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Abstract. We derive semiclassical trace formulae including Gutzwiller’s trace formula using coherent states. This formulation has several advantages over the usual coordinate-space formulation.
Using a coherent-state basis makes it immediately obvious that classical periodic orbits make separate contributions to the trace of the quantum-mechanical time evolution operator. In addition,
our approach is manifestly canonically invariant at all stages, and leads to the simplest possible
derivation of Gutzwiller’s formula.
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1 Introduction
Gutzwiller’s trace formula [1–3] relates the density of states of a quantum system
to periodic orbits of the corresponding classical Hamiltonian. In its usual form it
applies to systems with a discrete quantum spectrum, and isolated, unstable periodic orbits. In the general case it is not an exact relation. The density of states
qðEÞ may be expressed in terms of the trace of the quantum-mechanical time evolution operator
ð1
P
dt
qðEÞ ¼
exp ðiEt=hÞ Tr ½U^t 
dðE  En Þ ¼
ð1Þ
2p
h
n
1
^ t=hÞ is the quantum-mechanical
where En are the eigenvalues and U^t ¼ exp ðiH
time evolution operator. The idea is to approximate the trace by a formula valid in
the semiclassical (h ! 0) limit. Gutzwiller has also provided a discussion of some
precursors of his expression in the mathematical literature [3], including an exact
formula due to Selberg (discussed in [4]) which applies to the Schrödinger equation on closed manifolds of constant negative curvature. Gutzwiller’s formula has
been used as a basis for many investigations in semiclassical quantum mechanics,
with applications in atomic [5], molecular and mesoscopic physics [6]. We will discuss some of its extensions in due course. It is certainly a powerful and fundamen* mehlig@fy.chalmers.se
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tal element in semiclassical quantum theory, and it is desirable to have a clear and
direct derivation.
The original derivation by Gutzwiller is undeniably far more complicated than
the final result, and it also has the disadvantage that it uses the coordinate representation of the quantum-mechanical time evolution operator, whereas the final
answer is expressed in a canonically invariant form. The approach described here
uses a coherent-state basis to evaluate the trace. The coherent states jai will be
defined later. They are labeled by a phase-space point a ¼ ðq; pÞ –– q and p are
d-dimensional coordinate and momentum vectors respectively –– and may be
thought of as wave packets positioned at the phase-space point a. The trace of any
operator may be expressed as an integral over coherent states. For example, the
trace of U^t may be written as
ð
da
haj U^t jai :
ð2Þ
Tr ½U^t  ¼
ð2p
h Þd
The semiclassical approximation for the state resulting from the action of the time
evolution operator U^t on the coherent state jai is clearly expected to be a wave
packet with phase-space coordinates at which are the result of mapping the phasepoint a for time t under the action of Hamilton’s equations. The contribution to the
integral (2) from the phase point a is clearly negligible unless a is very close to a
periodic orbit of period close to t. The fact that the density of states may be expressed in terms of periodic orbits is thus immediately obvious when the coherent
state basis is used. This point was made some time ago in a paper by one of us [7].
It is less obvious how the precise form of Gutzwiller’s trace formula may be
obtained using coherent states. A derivation based upon coherent states has previously been given by Combescure et al. [8], but we will argue shortly that our
method has the advantage of being canonically invariant, as well as being considerably simpler. Our calculation builds upon the semiclassical evolution of coherent
states as described in [9]. Translation of wave packets in phase space is effected by
so-called Weyl-Heisenberg operators, T^ ðaÞ. Wave packets are not only moved
around in phase space but, in general, also deformed under quantum evolution.
This deformation is described by a symplectic transformation represented by a
matrix S~. A representation of symplectic transformations on the quantum-mechan^ ðS~Þ (they actually form a
ical Hilbert space is achieved by metaplectic operators R
double covering of the symplectic group). In [9] the metaplectic operators are expressed in terms of coordinate-space matrix elements, and a similar coordinatespace representation was used by Combescure et al. Our calculation uses the Weyl
representation of metaplectic operators, partially developed in [10], in which an
^ is represented as an integral over Weyl-Heisenberg operators T^ ðaÞ,
operator A
with weight AðaÞ. This representation gives a canonically invariant formulation,
without reference to any coordinate-space representations.
Our derivation of Gutzwiller’s formula is based upon a simple formula for the
trace of a metaplectic operator
ðipn=2Þ
^ ðS~Þ ¼ qexp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Tr ½R
jdet ðS~  I~Þj

ð3Þ
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(where n is an integer index). It uses the fact that the periodic-orbit contributions
~ p Þ where Rp is Hamilton’s ac^ ðM
to Tr ½U^t  are proportional to exp ðiRp =
hÞ Tr ½R
~ p is the corresponding stability matrix. The use
tion along the periodic orbit and M
of this expression leads to a derivation which is arguably the simplest possible,
since none of the intermediate stages involve expressions which are significantly
more complicated than the final result. All of the stages are canonically invariant.
An advantage of finding a simplified derivation is that extensions and variations
of the original expression are easily obtained. Gutzwiller’s trace formula has been
extended to give an expression for the density of states of integrable systems [11].
It has also been extended by one of us to yield information about diagonal [12]
and off-diagonal [7] matrix elements of operators. We will also give very direct
derivations of the latter two formulae, and discuss the integrable case briefly in the
concluding section.
The remainder of this paper is organized as follows. Section 2 deals with some
definitions and notation. Section 3 discusses a semiclassical approximation using
the Weyl representation of metaplectic operators. This representation of metaplectic operators has not previously been developed in detail. It allows us to work
entirely in phase space, thus simplifying the discussion considerably. In section 4
we show how to derive a trace formula for the density of eigenphases of a Floquet
matrix corresponding to a chaotic quantum map. While this example has limited
physical applications, it serves as a simple illustrative example. In section 4.2 we
derive the Gutzwiller trace formula for chaotic flows. The discussion is parallel to
that of section 4.3, with the complication that the marginal direction along the flow
has to be treated separately. Section 4.3 considers more general trace formulae for
chaotic systems. Section 5 contains a discussion of the results.

