > δt it is negligible. Furthermore, we will expand
x(t1 ) − x(t2 ) = p(t1 − t2 ) + O(δt 2 ),

(15)

which assumes that the force and its time variations are weak enough. Under these assumptions,
we can obtain
hδp 2 i = 2D( p)δt,
where the diffusion coefficient is given by
Z
1 ∞
D( p) =
C( pτ, τ ) dτ.
2 −∞

(16)

(17)

This expression was first obtained by Sturrock [30]. As a consequence of the increments of
momentum being both small and Markovian, the probability density for the momentum, ρ( p, t),
satisfies a Fokker–Planck equation. Care must be taken over the order in which derivatives are
taken. In [26], it is shown that the correct Fokker–Planck equation is


∂ρ
∂
∂
=
D( p)
ρ.
(18)
∂t
∂p
∂p
Using the potential (2) we obtain the correlation function
C(x1 , t1 ; x2 , t2 ) =

N
N
1 X X
hkm kn Am exp[i(km x1 − ωm t1 )] × A∗n exp[−i(kn x2 − ωn t2 )]i.
N m=−N n=−N

(19)
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We first perform an average on the Am variables. Using the assumptions (3) results in a
translationally invariant correlation function in both space and time,
N

σ2 X 2
C(x1 − x2 , t1 − t2 ) =
k exp[i(km (x1 − x2 ) − ωm (t1 − t2 ))] + c.c.
N m=−N m
Z
Z
2
=σ
dk dω k 2 P(k, ω) (exp[i(k (x1 − x2 ) − ω(t1 − t2 ))] + c.c.) ,

(20)

where P(k, ω) is the probability density of ω and k, which will dubbed, in what follows, the
spectral content of the potential, introduced along with equation (3). Note that the correlation
function of the force is a Fourier transform of k 2 P(k, ω). To obtain an integrable correlation
function, we therefore have the following requirement on P(k, ω):
Z
Z
dk dω k 2 P(k, ω) ≡ M < ∞,
(21)
which means that P(k, ω) has a finite support or decays faster than k −3 and ω−1 . Note that the
distribution P(k, ω) can contain also atom contributions (delta functions). Equation (20) leads
to
Z
Z
Z ∞
σ2
2
D ( p) =
dk dω k P(k, ω)
dτ (exp[i(kp − ω)τ ] + c.c.)
2
−∞
Z
Z
2
= 2π σ
dk dω k 2 P(k, ω) δ(ω − kp).
(22)
This expression is closely connected to the resonance probability density, which can be defined
as
Z
Z

ω
res
P( p ) =
dk dω P(k, ω)δ p res −
k
Z
Z
(23)
=
dk dω |k|P(k, ω)δ(ω − kp res ).
These two expressions quantify the connection between Chirikov resonances and phase space
diffusion.
Equation (22) can also be interpreted as an integration of the function k 2 P(k, ω) over a
line with a slope of p, which is just a Radon transform. We can obtain the asymptotic behavior
of (22) for large p following a similar procedure as in [25, 26], by rescaling the variables,
k 0 = kp,
 0 
Z
2π σ 2 ∞ 0 02
k 0
D( p) =
dk k P
,k .
(24)
3
p
p
−∞
Therefore if P(0, k 0 ) 6= 0, in the limit of large p we have
D0
D( p) ∼ 3 ,
p
where
Z ∞
D0 =
dk 0 k 02 P(0, k 0 ).
−∞
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This scaling of the diffusion coefficient provides an anomalous diffusion in momentum such that
h p 2 i ∼ t 2/5 and hx 2 i ∼ t 12/5 [23, 24]. The precise prefactors can be extracted from the results
of [25] (equation (30))
54/5 sin(π/5)0(3/5)0(4/5) 2/5 2
hp i ∼
D0 t 5 .
π
The pre-factor in the relation
2

hx 2 i ∼ Cx t

12
5

(27)

(28)

is given in [26] in terms of a 1D integral (equations (150)–(152)).
In our discussion on optical realizations of Anderson localization, we will be led to consider
potentials for which there is some pmax , such that
P(k, ω) = 0

:

ω > pmax k;

(29)

namely, the function P(k, ω) has a non-vanishing support only outside the wedge with an
intercept of pmax ; then it follows from (22) that
Z ∞

