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Abstract. We develop a renormalization group analysis for a Hamiltonian which is a periodic
function of x̂ and p̂; this is a model for Bloch electrons in a magnetic field, and includes
Harper’s model as a special case. The eigenfunctions are Bloch waves whenβ, the ratio of
h̄/2π to the area of the unit cell, is a rational numberp/q. The renormalization procedure
produces an effective Hamiltonian̂Heff for a subset of the spectrum, which can be expanded in
1β = β − p/q. The zeroth-order term has been obtained in earlier papers; here we obtain the
first-order term of this expansion in terms of theq-dimensional vectors|u(k, δ)) which define
the rational Bloch states (k andδ are Bloch wavevectors).

The effective Hamiltonian is not invariant under gauge transformations exp[iθ(k, δ)dτ ]
multiplying the vector |u(k, δ)). We show that the infinitesimal gauge transformation is
equivalent to evolvingĤeff under a gauge Hamiltonian obtained (to lowest order in1β) by
quantizingθ(k, δ).

1. Introduction

In this paper we develop a renormalization group (RG) analysis introduced in a sequence of
earlier papers [1–3], which provides a powerful method for investigating the properties of
Harper’s model [4] for Bloch electrons in a magnetic field. The renormalized Hamiltonian
can be expressed as a power series expansion about any rational valuep/q of the
commensurability parameterβ. The earlier papers only give explicit formulae for the
zeroth-order term; this is not sufficient to determine the spectrum in the limitβ → p/q,
because the first-order correction modifies the Bohr–Sommerfeld quantization condition. In
this paper we give an explicit formula for the first-order contribution: theRG procedure
then provides a very complete description of the spectrum.

Our results are applicable to the Hamiltonian

Ĥ =
∑
n

∑
m

Hnm T̂ (nh̄,mh̄) =
∑
n

∑
m

Hnm exp[i(mx̂ − np̂)] (1.1a)

H−n,−m = H ∗
nm (1.1b)

where the coefficientsHnm decay rapidly as|n|, |m| → ∞, and where the operator̂T (X, P )
is a phase-space translation operator, defined by

T̂ (X, P ) = exp[i(P x̂ −Xp̂)/h̄] . (1.2)

The Hamiltonian (1.1) can be viewed as either a periodic function ofx andp with Fourier
coefficientsHnm, or alternatively as a sum of terms describing hopping between sites on
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a lattice, with amplitudeHnm to hop by(n,m). The translation operatorŝT (X, P ) have a
non-commutative algebra

T̂ (X1, P1)T̂ (X2, P2) = exp[i(X2P1 −X1P2)/2h̄]T̂ (X1 +X2, P1 + P2) (1.3)

which is isomorphic to that of the ‘magnetic translation group’ describing an electron moving
in a plane with a perpendicular magnetic field [5, 6]. The Hamiltonian (1.1) is therefore a
reasonable model for an electron moving in a plane with a perpendicular magnetic field and
a periodic potential energyV (x, y), and it provides a realistic effective Hamiltonian for this
problem in the limit of weak potentialV [7–9], and also in the limit where the magnetic
field is a weak perturbation [10, 4, 11, 12]. An important parameter is the ratioβ of 2πh̄
to the area (4π2) of the unit cell; in the smallV limit this parameter equals the ratio of
the area of a flux quantum to that of the unit cell of the potentialV (x, y). The extensively
studied Harper model [4] corresponds to a special case of our Hamiltonian, in which the
only non-zero coefficients areH10 = H01 = 1 (and their symmetry related images implied
by (1.1b)); some of the remarkable properties of this model are discussued in review papers
by Simon [13] and Sokoloff [14], and references to some more recent papers are given
in [3].

Several authors have describedRG methods applicable to (1.1) based upon semi-classical
approximations [15–18]. By contrast, the results presented in this paper are based upon an
exact procedure for writing down an effective Hamiltonian for a subset of the spectrum,
which collapses onto a Bloch band whenβ is rational. This method was introduced in [1]
for the special case in which the Hall conductance integerMν of the νth band is zero, and
it was later reformulated [2] to allow general values ofMν (the quantized Hall effect for
this system was discussed by Thoulesset al [19], who show thatMν is the Chern integer of
the Bloch band). The development used in [2] is not convenient for systematic calculations
of corrections to the effective Hamiltonian, and the calculations presented here are based
upon a more refined approach, which is described in [3].