2 Definitions and notation
2.1 Traces
We consider a closed quantum system described by a time-independent Hamilton^ , for which the solution of the stationary Schrödinger equation gives rise to
ian H
^ jyj i ¼ Ej jyj i. The density of
discrete energy levels Ej and eigenfunctions jyj i, H
states is defined as
P
dðE  Ej Þ :
ð4Þ
qðEÞ 
j

In the following it will be shown how to obtain semiclassical estimates of this and
more general densities such as
P
^ jy i dðE  Ej Þ ;
hyj j A
ð5Þ
qA ðEÞ ¼
j
j

SA ðE; hwÞ ¼

P

^ jy ij2 dð
jhyj j A
hw  Ek þ Ej Þ dðE  Ej Þ :
l

ð6Þ

j; l

^ is an observable with a classical limit. The three densities qðEÞ; q ðEÞ and
Here, A
A
SA ðE; hwÞ may be written as traces over the quantum-mechanical time evolution
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operator
^ t=
hÞ :
U^t  exp ðiH
One has
qðEÞ ¼

ð1
1

ð7Þ

dt
exp ðiEt=
hÞ Tr ½U^t  ;
2p
h

ð8Þ

ð1

dt
^U^t  ;
exp ðiEt=hÞ Tr ½A
ð9Þ
2p
h
1
ð1
ð1
dt
ds
^U^s A
^U^ts  : ð10Þ
exp ðiEt=hÞ
exp ðiwsÞ Tr ½A
SA ðE; 
hwÞ ¼
2p
h
2p
h
1
1
qA ðEÞ ¼

In the remainder of this article, semiclassical expressions for the traces occurring in
eqs. (8) to (10) will be sought.
We will also consider explicitly time-dependent systems, subject to a driving
force with period T. In this case the density of eigenphases qj of the Floquet operator U^T will be calculated. The Floquet operator maps solutions jyt i of the timedependent Schrödinger equation according to jytþkT i ¼ U^Tk jyt i where k is an integer. U^T is a unitary operator and the density of its eigenphases is defined as
qðqÞ ¼

1
N
P
P

dðq  qj  2plÞ :

ð11Þ

l¼1 j¼1

This may be written as
qðqÞ ¼

1
2p
h

1
P

N
P

einðqqj Þ

ð12Þ

n¼1 j¼1

using the Poisson summation formula. Thus
qðqÞ ¼

1
2p
h

1
P
n¼1

Tr ½U^Tn  einq ¼

P
N
1
þ
Re
Tr ½U^Tn  einq :
2ph ph
n>0

ð13Þ

In this case, we seek a semiclassical expression for Tr ½U^Tn  for n > 0. Eq. (13) may
be viewed as a discrete analogue of eq. (8).
2.2 Classical dynamics
We consider a possibly time-dependent Hamiltonian flow defined by the Hamilton
function
Hðq; p; tÞ
with
d
degrees
of
freedom.
Here
a ¼ ðq; pÞ
¼ ðq1 ; . . . ; qd ; p1 ; . . . ; pd Þ are phase-space coordinates, at is a family of phase-space
points representing a trajectory labeled by time t. The flow is governed by Hamilton’s equations
a_ t ¼ J~
with
J~ ¼



@H
@at


~
0 I~
:
I~ ~
0

ð14Þ

ð15Þ
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~t
The separation dat of two nearby trajectories is given by the stability matrix M
~ t da0 :
dat ¼ M
~ t obeys the differential equation
The stability matrix M
d ~
~t ;
Mt ¼ J~K~t M
dt
where we have defined the matrix K~t with matrix elements

@ 2 H 
:
fK~t gij 
@ai @aj a¼at

ð16Þ

ð17Þ

ð18Þ

3 Semiclassical dynamics in phase space
We will make use of a representation of quantum dynamics in phase space and
will evaluate traces such as the trace Tr ½U^t  of the time evolution operator U^t in a
coherent-state basis.
3.1 Coherent states and Weyl-Heisenberg operators
Following the notation established in [9] we denote coherent states by
ja0 i ¼ T^ ða0 Þ j0i

ð19Þ

where the state j0i is the ground state of a harmonic oscillator and the Weyl-Heisenberg operator T^ ða0 Þ is given by
T^ ða0 Þ ¼ eiða0 ^ a^Þ=h

ð20Þ

^ ¼ ðq^; p^Þ. Throughout we define a0 ^ a1 ¼ q0  p1  q1  p0, where q  p dewhere a
notes the usual scalar product. Weyl-Heisenberg operators have the following properties (all of which may be verified using the Baker-Cambbell-Hausdorff formula [13]).
1. Translation
y
^ T^ ða0 Þ ¼ a
^ þ a0 :
T^ ða0 Þ a

ð21Þ

2. The Weyl-Heisenberg operators satisfy the following concatenation property
T^ ða0 Þ T^ ða1 Þ ¼ ei½a0 ^ a1 =2h T^ ða0 þ a1 Þ :
1
y
From this it follows that T^ ða0 Þ ¼ T^ ða0 Þ ¼ T^ ða0 Þ.
3. Equation of motion


d ^
1
^ :
½a_ t ^ at  þ ½a_ t ^ a
i
h
T ðat Þ ¼ T^ ðat Þ
dt
2

ð22Þ

ð23Þ

The Weyl-Heisenberg operators translate wave packets in phase space, by virtue of
(21). It is expected that wave packets are not only moved around but also deformed under quantum evolution. In order to represent deformations of wave
packets one needs a representation of symplectic transformations S~ on the Hilbert
space of the system.
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3.2 Representation of symplectic transformations
We seek operators which provide a representation of symplectic matrices S~ on the
Hilbert space of the system. These are termed metaplectic operators, and are de^ ðS~Þ which represent the symplectic
fined by the requirement that the operators R
~
matrices S are unitary matrices, satisfying
^ ðS~Þ T^ ðaÞ R
^ 1 ðS~Þ ¼ T^ ðS~aÞ :
R