4π σ 2
dk k 2 P (k, pk) | p| 6 pmax
D( p) =
(30)
0

0
| p| > pmax .
This suggests that under the condition (29) on the potential (2) there is a saturation in the growth
of the kinetic energy. Therefore a particle started inside the part of space with non-vanishing
resonance density will not diffuse to regions of zero-resonance density.
To summarize, we have derived the explicit dependence of the diffusion coefficient on the
spectral content of the potential, P(k, ω), which is very useful since in many cases in optics and
in atom optics it can be experimentally controlled. An example of this type will be discussed in
the next section.
3. Applications in optics

In this section, we apply the general scheme for the calculation of the diffusion coefficient
to a specific realization of a disordered potential. In recent experiments examining Anderson
localization of light, the potential was realized by a superposition of plane waves, which is of a
structure similar to (2) [3, 6]. In those experiments light propagates paraxially in a disordered
potential: the signature of localization is that the width of the propagating beam of light from
a coherent and a monochromatic source remains bounded as it propagates. The disordered
potential is produced by utilizing the photosensitivity of the medium. A powerful polarized
writing beam induces a change in the refractive index, 1n, of the medium. The polarization
of this beam is selected in such a manner that the beam does not experience the change in the
refractive index that it induces. The localization experiments are carried out with another beam
(probe) with a different polarization, such that it experiences the written change in the refractive
index
1
1n(r) = B
,
(31)
1 + |E 0 (r)|2 /I0
where E 0 (r) is the magnitude of the electric field of the writing beam at position r, and B is a
coefficient proportional to the nonlinear susceptibility of the medium [3, 6]. I0 is some constant
New Journal of Physics 14 (2012) 043047 (http://www.njp.org/)
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background intensity. In this paper, we consider that |E 0 (r)|2 /I0 is small (as is the case in [3])
so that we can expand


|E 0 (r)|2
1n(r) = B 1 −
;
(32)
I0
furthermore, we assume that the refractive index depends upon just two coordinates x and z,
where z measures the distance along the axis of the test beam. We extend the analysis of the
last section for a particular potential realization, which is used in many experiments in optics,
showing that when Anderson localization is broken, the spread of the beam obeys an anomalous
diffusion law. We provide numerical results to support our conclusions.
The propagation of a monochromatic light beam in a medium with a non-uniform refractive
index is described by the Helmholtz equation for the electric field E,
2

∇ E +k

2n

(r)
E = 0,
n 20

2

(33)

where k = 2π n 0 /λ, λ is the wavelength of light in vacuum, n 0 is the bulk refractive index, and
n(r) = n 0 + 1n(r). Setting
E (x, y, z) = ψ (x, y, z) eikz ,

(34)

for 1n(r)/n 0  1 and when
∂ 2ψ
∂ψ
 2k
,
2
∂z
∂z
the paraxial approximation is invoked. This approximation yields a Schrödinger-like equation
for the slowly varying amplitude, ψ (x, y, z),

i
1
1n
(35)
∂z ψ = − 2 ∂x x + ∂ yy ψ −
ψ,
k
2k
n0
where we have chosen z to be the propagation axis. In this paper, we consider propagation along
a 1D potential, such that motion is confined to a plane, with the y degree of freedom frozen.
The fluctuations of the refractive index are achieved by utilizing the sensitivity of the
medium to light at some frequency and polarization, which allows us to transform a predesigned interference pattern into a variation in the refractive index 1n (x, z). The interference
of N plane waves induces a fluctuation 1n(r), which is equivalent to a potential of the form
of (2). The total electric field of the writing beam is given by
N
1 X
E 0 (x, z) = √
Am exp[i(k x,m x + k z,m )z],
N m=−N

(36)

with A−m = A∗m , where k x,m and k z,m are the x and z components of the wavenumber of a
plane wave labeled by an index m, for which the magnitude of the wavenumber is k0 . The
normalization is chosen such that the total power does not change as a function of N ,
Z
N
2V X
2
I = |E 0 (x, z)| dxdz =
|Am |2 ,
(37)
N m=1
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where V is the volume of the system, does not depend upon N . The resulting change in the
refractive index is equal to
N


B
B X
2
1n(x, z) = |E 0 (x, z)| =
Am A∗n exp i (k x,m − k x,n )x + (k z,m − k z,n )z .
I0
N I0 n,m=−N