The Schr̈odinger equation corresponding to (1.1) can be written∑
N

∑
M

HNM exp[−iNMh̄/2] exp[iMxn]ψn−N = Eψn (1.4)

whereψn = ψ(xn) andxn = nh̄ + δ. If β is a rational numberp/q then the coefficients
of the difference equation (1.4) are periodic inn with period q, and the solutions of this
equation can be written as Bloch wavesψn(k, δ) = exp[ikn] un(k, δ) wherek is a Bloch
wavevector andun+q = un. Equation (1.4) is easily transformed into an eigenvalue equation
for the vector{un} and the dispersion relationE(k, δ): because both the coefficients of the
matrix and the eigenvector are periodic inn, theq distinct elements of the periodic vector
{un} can be obtained as an eigenvector of aq × q matrix, H̃ (k, δ). We will use the
notation|uν(k, δ)) for the q-dimensional eigenvectors of this matrix; theq eigenvalues are
the dispersion relationsEν(k, δ) (ν = 1, . . . , q is the band index). In [1, 3] it was shown
that δ is a Bloch wavevector for translations in thep̂ direction in the phase plane.

The RG transformation produces a new effective HamiltonianĤ (ν)

eff , similar to (1.1),
which describes a subset of the spectrum which collapses onto theνth Bloch band in the
rational limit β → p/q. The renormalized effective Hamiltonian can be expanded as a
power series:

Ĥ
(ν)

eff = Ĥ
(ν)

0 +1h̄Ĥ
(ν)

1 + O(1h̄2) 1h̄ = 2π(β − p/q) . (1.5)
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The contributionsĤ (ν)
i are periodic functions of operatorŝx ′ and p̂′ which have a

renormalized commutator; [x̂ ′, p̂′] = ih̄′
ν . In the earlier papers, it was shown that the

zeroth-order term is obtained by quantizing the dispersion relationEν(k, δ):
Ĥ
(ν)

0 = Eν(x̂ ′/q, p̂′/q) (1.6)

(periodic functions are understood to be quantized by evaluating their Fourier coefficients
and associating them with an operator using an expansion of the form (1.1a); this is the
Weyl quantization [20]). The formula for the renormalization of ¯h depends on the Chern
integerMν of the band

h̄′
ν = 2πβ ′

ν, β ′
ν = qβ − p

βNν +Mν

(1.7)

whereNν is conjugate to the Chern integerMν under the relation

pNν + qMν = 1 . (1.8)

In this paper we obtain for the first time the first-order correctionĤ
(ν)

1 , which is expressed
conveniently in terms of the eigenvector|uν(k, δ)) of the q × q matrix representing the
Hamiltonian in the rational case. We find thatĤ (ν)

1 is obtained by quantizing the following
function of (k, δ) by the substitutionsk → x̂ ′/q, δ → p̂′/q:

H
(ν)

1 (k, δ) = H
(ν)

1a (k, δ)+H
(ν)

1b (k, δ)+H
(ν)

1c (k, δ)

H
(ν)

1a (k, δ) = i

2

[(
∂uν

∂δ

∣∣∣∣Eν(k, δ)− H̃ (k, δ)

∣∣∣∣∂uν∂k
)

−
(
∂uν

∂k

∣∣∣∣Eν(k, δ)− H̃ (k, δ)

∣∣∣∣∂uν∂δ
)]

H
(ν)

1b (k, δ) = i

(
uν

∣∣∣∣∂uν∂k
)
∂Eν
∂δ

− i

(
uν

∣∣∣∣∂uν∂δ
)
∂Eν
∂k

H
(ν)

1c (k, δ) = kqNν

2π

∂Eν
∂k

.