ð24Þ

Usually [8, 9] this representation is derived in configuration space and explicitly
^ ðS~Þ jqi of
defined by prescribing the configuration-space matrix elements hq0 j R
^ ðS~Þ. In the mathematical literature so-called Fock-space representations of symR
plectic transformations are often used. These go back to and are defined in [14].
Such representations introduce additional undesirable complications in the present
context. In the following we use the Weyl representation [15] of the metaplectic
^ ðS~Þ, in which an operator is expressed in terms of an integral over the
operators R
Weyl-Heisenberg operators. This representation is simpler, and also more natural
because it uses phase space throughout, avoiding making an arbitrary choice of
coordinates. The only place where we are aware of the Weyl representation of the
metaplectic operators having been constructed previously is in [10] (the results
differ slightly: the requirement of unitarity was not imposed, the expansion was in
terms of magnetic translations rather than Weyl-Heisenberg translations, and a
phase factor was included which always evaluates to unity).
The operator
ð
 i
exp ðipn=2Þ
dy
~
~y T^ ðyÞ
^
RðSÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yA
exp
ð25Þ
d
2h
ð2p
h
Þ
~
~
jdet ðS  I Þj
is the metaplectic representative of the d-dimensional symplectic matrix S~ when
~ is given by
the symmetric matrix A
~ ¼ 1 J~ðS~ þ I~Þ ðS~  I~Þ1 :
A
2

ð26Þ

The integer index n will be discussed further in due course, but we remark that
~ are large and positive, setting n ¼ d makes R
^ ðS~Þ
when all of the eigenvalues of A
^
approximate the identity operator, I . Following the approach of reference [10],
using (22) it is easily verified that this expression satisfies (24), and that the following properties hold:
^ ðS~Þ represents symplectic transformations on the quantum-me1. The operator R
chanical Hilbert space, in the sense that it satisfies (24), and also
^ ðS~Þ a
^ 1 ðS~Þ ¼ S~1 a
^R
^:
R
~
^
2. The operator RðSÞ is unitary

ð27Þ

^ ðS~Þ R
^ y ðS~Þ ¼ I^:
R
^ ðS~Þ obeys the following law of concatenation
3. The operator R

ð28Þ

^ ðS~2 Þ ¼  R
^ ðS~1 S~2 Þ :
^ ðS~1 Þ R
R
The origin of the sign will be discussed in due course.

ð29Þ
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Thus (25) constitutes the desired quantum-mechanical representation of symplectic
transformations. Furthermore, the following properties will be used below:
4. The representation of a symplectic matrix with an infinitesimal generator,
~ J~ (with H
~ symmetric) is given by
S~ ¼ I~EH
~ J~a
^ ðS~Þ ¼ I^  iE a
^  J~H
^ þ OðE2 Þ ;
R
2
h

ð30Þ

compare [15, 16].
5. Using the infinitesimal representation (30), it was shown in [9] that the operator
^ ðS~t Þ obeys the equation of motion
R
d ^ ~
1
dS~
^ ðS~t Þ :
^R
^  J~ t S~1
a
Rð S t Þ ¼  a
dt
2
dt t
^ ðS~Þ is
6. Finally, the trace of R
i
h

ð31Þ

^ ðS~Þ ¼ qexpðipn=2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
Tr ½R
jdet ðS~  I~Þj

ð32Þ

This is immediately obvious from (25) by noting that Tr ½T^ ðyÞ ¼ ð2phÞd dðyÞ.
Obviously, the representation (25) breaks down whenever S~ has eigenvalues
unity. It will be seen below that in a semiclassical description of wave-packet dynamics, S~ is just the stability matrix of the classical nearby-orbit problem. In the
case of chaotic Hamiltonian flows, this stability matrix always has at least two
eigenvalues unity, corresponding to the direction along the flow (parallel direction).
In this case it is possible, as will be shown below, to separate the metaplectic representations corresponding to motion in the parallel and perpendicular directions.
For the metaplectics in the parallel direction, the following representation will be
useful: the singular 2  2 symplectic matrix


1 b
~
S¼
ð33Þ
0 1
is represented by the metaplectic operator
ð1
1
2
^ ðS~Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R
dx1 eix1 =2hb T^ ðxÞ
2pi
hb 1

ð34Þ

with x ¼ ðx1 ; 0Þ (c.f. [10, 17]). An infinitesimal negative imaginary part added to
the real number b makes this integral convergent. Note that the phase of the prefactor increases by p=2 when b goes negative. This representation of a subgroup of
symplectic transformations satisfies the above properties 1––3.
3.3 Topology of the symplectic group
We must now consider the topology of the group of symplectic matrices and of the
corresponding metaplectic operators. In particular, we must explain the fact that
the metaplectic operators form a ‘double covering’ of the symplectic matrices,
since this property gives contributions to the Maslov indices [18] which occur in
the Gutzwiller trace formula.
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We commence by discussing some results which are already known [9]. We consider only the case of 2  2 matrices; the results generalise to higher dimensions. A
general symplectic matrix may be written in the form
S~ ¼ S~T S~R
ð35Þ
where S~T and S~R are, respectively, a symmetric matrix satisfying detðS~T Þ ¼ 1, and
an orthogonal matrix. In the case of 2  2 matrices, the matrix S~T belongs to a
two-parameter family with the topology of the plane, and S~R is a rotation matrix
parametrised by an angle q, so that the space of the orthogonal matrices has a
circular topology. The space of 2  2 symplectic matrices therefore has the topology of the Cartesian product of a plane and a circle. The symplectic matrices can
also be labeled by points in a space of three real variables, as a periodic function
of the parameter q. It will be helpful to bear both representations in mind. We will
term these two regions of parameter space the ‘fundamental domain’ and the ‘extended domain’, respectively. The extended domain consists of a set of ‘cells’,
which are replicas of the fundamental domain generated by adding an integer multiple of 2p to q.
^ ðS~Þ may be represented as analytic functions of the
The metaplectic operators R
underlying symplectic matrices S~, but this analytic representation could be multivalued. We discuss the simplest case, in which the matrix S~T is the identity matrix,
so that S~ is a 2  2 rotation matrix, S~R ðqÞ. The metaplectic operator representing a
rotation in phase space is clearly generated by the action of a harmonic oscillator
Hðq; pÞ ¼ 12 ðq2 þ p2 Þ. The corresponding metaplectic operator may be written
either in the form (25), or alternatively