(38)

The experiments are typically performed with the wavevectors of the driving electric field
E 0 (r) close to the z-axis. This implies that we can use the paraxial approximation for the writing
field E 0 (r) as well as for the weak probe field. This justifies the following additional paraxial
approximation:
q
2
k x,m
2
2
k z,m = k0 − k x,m ≈ k0 −
(39)
,
2k0
and to simplify the notation we will set
km ≡ k x,m ,

ωm =

2
k x,m
.
2k0

(40)

Then (38) simplifies to
N
B X
1n(x, z) =
Am A∗n exp [i ((km − kn )x − (ωm − ωn )z)] .
N I0 n,m=−N

(41)

To simplify the comparison with the previous section, we will work in units where k0 = 1 and
I0 = 1, and will designate the paraxial axis by t (instead of z). Using these conventions (35)
simplifies to
i∂t E = − 21 ∂x x E + V (x, t)E,

(42)

which has the form of the Schrödinger equation in one dimension. In our model we take the
potential to be
V (x, t) =

N
1 X
Am A∗n exp [i ((km − kn )x − (ωm − ωn )t)] ,
N n,m=1

(43)

where we have absorbed all the constants, including the minus sign inside the Am , and where
we have confined ourselves to positive indices because this expression is automatically real.
Hence, (42) describes the propagation of a paraxial light beam inside a medium with spatially
varying refractive index.
Having defined the ‘potential’ function for the paraxial equation by (43), we now consider
its ray dynamics. The classical (zero-wavelength) system corresponding to (42) is a ‘particle’
moving in the potential given by (43). The equations of motion of such a ‘particle’ are given by
dp
∂V
dx
=−
(x, t) ,
= p,
(44)
dt
∂x
dt
where p is the conjugate momentum to x. In what follows we will examine the motion of such
a ‘particle’. We will now proceed with a similar analysis to the one done in the previous section.
Comparing (2) and (43), we see that the resonances of the system are given by
d
[(km − kn )x − (ωm − ωn )t] = (km − kn ) p − (ωm − ωn ) = 0.
(45)
dt
New Journal of Physics 14 (2012) 043047 (http://www.njp.org/)
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Figure 1. A phase-space portrait for three resonances. Different colors (shades)

describe different trajectories. The horizontal black solid and dashed lines
designate the edges of the resonance chains. The initial conditions were
uniformly distributed on the p-axis (x(t = 0) = 0). The system was integrated
up to t = 104 (dimensionless variables). At the left figure three non-overlapping
resonances are presented, while in the right figure resonances (1) and (2) overlap.
Alternatively, using the definition (40)
ωm − ωn km + kn
res
pnm
=
=
.
km − kn
2
The number of resonances is N (N − 1)/2, and their width is
p
1mn = 8|Am An |/N .

(46)

(47)

The overlap condition of the resonances is the same as that in the last section.
The change of ‘momentum’ (i.e. angle) for a ray which propagates in between the
resonances or outside of the region of resonant chains will average out to zero. This is illustrated
in figure 1, where one can see a transformed phase space of such a system with three nonoverlapping resonances. The phase space was sheared by defining x 0 (t) = x(t) − p(t = 0)t. In
this manner, trajectories for which the momentum does not change considerably during the
motion of the particle are slowly evolving with respect to the transformed x-axis, whereas
trajectories that exhibit a large variation in the momentum show a large excursion in x 0 . From
figure 1, we see that trajectories started within a resonance chain show a large excursion in x 0 .
Nevertheless, all of them are bounded by the boundaries of the resonance chain. Trajectories
started in between the resonance chains or outside of them have a rather small variation in the
momentum, which decays with increasing absolute initial momentum.
In figure 1 (right), we illustrate an overlap between two of three resonances of a system
plotted in figure 1 (left). A transition between the overlapping resonance chains is clearly seen.
As the number of resonances is increased, we can reach a regime where a large number of
these resonances overlap. In this regime, we anticipate that the propagation angle of the ray, p,
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could exhibit anomalous diffusion. For the regime when all the resonances overlap, we will
compute the diffusion coefficient. The correlation function for the force is
N
N
1 X X
C(x1 , t1 ; x2 , t2 ) = 2
Am A∗n Ai∗ A j h(km − kn )(ki − k j )
N n,m=1 i, j=1

× exp[i((km − kn )x1 − (ωm − ωn )t1 − (ki − k j )x2 + (ωi − ω j )t2 )]i.