(1.9)

The vector|uν(k, δ)) is assumed to be given as an analytic function ofk and δ, and it is
periodic in k and δ apart from a phase factor exp[iχ ], which will be specified later. The
expressionH(ν)

1a in (1.9) was previously discovered by Bellissard and Rammal [21], who
wrote down an expansion of the effective Hamiltonian about the extrema of the dispersion
relation; in their theory the meaning of this term is only defined at the extrema of the band.
Later, Helffer and Sj̈ostrand [18] identified the termH(ν)

1b in a semi-classical calculation:
their effective Hamiltonian differs from ours in that it does not contain the termH

(ν)

1c , and
it is quantized using a different value of ¯h′. Remarkably, Helffer and Sjöstrand’s formulae
give the same Bohr–Sommerfeld quantization condition as our effective Hamiltonian, but
their semi-classical approximations are not valid in a small range of energy centred on the
separatrix of the Hamiltonian. Our expression is valid throughout the band, including the
separatrix.

The vector|uν(k, δ)) can be subjected to a ‘gauge transformation’

|uν(k, δ)) → |u′
ν(k, δ)) = exp[iθ(k, δ)] |uν(k, δ)) . (1.10)

The expressionsH(ν)

1a and H(ν)

1c are gauge invariant, butH(ν)

1b is not. We will consider
the effect of an infinitesimal gauge transformation with phaseθ(k, δ)dτ periodic on the
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Brillouin zone (06 k 6 2π/q, 0 6 δ 6 2π/q). We show that this is equivalent (to lowest
order in1h̄) to evolving the effective Hamiltonian for time dτ under the dynamics of a
‘gauge Hamiltonian’, obtained by quantizingq21h̄ θ(k, δ). Because evolution of an operator
leaves its eigenvalues unchanged, the gauge transformation does not alter the spectrum of
the effective Hamiltonian.

The form ofH(ν)

1 given in (1.9) is not symmetric betweenk and δ. We note that,
allowing for a more general gauge transformation of the vectors|uν(k, δ)), we can write
this term in a symmetric form

H
(ν)

1 (k, δ) = H
(ν)

1a + A ∧ ∇Eν(k, δ) A = i(u|∇u)+ A′ (1.11)

where∇ represents a vector operator( ∂
∂k
, ∂
∂δ
), and whereA′ is chosen such thatA is periodic

and ∫ 2π/q

0
dk

∫ 2π/q

0
dδ ∇ ∧ A = 0 . (1.12)

The formulation of the renormalization group transformation is considerably simpler in the
case where the Hall conductance integer isMν = 0. For this reason we confine our detailed
discussion of the lengthy calculations leading to (1.9) to this special case: we will summarize
the formulae describing theRG procedure forMν = 0 in section 2, before presenting the
analysis leading to (1.9) in sections 3 to 5. In section 6 we indicate how the calculation
proceeds in the general case. Section 7 discusses the effects of gauge transformations, and
section 8 describes some numerical tests of our results.

2. The renormalization-group method

Here we will summarize the equations which define the renormalization-group transforma-
tion. The general form of these equations, which are given in [3], are quite complicated;
in this section we will quote the simplified form of these equations which are obtained in
the special case wherep = 1 andMν = 0, before discussing the general case in section 6.
This case was originally discussed in [1], but we will follow the slightly different notation
of [3] for consistency with the results of section 6. We will use the notation (3.N.M) to
refer to equation (N.M) of [3].

Whenβ is the ratio of two integersp/q, the eigenvectors of the Hamiltonian (1.1) are
Bloch waves, for which the wavefunction can be obtained by sampling an analytic, periodic
functionUν(x; k) as follows:

〈x|Bν(k, δ)〉 =
∞∑

n=−∞
exp[ikx/h̄] un(k, δ) δ(x − nh̄− δ)

un(k, δ) = Uν(xn; k) xn = nh̄+ δ Uν(x + 2π; k) = Uν(x; k)
(2.1)

(this is discussed in subsection 2.1 of [3]). Note that writing the Bloch waves in this
form has implications for the gauge of the vectors|uν(k, δ). The rational Bloch states are
eigenstates both of the Hamiltonian, and of operators which translate by multiples of the
lattice periodicity:

Ĥ0 |Bν(k, δ)〉 = Eν(k, δ) |Bν(k, δ)〉 (2.2a)