^ ðS~R ðqÞÞ ¼ exp i ð^
q2 þ p^2 Þ q :
R
ð36Þ
2
h
By expanding states in a basis of harmonic oscillator eigenfunctions, we see that in
the extended domain, this operator clearly satisfies the concatenation rule in the
^ ðS~R ðq1 þ q2 ÞÞ ¼ R
^ ðS~R ðq1 ÞÞ R
^ ðS~R ðq2 ÞÞ, but R
^ ðS~R ð2pÞÞ ¼ I^. We therefore
form R
see that in the fundamental domain, the metaplectic representation of rotations is
a double covering, in the sense that a product of two metaplectics is equal to another metaplectic only up to a sign. Specifically, for q in the fundamental interval
½0; 2pÞ, we have
^ ðS~R ðq1 ÞÞ R
^ ðS~R ðq2 ÞÞ ¼ ð1Þs R
^ ðS~R ððq1 þ q2 Þ mod 2pÞÞ ;
R


q1 þ q2
:
s ¼ int
2p

ð37Þ

This property is general, in that the metaplectic operators do form a double covering
of the symplectic operators in the fundamental domain, although they can be represented as a single valued analytic function in the extended domain. This assertion
can be checked by means of the following argument. Firstly, using the properties of
the Weyl-Heisenberg operators, it is verified that (25) satisfies (29), with a factor
ð1Þs appearing rather than some more general phase factor. Continuity considerations show that if (37) holds when S~ ¼ S~R , it must also hold in the more general case,
implying a double-valued rather than single-valued function throughout the funda-
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mental domain. The fundamental domain could be delimited by the planes q ¼ 0 and
q ¼ 2p in the representation (35), although there is an arbitrariness in the choice of
the boundaries, and we will discuss an alternative choice shortly.
We now discuss the index n appearing in our general representation of the metaplectic operators, defined by (25). This is an explicit analytic representation, which
is defined everywhere except upon the manifold of codimension 1 where
det ðS~  I~Þ ¼ 0. (Alternative representations, such as (34), are available on this
manifold.) The index n is chosen so that the resulting representation of the metaplectic operators is continuous across manifolds where det ðS~  I~Þ ¼ 0. It changes
by 1 on each crossing. The manifolds where det ðS~  I~Þ ¼ 0 are of two types; the
function det ðS~  I~Þ is either increasing or decreasing as q increases. These form an
alternating sequence as q increases (although they may coalesce to a double zero,
as happens when S~T ¼ I~). For our purposes it will be convenient to define the
domain boundaries as being one of these two sets of surfaces satisfying the equation det ðS~  I~Þ ¼ 0. There are two possibilities for the change of the index upon
crossing to a successive cell. Either the changes of index have the same sign on
each of the two manifolds where det ðS~  I~Þ ¼ 0, or they have different signs. The
fact that the metaplectic operators change sign when q increases by 2p implies that
the former possibility is realised. The index n therefore changes by 2 when crossing to an equivalent point in an adjacent cell.
3.4 Semiclassical dynamics
In Ref. [9] the following ansatz for the quantum-mechanical time evolution operator is discussed for the evolution of the coherent state jai
^ ðS~t Þ j0i :
jat i  U^t ja0 i  eigt =h T^ ðat Þ R
ð38Þ
It is not possible to write a corresponding semiclassical ansatz for the operator U^t
itself, in a form which is independent of the label of the coherent state upon which
it acts. Nevertheless, (38) is sufficient for our purposes. The phase gt and the matrix S~t are to be determined by substitution into the Schrödinger equation
d
^ jat i :
jat i ¼ H
dt
The lhs of (39) gives

ð39Þ

ih

^ ðS~t Þ j0i
 g_ t eigt =h T^ ðat Þ R
^ ðS~t Þ j0i
^Þ R
þ eigt =h T^ ðat Þ ð12 ½a_ t ^ at  þ ½a_ t ^ a
^ ðS~t Þ a
^  J~
 12 eigt =h T^ ðat Þ R

dS~t ~1 ^ ~
^RðSt Þ j0i :
S a
dt t

The rhs of (39) is evaluated using

igt =h
^
^ ðS~t Þ j0i þ T^ ðat Þ @H a^R
^ ðS~t Þ j0i
Hðat ; tÞ T^ ðat Þ R
H jat i ¼ e
@at

1 ^
~
~
~
^
^ : J Kt a
^RðSt Þ j0i þ   
þ T ðat Þ a
2

ð40Þ

ð41Þ
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with K~t given by eq. (18). This expression can be obtained from the Weyl quantisation scheme. One thus obtains the following set of equations,
g_ t ¼ 12 ½at ^ a_ t   Hðat Þ ;
@H
;
a_ t ¼ J~
@at
d ~
St ¼ J~K~t S~t :
dt
From (42) it follows that gt is related to Hamilton’s action Rt
Ð
gt ¼ Rt  12 pt  qt þ 12 p0  q0 ;
Rt ¼ p  dq  H dt