(48)

Similarly to the previous section, we assume that
Am A∗n Ai∗ A j = σ 4 (δnm δi j + δmi δn j ).

(49)

This reduces equation (48) to
N

σ4 X
C(x1 − x2 , t1 − t2 ) = 2
h(km − kn )2 exp [i ((km − kn )(x1 − x2 ) − (ωm − ωn )(t1 − t2 ))]i
N n,m=1
Z
Z
4
=σ
dk1 dk2 P(k1 )P(k2 )(k1 − k2 )2
 

1 2
2
(50)
× exp i (k1 − k2 )(x1 − x2 ) − (k1 − k2 )(t1 − t2 ) ,
2
where P(k) is the density of resonances in k space. We used the fact that k and ω are related by
a dispersion relation (40). Using the expression for the diffusion coefficient (17), we obtain
Z
1 ∞
D( p) =
C( pτ, τ )dτ
2 −∞


Z
Z
1 2
4
2
2
= πσ
dk1 dk2 P(k1 )P(k2 )(k1 − k2 ) δ (k1 − k2 ) p − (k1 − k2 )
2
Z
Z
δ(k1 − (2 p − k2 ))
= π σ 4 dk1 dk2 P(k1 )P(k2 )(k1 − k2 )2
|k2 − p|
Z
= 4π σ 4 dk2 P(2 p − k2 )P(k2 )|k2 − p|.
(51)
Note that if P(k) has finite support, then D( p) will also have finite support. For example, for
P(k) = θ(kR − |k|)/(2kR ), where θ (x) is a step function, using (51) we compute the diffusion
coefficient

4

 π σ (k − | p|)2 | p| 6 k ,
R
R
kR2
D( p) =
(52)

 0
| p| > kR .
Note that this expression has finite support, so that the asymptotic relation which leads usually
to anomalous diffusion, (25), is not satisfied. In this case, a particular form for the potential,
which is used in optical realizations of localization such as [3], leads to sub-diffusive growth
of h p 2 i. For the case of a large amplitude of the potential, where all resonances overlap, the
variation of the momentum of the trajectories is bounded, in agreement with the prediction that
D( p) has finite support.
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Figure 2. h p 2 i as a function of t. Dashed gray lines are the numerical solution

of (44) for 1000 initial conditions taken from a Gaussian distribution. Different
shades and styles of lines designate different N (see legend). The solid thick
black lines are the numerical solutions of (53) with a diffusion constant given
by (52). The parameters are kR = 0.1 and σ = 10−3 for the left figure and
σ = 10−4 for the right figure.
In figure 2, we compare a direct numerical evaluation of h p 2 (t)i, obtained by averaging
solutions of (44) over different initial conditions, with an estimate obtained from a numerical
solution to the Fokker–Planck equation


∂ρ
∂
∂
ρ,
=
D( p)
(53)
∂z
∂p
∂p
which uses (52) and kR = 0.1. The classical trajectories all had initial conditions in the resonance
chain. A good correspondence is found without any fitting parameter.
4. Summary and discussion