T̂0(−2πm,−2πn) |Bν(k, δ)〉 = (−1)nmq exp[−iq(nδ −mk)] |Bν(k, δ)〉 . (2.2b)
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The subscript zeros indicate that the translation operator and the Hamiltonian are evaluated
in the rational case, ¯h = h̄0 ≡ 2πp/q; (2.2b) follows from (1.3) and (3.3.15). IfMν = 0,
the Bloch waves can be gauged such that they are periodic ink and δ over the Brillouin
zone. We can form a basis Wannier function which will then be both analytic and spatially
localized by integrating overk andδ:

|φ(ν)〉 =
∫ 2π/q

0
dk

∫ 2π/q

0
dδ |Bν(k, δ)〉 (2.3)

(this result is a special case of (3.A.4), which applies whenp = 1 andMν = 0).
The renormalization procedure uses the Wannier functions as a basis for representing

the effective Hamiltonian of a sub-band whereβ is close top/q. The Wannier states are
projected into the band by applying a projection operatorP̂

P̂ν = fν(Ĥ ) =
∑
n

|ψn〉 fν(En) 〈ψn| (2.4)

where |ψn〉 andEn are the eigenstates and eigenvalues of the HamiltonianĤ , andfν(E)
is a function that is unity ifE lies within theνth band of the spectrum, and zero ifE lies
within other parts of the spectrum [2]. Note that we are projecting the Wannier functions
at h̄0 onto the exact eigenstates at ¯h.

The matrix elements of the Hamiltonian and the identity operators in a basis formed
by the projected Wannier statesT̂ (2πn, 2πm)P̂ |φ〉 are the same as matrix elements of the
following operators:

Ĥ ′
ν =

∑
N

∑
M

H
(ν)
NM exp[i(Mx̂ ′ −Np̂′] =

∑
N

∑
M

H
(ν)
NM T̂ (Nh̄′

ν,Mh̄
′
ν)

N̂ ′
ν =

∑
N

∑
M

N
(ν)
NM exp[i(Mx̂ ′ −Np̂′] =

∑
N

∑
M

N
(ν)
NM T̂ (Nh̄′

ν,Mh̄
′
ν)

(2.5)

with [x̂ ′, p̂′] = ih̄′
ν . These relations are equivalent to (3.5.1), but we have corrected a sign

ambiguity. Using (1.7), we find that whenp = 1 andMν = 0, the renormalized Planck
constant is given by

h̄′
ν = 2πβ ′ β ′ = 1/β − [1/β] (2.6)

([X] means integer part ofX). The Fourier coefficients defining the renormalized
Hamiltonian and normalization operators in (2.6) are given by

H(ν)
nm = (−1)mnq〈φ(ν)|P̂ T̂ (−2πm,−2πn) Ĥ P̂ |φ(ν)〉

N(ν)
nm = (−1)mnq〈φ(ν)|P̂ T̂ (−2πm,−2πn) P̂ |φ(ν)〉

(2.7)

which are obtained by specializing (3.4.15) and (3.5.8).
The eigenenergies of this renormalized Hamiltonian operator can be obtained from the

relation (Ĥ ′
ν − EN̂ ′

ν)|ψ〉 = 0. It is possible to transformĤ ′
ν to an orthonormal basis by

multiplying the above equation from the left by(N̂ ′
ν)

−1:

Ĥ
(ν)

eff = (N̂ ′
ν)

−1Ĥ ′
ν . (2.8)
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Equation (2.8) gives an effective Hamiltonian which provides an exact representation of the
subset of the spectrum which collapses onto theνth band in the rational limit. We will
expand the Fourier coefficients (2.7) to first order in1h̄ = 2π1β aroundh̄0 = 2πp/q, and
then use (2.8) to determine the expansion ofĤ

(ν)

eff . BecauseP̂ , Ĥ and T̂ (−2πm,−2πn)
are all functions of ¯h, to first order we have for the Fourier coefficients of the Hamiltonian

H(ν)
nm = (−1)mnq〈φ(ν)|P̂0Ĥ0T̂0(−2πm,−2πn)P̂0|φ(ν)〉

+ (−1)mnq1h̄

[
〈φ(ν)|

(
∂P̂

∂h̄

∣∣∣∣
0

Ĥ0T̂0(−2πm,−2πn)P̂0

+ P̂0Ĥ0T̂0(−2πm,−2πn)
∂P̂

∂h̄

∣∣∣∣
0

)
|φ(ν)〉

+ 〈φ(ν)|
(
P̂0
∂Ĥ

∂h̄

∣∣∣∣
0

T̂0(−2πm,−2πn)P̂0

+ P̂0Ĥ0
∂T̂

∂h̄

∣∣∣∣
0

(−2πm,−2πn)P̂0

)
|φ(ν)〉

]
+ O(1h̄2) . (2.9)