ð42Þ
ð43Þ
ð44Þ

ð45Þ

Eqs. (44) are just Hamilton’s equations, (14). By comparison of (17) and (45) it
~ t . The final result is [9]
follows that S~t is the stability matrix M
~ t Þ j0i :
^ ðM
jat i  eiðRt pt qt =2þp0 q0 =2Þ=h T^ ðat Þ R

ð46Þ

The propagation of a state ja0 iy is thus envisaged as follows: ja0 i is transported to
~ t Þ and finally the
^ ðM
the origin of phase space by T^ ða0 Þ, there it is deformed by R
^
state is transported to jat i by T ðat Þ.
The evolution of the wave packet should be continuous. The metaplectic operators can be presented as an analytic function of the symplectic matrices in the
extended domain. If we follow the evolution of the symplectic matrix as the trajectory evolves, the metaplectic operator evolves continuously, and expression (46)
~ t crosses the a manifold
remains valid. The index n changes by 1 each time M
~ t  I~Þ ¼ 0. These changes of index are the origin of the Maslov inwhere det ðM
dices [18] which appear in the Gutzwiller trace formula.

4 Trace formulae for classically chaotic (hyperbolic) systems
4.1 Gutzwiller’s trace formula for chaotic maps
In this section, we consider a time-dependent Hamiltonian flow with d ¼ 1 degree
of freedom, defined by the Hamilton function Hðq; p; tÞ, such as a driven pendulum with a periodic driving force of period T. We define a stroboscopic section at
t ¼ nT, with n ¼ 0; 1; 2; . . .. The dynamics on the stroboscopic section, generated
by the flow Hðq; p; tÞ, is given by a Poincaré map acting on the stroboscopic section. The quantum evolution operator of this Hamiltonian, U^t evaluated at the
stroboscopic time t ¼ T is termed the Floquet operator. We will obtain an expression for the trace of powers of the Floquet operator U^nT ¼ ½U^T n , and use this to
give a trace formula for the density of eigenphases. We may write
ð
da
haj U^t jai :
ð47Þ
Tr ½U^t  ¼
2p
h
Now
y
~ t Þ j0i : ð48Þ
^ ðM
haj U^t jai  exp ½iðRt  pt qt =2 þ p0 q0 =2Þ=h h0j T^ ðaÞ T^ ðat Þ R
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α p + Mpδα
α p + δα
q
Fig. 1 Illustrates the nearby orbit problem for a classical map. Shown is
a periodic orbit ap and a nearby orbit starting at ap þ da and leading to
~ p da in time t.
ap þ M

~ t Þ in the extended domain.) We assume that the classical
^ ðM
(Here we consider R
dynamics is hyperbolic. In this case, within the semiclassical approximation, the
essential contributions to this trace will come from isolated, unstable periodic
points ap and we write (compare fig. 1)
a0 ¼ ap þ da ;

~ p da ;
at ¼ a p þ M

ð49Þ

~ p is the stability matrix evaluated at the periodic point. Using
where t ¼ nT, and M
(22) and (24) one has for the matrix element in the vicinity of ap
y
~ p daÞ R
~ p Þ j0i  exp ½iap ^ ðM
~ p  I~Þ da=2h
^ ðM
h0j T^ ðap þ daÞ T^ ðap þ M
~ p Þ jdai :
^ ðM
ð50Þ
 hdaj R

Consider the expansion of the phase in (48) about the phase value Rp characterising the period orbit. From (42), the difference dgt between the phases characterising two nearby trajectories satisfies the following differential equation:
dg_ t ¼ 

1
1
1
1 d
~ t daÞ :
dat ^ a_ t  at ^ da_ t  dat ^ da_ t  dH ¼ 
ðat ^ M
2
2
2
2 dt
ð51Þ

This equation must be solved subject to the boundary condition that dg0 ¼ 0. The
solution is
~ t da þ 1 a0 ^ da :
dgt ¼  12 at ^ M
2

ð52Þ

For a periodic orbit, at ¼ a0 ¼ ap , so that in the neighbourhood of such an orbit
~p ¼ M
~t)
(with M
~ p  I~Þ da :
dg ¼  12 ap ^ ðM

ð53Þ

Expanding the phase in (48) in the vicinity of ap, one now obtains
~ p  I~Þ da þ Oðda3 Þ :
Rt  pt qt =2 þ p0 q0 =2 ¼ Rp  12 ½ap ^ ðM

ð54Þ

Taking everything together (note that all terms linear in da in the phase cancel)
we obtain for the contribution Tr ½U^t p of a periodic point ap to the trace of U^t :
~ p Þ :
^ ðM
hÞ Tr ½ R
Tr ½U^t p  exp ðiRp =

ð55Þ
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It thus turns out that the stability property of the periodic orbit is encoded in the
~ p Þ. Using (32) we have
^ ðM
trace of R
Tr ½U^t p 

exp ðiRp =
h þ ipnp =2Þ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
~ p  I~Þj
jdet ðM

ð56Þ

This contribution is summed over all periodic points and one obtains
Tr ½U^Tn  

P

np exp ðiRp =h þ ipnp =2Þ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
periodic points p
~ p  I~Þj
jdet ðM

ð57Þ

of order n

where p is now an integer index labeling the periodic points. The sum is over all
periodic points, including primitive points and their repetitions. In the latter case,
np ¼ n=rp where rp is the order of repetition. With this result one finds for the
density (13) of eigenphases
dðqÞ 

P np exp ½iðRp  np rp qÞ=h þ ipnp =2
P N
1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