In this paper, using the standard argument that at high energies quantum interference effects
are negligible, we used effective particles to describe the dynamics, and argued that when
Anderson localization is destroyed (due to temporal fluctuations of the potential) the long-time
dynamics is determined by a semi-classical approximation. For generic potentials, this semiclassical dynamics exhibits anomalous diffusion in the long-time limit. This approximation is
generally believed to be valid, and for some potentials which are described here it was verified
numerically in preliminary studies, while other potentials will be studied elsewhere.
Anomalous diffusion in a disordered classical model has previously been studied in several
works [23–26]. In this paper, we have considered the issues that arise when considering whether
this type of anomalous diffusion is also relevant to the breakdown of Anderson localization in
optical systems.
The context in which Anderson localization is most readily accessible to experiment is
in propagation in a disordered optical potential (refractive index) [3] induced by an optical
interference pattern. For this reason, we concentrated on the case where the potential is quasiperiodic, resulting from the addition of N waves. We discussed the influence of the potential on
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paraxial propagation of a coherent beam, showing how a semi-classical analysis is related to the
Chirikov resonance overlap criterion [20, 21] of Hamiltonian dynamics.
With gradually increasing the amplitude, it is demonstrated how one transforms from the
regime of isolated resonances where no diffusion takes place (figure 1, left) to a situation where
few resonances overlap (figure 1, right) and spreading that involves them is found. When the
amplitude is increased even further, all the neighboring in momentum resonances overlap and a
diffusion in momentum is found (figure 2).
In the limit as the number N of Fourier components increases, the potential is described
in terms of a spectral intensity function P(k, ω), and the effect of the potential can be modeled
by a stochastic equation describing fluctuations of the momentum p with a diffusion coefficient
D( p). We showed how D( p) can be related to the spectral content P(k, ω) by (22), and how
this relation can be interpreted in terms of the Chirikov resonance condition. We also showed
that earlier results on anomalous diffusion, (27) and (28), are recovered.
We also considered in some depth the type of potential, such as (43), which arises in optical
realizations of Anderson localization such as [3]. We showed that the potential which is used
in these experiments is non-generic, and leads to h p 2 (t)i being practically bounded, rather
than exhibiting anomalous diffusion. This implies that experiments to test the prediction that
breaking localization leads to anomalous diffusion will have to be carefully designed, such that
the span of the momentum spectrum of the spatial disorder exceeds the plane-wave spectrum of
the initially bounded probe beam, in order to observe anomalous transport.
Acknowledgments

We thank Tom Spencer for bringing [24] to our attention. We also thank Igor Aleiner, Boris
Altshuler and Michael Berry for informative discussions. This work was partly supported by
the Israel Science Foundation, by the US–Israel Binational Science Foundation, by the Minerva
Center of Nonlinear Physics of Complex Systems, by the Shlomo Kaplansky academic chair
and by the Fund for Promotion of Research at the Technion. MW is grateful to the Technion for
their kind hospitality during his visit.
References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]

Anderson P W 1958 Phys. Rev. 109 1492
Lee P A and Ramakrishnan T V 1985 Rev. Mod. Phys. 57 287
Schwartz T, Bartal G, Fishman S and Segev M 2007 Nature 446 52
De Raedt H, Lagendijk A and de Vries P 1989 Phys. Rev. Lett. 62 47
Lahini Y, Avidan A, Pozzi F, Sorel M, Morandotti R, Christodoulides D N and Silberberg Y 2008 Phys. Rev.
Lett. 100 013906
Levi L, Rechtsman M, Freedman B, Schwartz T, Manela O and Segev M 2011 Science 332 1541
Sanchez-Palencia L, Clement D, Lugan P, Bouyer P, Shlyapnikov G V and Aspect A 2007 Phys. Rev. Lett.
98 210401
Mott N and Davis E A 1979 Electronic Processes in Non-Crystalline Materials 2nd edn (New York: Oxford
University Press)
Mott N F 1969 Phil. Mag. 19 835
Wilkinson M 1991 J. Phys. A: Math. Gen. 24 2615
Ovchinnikov A A and Erikhman N S 1975 J. Exp. Theor. Phys. 40 733
Madhukar A and Post W 1977 Phys. Rev. Lett. 39 1424

New Journal of Physics 14 (2012) 043047 (http://www.njp.org/)

15
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]

Amir A, Lahini Y and Perets H B 2009 Phys. Rev. E 79 050105
Izrailev F M and Krokhin A A 1999 Phys. Rev. Lett. 82 4062
Kuzovkov V and von Niessen W 2006 Physica A 369 251
Hamza E, Kang Y and Schenker J 2011 Lett. Math. Phys. 95 53
Kuzovkov V N 2011 Phys. Scr. 84 065002
Lye J E, Fallani L, Modugno M, Wiersma D S, Fort C and Inguscio M 2005 Phys. Rev. Lett. 95 070401
Jayannavar A M and Kumar N 1982 Phys. Rev. Lett. 48 553
Zaslavsky G M and Chirikov B V 1972 Sov. Phys.—Usp. 14 549
Chirikov B V 1979 Phys. Rep. 52 263
Lichtenberg A J and Lieberman M A 2010 Regular and Chaotic Dynamics 2nd edn (Berlin: Springer)
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