In (2.9) the subscript zeros indicates that all these quantities are to be evaluated at
h̄0 = 2πp/q. There exists an analogous expression for the Fourier coefficients of
the normalization operator. From (2.2) and (2.3), and recognizing thatP̂0|Bν(k, δ)〉 =
|Bν(k, δ)〉, we see that the zeroth-order term is simply the(nm)th Fourier coefficient of the
dispersion relationEν(k, δ) [1,3]. In section 3 we show that the first-order term involving the
derivative of the projection operator vanishes. The other terms can be expressed in terms of
theq-dimensional vectors|uν(k, δ)) defining the rational Bloch states; some results required
to relate these vectors to the Wannier states are established in section 4. In section 5 we
evaluate the first-order correction in (2.9), and obtain the effective Hamiltonian using (2.7)
and (2.8).

3. First-order effect of the projection operator

Our aim in this section is to show the term in (2.9) involving the derivative∂P̂ /∂h̄ vanishes.
We can write the projection operator as a Fourier transform

P̂ = f (Ĥ ) =
∫ ∞

−∞
dt f̃ (t) exp[−iĤ t/h̄] =

∫ ∞

−∞
dt f̃ (t) Û (t) (3.1)

whereÛ (t) = exp[−iĤ t/h̄] is the propagator. We will write the Hamiltonian in the form
Ĥ = Ĥ0 + 1Ĥ + O(1h̄2), where Ĥ is the Hamiltonian with commensurabilityβ and
Ĥ0 is the Hamiltonian at rational commensurabilityβ0 = p/q. In the limit β → β0, the
difference between these two operators is small forx close to the origin, but grows to be
O(1) at large values ofx. Because we are interested in the effect of the projection operator
upon a Wannier function which is localized aroundx = 0, we are justified in applying
perturbation theory in1Ĥ . To develop this perturbation theory, we note thatÛ satisfies a
‘Dyson equation’

Û (t) = Û0(t)− i

h̄

∫ t

0
dt ′ Û0(t − t ′)1Ĥ Û(t ′) (3.2)
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where Û0(t) = exp[−iĤ0t/h̄] and 1Ĥ = ∂Ĥ
∂h̄
1h̄. We can obtain the first-order term in

the perturbation expansion in1h̄ by replacing theÛ in the RHS of (3.2) by Û0. From
this we can calculate the expansion of the projection operator, which we will write as
P̂ = P̂0 + 1P̂ + O(1h̄2). In order to calculate the first-order corrections to the Fourier
coefficientsH(ν)

nm andN(ν)
nm due to the expansion of the projection operator, (2.9) shows that

we must evaluate

〈φ(ν)|∂P̂
∂h̄

∣∣∣∣
0

Ĥ0T̂0(−2πm,−2πn)|φ(ν)〉

= − i

h̄
(−1)mnq

∫ ∞

−∞
dt f̃ (t)

∫ t

0
dt ′ 〈φ(ν)|Û0(t − t ′)

∂Ĥ

∂h̄

∣∣∣∣
0

× Û0(t
′)Ĥ0T̂0(−2πm,−2πn)|φ(ν)〉 (3.3)

and its complex conjugate. Expressing the Wannier functions as integrals over Bloch waves
using (2.3), and using (2.2), we have

〈φ(ν)|∂P̂
∂h̄

∣∣∣∣
0

Ĥ0T̂0(−2πm,−2πn)|φ(ν)〉

= − i

h̄
(−1)mnq

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2π/q

0
dδ

∫ 2π/q

0
dδ′ exp[−iq(nδ −mk)]

× Eν(k, δ)〈Bν(k′, δ′)|∂Ĥ
∂h̄

∣∣∣∣
0

|Bν(k, δ)〉

×
∫ ∞

−∞
dt f̃ (t)

∫ t

0
dt ′ exp[−iEν(k′, δ′)(t − t ′)/h̄] exp[−iEν(k, δ)t ′/h̄] .