Im
:
2p
h p
h
p
~  I~Þj
jdet ðM

ð58Þ

p

This is Gutzwiller’s trace formula for chaotic maps, discussed in reference [19]. The
first term is often called Weyl contribution and describes the average density of
states.
4.2 Gutzwiller’s trace formula for chaotic Hamiltonian flows
In this section we consider chaotic Hamiltonian flows with d ¼ 2 degrees of freedom and a time-independent Hamilton function Hðq; pÞ. As in the previous section, a semiclassical approximation for the trace of the quantum-mechanical time
evolution operator U^t will be derived, in order to find a semiclassical expression
for the density of states. The trace Tr ½U^t  will again be evaluated using coherent
states, using (2). There are two contributions: a smooth part (Weyl term) due to
very short orbits (corresponding to the first term in (58)) and oscillatory contributions from periodic orbits.
We consider the smooth part first. For very short times,
i
haj U^t jai ’ haj T^ ðdat Þ jai e h HðaÞ t

ð59Þ

where dat ¼ at  a. If the coherent states are those of the Hamiltonian
HðaÞ ¼ 12 a  a, then we may write
hÞ
haj T^ ðdat Þ jai ¼ f ðjdat j=

ð60Þ

where jaj is the Euclidean norm of a, (and the function f ðxÞ is a Gaussian, satisfying f ð0Þ ¼ 1). Thus the smooth part of the density is
ð1
ð
da
dt i½EHðaÞt=h
e
f ðjda_ j t=hÞ
hqðEÞi 
2
h
ð2p
hÞ 1 2p
ð
pﬃﬃﬃ
da
1
pﬃﬃﬃ f~½ðE  HðaÞ=jda_ t j h
ð61Þ
¼
2
h
ð2p
hÞ ja_ t j 
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where f~ðyÞ is the Fourier transform of f ðxÞ. Now, noting that
lim
E!0

1 ~
f ðx=EÞ ¼ f ð0Þ dðxÞ ;
E

the contribution to the density of states from short times is
ð
da
d½E  HðaÞ ;
hqðEÞi 
ð2p
h Þ2

ð62Þ

ð63Þ

which is the well known Weyl estimate [3].
We now turn to the periodic-orbit contributions. The derivation of the previous section needs to be slightly modified since (as we shall shortly show) the
stability matrix for a flow always has an eigenvalue unity (along the direction of
the flow). Thus the representation (25) is singular. The solution to this problem
is to treat longitudinal and transverse coordinates separately, as described in the
following.
It will be helpful to introduce a local canonical coordinate system in the vicinity
of an unstable periodic orbit. The reference orbit is denoted by ap ðt; hÞ, with t
measuring the time taken a reach the point ap ðt; hÞ from some arbitrary starting
point on the orbit at energy h. The period of the orbit is Tp ðhÞ. Any point close to
the orbit may be specified by giving its deviation from some point on the reference
orbit: a ¼ ap ðt; hÞ þ da, where da depends upon t and h. For points close to the
orbit at a reference energy h0, we will find it convenient to represent the deviations by a transformed set of local canonical coordinates, da0 , such that
~ 0 ðtÞ da0 ;
da ¼ M

da0 ¼ ðdt; dE; dX; dPÞ ;

ð64Þ

~ 0 is a symplectic matrix depending upon t. This matrix is chosen so that
where M
the new coordinates da have the following interpretations. The energy dE is defined by dE ¼ HðaÞ  h0. The time coordinate dt measures the contribution to the
displacement da from a vector parallel to the flow, namely J~ @H=@a. The remaining coordinates db ¼ ðdX; dPÞ measure perpendicular displacements from the orbit; they are chosen such that db ¼ 0 corresponds to a point on the reference periodic orbit at energy h0 þ dE. The construction of the symplectic transformation
~ 0 ðtÞ is described in an appendix. Note that this symplectic transformation is periM
~ 0 ðt þ Tp ðh0 ÞÞ ¼ M
~ 0 ðtÞ.
odic: M
Given an initial deviation da from the reference trajectory ap ðt; h0 Þ at time
t ¼ 0, there will be a corresponding deviation at from ap ðt þ t; h0 Þ at a later time t.
We write
~ 0 ðt þ tÞ da0 ;
dat ¼ M
t

~ 00 da0 ;
da0t ¼ M
t

ð65Þ

~ 00 is a monodromy matrix which describes the instability of the orbit in the
where M
t
local canonical coordinates da0. The construction of the da0 coordinates implies
that there is no coupling between the deviation in the ðdE; dtÞ subspace and the
delta db subspace.


@t
0
0
~
da ¼ dt; dh; db ;
dh; dh; M? db ;
dat ¼ dt þ
ð66Þ
@E
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~ 00 has the following form
so that the stability matrix M
t


~
~
0
~ 00 ¼ Mjj
M
t
~ M
~?
0

ð67Þ

~ and M
~ ? are 2  2 symplectic matrices, with
where M


~ jj ¼ 1 b ;
ð68Þ
M
0 1
~ ? is a ðd  1Þ  ðd  1Þ symplectic matrix mapping infinitesiand b ¼ dt=dE, and M
mal deviations in the transverse coordinates. In the fixed canonical coordinate system, the stability matrix describing the evolution of small deviations da from the
~t ¼ M
~ 0 ðt þ tÞ M
~ 00 ½M
~ 0 ðtÞ1.
reference trajectory is M
t
^
Evaluation of the trace Tr ½Ut  follows the approach used in section 4.1, and
~ t Þ jdai. The metaplectic operator R
~ t Þ must
^ ðM
^ ðM
requires the evaluation of hdaj R
be considered a a continuous function of t, defined in the extended domain. It may
be written as a product, so that when t  Tp ðh0 Þ:
~ 0 ðt þ tÞÞ R
~ 00 Þ ½R
~ 0 ðtÞÞ1 
~ t Þ ¼ Tr ½R
^ ðM
^ ðM
^ ðM
^ ðM
Tr ½R
t
~ 0 ðtÞÞ R
~ 00 Þ ½R
~ ðtÞÞ1 
^ ðM
^ ðM
^ ðM
¼ ð1Þs Tr ½R
t
~ 00 Þ :
^ ðM
¼ ð1Þs Tr ½R
t