(3.4)

We will write the first set oft-independent terms asC(k, k′, δ, δ′). If Eν(k, δ) 6= Eν(k′, δ′)
then performing the integrations overt ′ and thent gives

〈φ(ν)|∂P̂
∂h̄

∣∣∣∣
0

Ĥ0T̂0(−2πm,−2πn)|φ(ν)〉

= ih̄
∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2π/q

0
dδ

×
∫ 2π/q

0
dδ′ C(k, k′δ, δ′)

f (Eν(k, δ))− f (Eν(k′, δ′))
Eν(k, δ)− Eν(k′, δ′)

. (3.5)

Now since bothEν(k, δ) andEν(k′, δ′) are within theνth sub-band of the original spectrum
thenf (Eν(k, δ)) − f (Eν(k′, δ′)) = 1 − 1 = 0, so both this term and its conjugate vanish,
provided the denominator in (3.5) does not vanish. IfEν(k, δ) = Eν(k′, δ′), we have

〈φ(ν)|∂P̂
∂h̄

∣∣∣∣
0

Ĥ0T̂0(−2πm,−2πn)|φ(ν)〉

=
∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2π/q

0
dδ

∫ 2π/q

0
dδ′ C(k, k′, δ, δ′)

×
∫ ∞

−∞
dt f̃ (t) t exp[−itEν(k, δ)/h̄] (3.6)
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and we can write the time integral as

ih̄
∂

∂E

∫ ∞

−∞
dt exp[−iEν(k, δ)t/h̄] f̃ (t) = ih̄

∂

∂E
f (Eν(k, δ)) (3.7)

which vanishes becausef (E) is a constant ifE is within the νth band. We have
demonstrated that there is no first-order correction to the Fourier coefficients of the
Hamiltonian due to the perturbation of the projection operator. An analogous argument
produces the same result for the Fourier coefficients of the normalization operator; we
can therefore ignore the term containing∂P̂ /∂h̄ in (2.9). Also, note that because
P̂0|φ(ν)〉 = |φ(ν)〉, the projection operator can be dropped from the other first-order terms
of (2.9).

4. Representation by finite matrices

In this section we shall introduce a number of relations between matrix elements in a basis
of Bloch states defined on the real line by (2.1), and matrix elements in a basis ofq-
dimensional vectors. We notate vectors in the Hilbert space of states defined on the real
line by the Dirac bracket| · · ·〉, and those in the Hilbert space ofq-dimensional vectors by
a rounded bracket| · · ·).

In (2.1) we introduced a representation of the Bloch state|B(k, δ)〉 on the realx-axis
(in this section we will drop the band labelν). We will introduce another Bloch-like state
vector

〈x|C(k, δ)〉 =
∞∑

n=−∞
exp(ikx/h̄) vn(k, δ) δ(x − nh̄− δ) (4.1)

where the set{vn} is formed by periodic repetition of the elements of anotherq-dimensional
vector |v(k, δ)); we will assume that, by analogy with (2.1), the{vn} are obtained by
sampling a periodic, analytic functionV (x; k). We will require matrix elements of̂x and
p̂ between the states|B(k, δ)〉 and |C(k, δ)〉. We will also consider the case in which
|C(k, δ)〉 = Â|B(k, δ)〉 whereÂ can be represented by a Fourier expansion

Â =
∑
N

∑
M

ANM T̂ (Nh̄,Mh̄) (4.2)

and show howÂ can be represented by aq × q matrix. We shall simply quote the results
here, the proofs of the results in subsections 4.1 and 4.2 are dealt with in appendices A
and B.

4.1. Matrix elements of canonical operators

The overlap of two vectors is given by

〈C(k′, δ′)|B(k, δ)〉 = δ(δ − δ′) δ(k − k′) (v(k, δ)|u(k, δ)) (4.3)

where

(v(k′, δ′)|u(k, δ)) =
q∑
i=1

v∗
n(k

′, δ′)un(k, δ) . (4.4)
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The matrix elements of̂p are

〈C(k′, δ′)|p̂|B(k, δ)〉 = ih̄
∂

∂δ

[
δ(δ − δ′)δ(k − k′) exp[i(kδ − k′δ′)/h̄] (v(k′, δ′)|u(k, δ))

]
+ kδ(δ − δ′)δ(k − k′)(v(k, δ)|u(k, δ))
− ih̄δ(δ − δ′)δ(k − k′)

(
v(k, δ)

∣∣∣∣∂u∂δ (k, δ)
)

(4.5)

and the matrix elements of̂x are

〈C(k′, δ′)|x̂|B(k, δ)〉 = −ih̄
∂

∂k

[
δ(δ − δ′)δ(k − k′) exp[i(kδ − k′δ′)/h̄] (v(k′, δ′)|u(k, δ))

]
+ ih̄δ(δ − δ′)δ(k − k′)

(
v(k, δ)

∣∣∣∣∂u∂k (k, δ)
)
. (4.6)

It should be noted that although these results are similar in structure, there is a term in (4.5)
which has no parallel in (4.6). This asymmetry is a consequence of the constraints on the
gauge of the|u(k, δ)) which are implied by writing (2.1).

We remark that (4.5) and (4.6) are similar in structure to the matrix elements of the
position operator in a basis of conventional Bloch states, as discussed in [11].

4.2. Matrix elements of periodic operators

Here we relate an operator̂A which is periodic inx̂ and p̂, to a q × q matrix Ã(k, δ) =
{Anm(k, δ)}; we require that if|C(k, δ)〉 = Â|B(k, δ)〉, thenvn = ∑q

m=1Anmum. The details
of the derivations are contained in appendix B. In terms of the Fourier coefficients ofÂ

defined by (4.2), we find

Anm(k, δ) =
∞∑

j=−∞
A′
n,m+jq(k, δ)

A′
nm(k, δ) =

∑
M

An−m,M exp[−ik(n−m)] exp[iMδ] exp[iM(n+m)h̄/2] .

(4.7)

We also define three new operatorsÂδ, Âk andÂk,δ acting on the Hilbert space of operators
on the real line, which can be thought of as derivatives ofÂ with respect toδ, k andk, δ.
They are defined by the relations(

u(k′, δ′)
∣∣∣∣ ∂Ã∂δ

∣∣∣∣ v(k, δ)) = 〈B(k′, δ′)|Âδ|C(k, δ)〉(
u(k′, δ′)

∣∣∣∣ ∂Ã∂k
∣∣∣∣ v(k, δ)) = 〈B(k′, δ′)|Âk|C(k, δ)〉 (4.8)(

u(k′, δ′)
∣∣∣∣ ∂2Ã

∂δ∂k

∣∣∣∣ v(k, δ)) = 〈B(k′, δ′)|Âδ,k|C(k, δ)〉 .

It follows from (4.7) that the operators are related to the Fourier coefficients ofÂ by

Âk = −i
∑
NM

NANM T̂ (Nh̄,Mh̄)

Âδ = i
∑
NM

MANM T̂ (Nh̄,Mh̄) (4.9)

Âδ,k =
∑
NM

NMANM T̂ (Nh̄,Mh̄) .
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5. First-order correction to the effective Hamiltonian

We shall now use the results in section 4 to calculate the first-order corrections to the Fourier
coefficientsH(ν)

nm , N(ν)
nm of the renormalized Hamiltonian and normalization operators. The

results will be written in terms of the eigenvector|uν(k, δ)) of the q × q matrix H̃ (k, δ)
representing the Hamiltonian, constructed using (4.7). We shall write these first-order
correction terms as1H(ν)

nm and1N(ν)
nm . Considering (2.9), and remembering that for the

first-order corrections we can ignore the projection operators, we have

1H(ν)
nm = (−1)mnq1h̄〈φ(ν)|∂Ĥ

∂h̄

∣∣∣∣
0

T̂0(−2πm,−2πn)|φ(ν)〉

+ (−1)mnq1h̄〈φ(ν)|Ĥ0
∂

∂h̄
T̂ (−2πm,−2πn)

∣∣∣∣
0

|φ(ν)〉

= (I1 + I2)1h̄ (5.1a)

1N(ν)
nm = (−1)mnq1h̄〈φ(ν)| ∂

∂h̄
T̂ (−2πm,−2πn)

∣∣∣∣
0

|φ(ν)〉 (5.1b)

(the termsI1, I2 correspond to the two Dirac brackets in (5.1a)). To proceed we need to
consider derivatives of the Hamiltonian and translation operators with respect to ¯h. We
will consider the operatorŝx and p̂ in the coordinate representation sox̂ = x, p̂ = −ih̄ ∂