ð69Þ

~ 0 ðtÞ is periodic, so that R
~ 0 ðtÞÞ is periodic
^ ðM
Here we have used the fact that M
s
apart from a factor ð1Þ discussed in section 3.3.
~ 00 Þ may be written in the form
^ ðM
The operator R
t
!
^
~ kÞ
^ ðM
R
0
00
~ Þ¼
^ ðM
ð70Þ
R
t
^
~ ?Þ
^ ðM
0
R
~ k Þ and R
~ ? Þ are operators acting upon Hilbert spaces corresponding
^ ðM
^ ðM
where R
to respectively one and d  1 degrees of freedom. These operators may be expressed as integrals of the form (25), constructed using sets of mutually commuting
translation operators, respectively T^ ðt; hÞ and T^ ðbÞ. This implies that the matrix
~ 00 Þ is in the form of a product
^ ðM
element of the metaplectic operator R
t
~ 00 Þ jdai ¼ hdt; dhj R
~ jj Þ jdt; dhi hdbj R
~ ? Þ jdbi :
^ ðM
^ ðM
^ ðM
hdaj R
t

ð71Þ

We now evaluate a contribution to Tr ½U^t  arising from a periodic orbit. The dominant contribution arises for period orbits of period Tp ¼ t, and we choose the energy h such that this condition is satisfied. Following the argument leading from
(48) to (55), the contribution to the trace is
ð
ð1
ð
ð1Þs Tp
^
dt
ddh ddb hap þ daj U^t jap þ dai
Tr ½Ut p ¼
ð2p
h Þ2 0
1
ð
ð1
exp ðiRp =
h þ ipsÞ Tp
~ jj Þ jdhi Tr ½R
~ ? Þ
^ ðM
^ ðM
dt
ddh hdhj R
¼
2p
h
1
0
ð72Þ
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where Rp is the action of the periodic orbit, with the energy h chosen such that
Tp ðhÞ ¼ t. Using eqs. (32) and (34), and performing the integral over t, this evaluates to
exp ½iRp =
h þ ipðmp þ 2sÞ=2Þ
Tp
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Tr ½U^t p ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
ð73Þ
2pi
hbp
~ ?  I~Þj
jdet ðM
p

~ ? is evaluated for the periodic orbit with period Tp ¼ t, and m is an addiwhere M
p
~ ? Þ is a continuous function of time along the peri^ ðM
tional index chosen so that R
odic orbit. This expression is an explicit function of h, but implicitly a function of t,
since h satisfies t ¼ Tp ðhÞ.
Now the time integral over Tr ½U^t  is performed, in order to evaluate the density
of states. The contribution due to a single family of periodic orbits is
ð1
dt
exp ðiEt=
hÞ Tr ½U^t p :
qðEÞ ¼
ð74Þ
h
1 2p
This integral is approximated using the method of stationary phase. The time is
written t ¼ t0 þ dt where t0, the stationary phase point, satisfies
d
ðEt þ Rp Þ ¼ 0
dt

for

t ¼ t0 :

ð75Þ

We will discuss the solution of this equation in detail. For each value of the time t
over which we integrate, the integrand is evaluated at a different value of the
energy, h, determined by the implicit relation t ¼ Tp ðhÞ. The action Sp of the orbit
and its period Tp are also functions of the energy h:

þ

@Sp
:
ð76Þ
;
Tp ¼
Sp ðhÞ ¼ p  dq
@h
ðq; pÞ¼ap ðtÞ

The equation (75) for the stationary phase condition now becomes

d 
dh
Sp ½hðtÞ  hðtÞ t þ Et ¼ ½Tp ðhÞ  t
þ ½E  hðtÞ :
ð77Þ
0¼
dt
dt
We have already required that Tp ðhÞ ¼ t and we therefore satisfy the stationary
phase condition by requiring, in addition, that E ¼ hðtÞ. When evaluating the integral (74), the value of the energy E therefore determines h ¼ E, which in turn
determines the stationary phase point t0 ¼ Tp ðhÞ. We note that this corresponds to
a Legendre transformation from R to S:
@Rp
¼ E :
ð78Þ
@t
In order to perform the stationary-phase integral, we require the second derivative
of the action: we write
Sp ¼ Rp þ Et ;

Et þ Sp ½hðtÞ  ht  Sp ðEÞ þ 12 l½t  Tp ðEÞ2

ð79Þ

where we find
l¼

dE
¼ b1 jp :
dTp

ð80Þ
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
The Gaussian integration over dt gives a factor of exp ðip=2Þ 2pihbp, and thus
we obtain for the contribution of a periodic orbit to the density of states
h þ ipnp =2
1 Tp exp ðiSp =
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ph
~ ?  I~Þj
jdet ðM
p

ð81Þ

where np ¼ mp þ 2s þ 1 is the Maslov index of the periodic orbit. By summing over
individual contributions from isolated, hyperbolic periodic orbits, labeled by an index p. Combining contributions from positive- and negative-time orbits one obtains:


P
Tp
iSp ipnp
1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
Re
þ
:
ð82Þ
qðEÞ ¼ hqðEÞi þ
p
h
h
2
p
~ ?  I~Þj
jdet ðM
p
This is Gutzwiller’s trace formula [1––3].

4.3 More general trace formulae for chaotic Hamiltonian flows
The results of the previous section may be used to derive semiclassical approxima^U^t , where A
^ is an observable with a
tions for more general traces, such as Tr ½A
classical limit AðaÞ, compare eq. (9). This trace may be written as
ð


da
^
^
AðaÞ haj U^t jai :
ð83Þ
Tr AUt ¼
ð2p
h Þd
Using (59) one obtains for the smooth part of the density qA ðEÞ [20]
ð
da
AðaÞ d½E  HðaÞ :
hqA ðEÞi ¼
ð2p
hÞd

ð84Þ

As far as the periodic-orbit contributions are concerned, it is immediately obvious
that all steps performed in section 4.2 are the same in this case, except for an
additional factor of Aðt; EÞ . One thus obtains for the weighted density [12]


P
Ap
iSp ipnp
1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
qA ðEÞ ¼ hqA ðEÞi þ
Re
þ
:
ð85Þ
p
h
h
2
p
~ ?  I~Þj
jdet ðM
p
where Ap is the average of the observable AðaÞ over the pth orbit:
ð Tp
dt Aðat Þ :
Ap ¼

ð86Þ

0

Similarly, a trace formula involving non-diagonal matrix elements may be derived,
starting from the expression
^U^s A
^U^ts  :
SA ðt; sÞ ¼ Tr ½A
We may write
SA ðt; sÞ ¼

ð

1
ð2p
hÞ

d

da
ð2p
h Þ2

ð87Þ

AðaÞ Aðas Þ haj U^t jai :

ð88Þ

B. Mehlig and M. Wilkinson, Semiclassical trace formulae

Using (59), one has [20, 7]
ð
ð1
ds iws
da
e
AðaÞ Aðas Þ d½E  HðaÞ ;
hSA ðE; hwÞi ¼
2p
h
ð2p
h Þd
1
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ð89Þ

which is just the Fourier transform of the phase-space averaged correlation function, as derived in [7]. Including the periodic-orbit contributions one obtains


P
Wp ðE; hwÞ
iSp ipnp
1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
Re
þ
SA ðE; hwÞ ¼ hSA ðE; 
hwÞi þ
ph
h
2
p
~ ?  I~Þj
jdet ðM
p
ð90Þ
where
Wp ðE; hwÞ ¼

ð1
1

ds i ws
e
2ph

ð Tp
0

dt Aðqtþs ; ptþs Þ Aðat ; pt Þ :

ð91Þ

5 Discussion
We close with a couple of additional remarks. First, the above formulae were derived assuming that all periodic orbits are isolated and unstable (as is the case in
hyperbolic systems). The above approach is very easily extended to deal with integrable systems where the dynamics is most conveniently expressed in angle and
action variables a ¼ ðq; IÞ. In these variables, the Hamilton function depends upon
the action variables only, HðIÞ. Thus
I t ¼ const: ;

qt ¼ q þ wðIÞ t

ð92Þ

with wðIÞ ¼ @H=@I. Then for the typical case where the frequencies are not rationally related, the trajectories fill d-dimensional tori in phase space. The periodic
orbits only occur when the frequencies are rationally related, which occurs when
the actions IðnÞ satisfy the implicit equation
w½IðnÞ t ¼ 2pn :

ð93Þ

where n ¼ ðn1 ; n2 ; . . .Þ is a vector of integers. The trajectories labeled by the integer
vectors n form d-parameter families (rational tori) which can be labeled by an
initial angle q0. It is thus clear that the leading-order contribution to the trace (2)
comes from periodic orbits on rational tori. The derivation of the trace formula for
integrable systems [11] proceeds exactly as before, using a 2d-dimensional generalization of the representation (34).
Secondly, it is clear that the trace formulae Eqs. (8), (84), (87) and (92) are not
exact and at best asymptotically valid for small h. In order to obtain convergent
expressions, the densities (4–6) are often smoothed by convolution with a smoothing factor, i.e.,
ð1
1
qE ðEÞ ¼ pﬃﬃﬃﬃﬃﬃ
dE0 qðE0 Þ exp ½ðE  E0 Þ2 =2E2  :
ð94Þ
2p E 1
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This leads to an exponential suppression of the contribution of lery orbits to the
periodic orbit sums in (82), (85) and (90) [7]. The periodic-orbit formulae (82) and
(85) are certainly valid provided the wave packet does not spread to the extent
that the use of a linearised approximation to describe its deformation becomes
invalid. If the system is hyperbolic, this criterion leads to the requirement that
E>
hl=log ðS0 =
hÞ, where l is an exponent describing the exponential separation of
trajectories, and S0 a characteristic action scale for the system. In the case of (89),
an additional smoothing with respect to the second argument of SA is needed, of
the same order of magnitude as E.

Appendix
This appendix explains the construction of the coordinate system used in section 4.2.
It is constructed around a periodic orbit. The set of points on the periodic orbit is
ap ðt; hÞ, where h is the energy and t is the time taken to reach the point starting
from an arbitrary reference point. We assume that these reference points are chosen
such that aðt; hÞ is a smooth function of t.
Local canonical coordinates ðdt; dh; dX; dPÞ ¼ ðda01 ; da02 ; da03 ; da04 Þ ¼ da0 are
constructed from thePoriginal coordinates ðx; y; px ; py Þ by obtaining a set of four
vectors vi, such that
vi da0i is the variation of ðx; y; px ; py Þ resulting from a variai

tion of the new coordinates. The vector v1 is the velocity vector of the Hamiltonian flow, v1 ¼ J~ð@H=@aÞ. The vector v2 ¼ @ap ðt; hÞ=@h satisfies vT1 J~v2 ¼ 1, so that
the coordinates da01 ¼ dt and da02 ¼ dh form a canonical pair. The remaining vectors v3 and v4 are constructed so that gij ¼ vTi J~vj satisfies gij ¼ 0 when i 2 f1; 2g
and j 2 f3; 4g, and g34 ¼ 1. These values of gij represent five linear constraints on
the eight coefficients defining the vectors v3 and v4 . All of these vectors are
~ 0 ðtÞ is the ith component of the
functions of t. The matrix element Mij0 ðtÞ of M
vector vj .
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