∂x
;

differentiatingT̂ (−2πm,−2πn) gives

∂T̂

∂h̄
(−2πm,−2πn) = 2π

h̄2 ni(πm+ x̂)T̂ (−2πm,−2πn) . (5.2)

Also, for the Hamiltonian (1.1) we have (using equation (4.9))

∂Ĥ

∂h̄
= − i

h̄

∑
N

∑
M

N HNM exp[i(Mx̂ −Np̂)]p̂ − i

2

∑
N

∑
M

HNMNM exp[i(Mx̂ −Np̂)]

= 1

h̄
Ĥk p̂ − i

2
Ĥδ,k (5.3)

We are now in a position to evaluate the terms in (5.1); using equations (4.3)–(4.5), the
integralI1 is

I1 =
∫ 2π/q

0
dk′

∫ 2π/q

0
dk

∫ 2π/q

0
dδ

∫ 2π/q

0
dδ′ exp[−iq(nδ −mk)]

× 〈Bν(k′, δ′)|
(

1

h̄
Ĥkp̂ + i

2
Ĥk,δ

)
|Bν(k, δ)〉

=
∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
k

h̄

(
uν(k, δ)

∣∣∣∣∂H̃∂k
∣∣∣∣uν(k, δ))

− i

(
uν(k, δ)

∣∣∣∣∂H̃∂k
∣∣∣∣∂uν∂δ (k, δ)

)
− i

2

(
uν(k, δ)

∣∣∣∣ ∂2H̃

∂k∂δ

∣∣∣∣uν(k, δ))]
exp[−iq(nδ −mk)] . (5.4)
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Similarly, using equation (4.6) we have

I2 = 2π in

h̄2

∫ 2π/q

0
dk′

∫ 2π/q

0
dδ′

∫ 2π/q

0
dk

∫ 2π/q

0
dδ Eν(k′, δ′)

× 〈Bν(k′, δ′)|x̂|Bν(k, δ)〉 exp[−iq(nδ −mk)]

+ 2π2inm

h̄2

∫ 2π/q

0
dk

∫ 2π/q

0
dδ Eν(k, δ)exp[−iq(nδ −mk)]

=
∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
2π2

h̄2 inm− 2π

h̄
n

(
uν(k, δ)

∣∣∣∣∂uν∂k (k, δ)
)]

× Eν(k, δ)exp[−iq(nδ −mk)] . (5.5)

We can simplify this expression by writing the multipliers in (5.5) as derivatives of the
exponential factor with respect tok and δ. Noting that Eν(k, δ) is periodic across the
Brillouin zone in both directions, as is the overlap(uν |∂uν/∂k) in the gauge we have
defined for the|uν(k, δ)) in (2.1); we can therefore integrate by parts and write (5.5) as

I2 =
∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
i

2

∂2Eν
∂k∂δ

(k, δ)+ i
∂

∂δ

(
uν(k, δ)

∣∣∣∣∂uν∂k (k, δ)
)

Eν(k, δ)
]

× exp[−iq(nδ −mk)] . (5.6)

Before combiningI1 andI2 we will re-write (5.4). By starting with the eigenvalue equation
H̃ (k, δ)|u(k, δ)) = Eν(k, δ)|u(k, δ)) and differentiating with respect tok and thenδ, the
following two identities can be derived:(
uν(k, δ)

∣∣∣∣∂H̃∂k (k, δ)
∣∣∣∣uν(k, δ)) = ∂Eν

∂k
(k, δ) (5.7a)

i

(
uν(k, δ)

∣∣∣∣∂H̃∂k
∣∣∣∣∂uν∂δ (k, δ)

)
= i

2

[(
∂uν

∂k

∣∣∣∣Eν − H̃

∣∣∣∣∂uν∂δ
)

−
(
∂uν

∂δ

∣∣∣∣Eν − H̃

∣∣∣∣∂uν∂k
)]

− i

2

(
uν

∣∣∣∣ ∂2H̃

∂k∂δ

∣∣∣∣uν) + i

2

∂2Eν
∂k∂δ

+ i
∂Eν
∂k

(
uν

∣∣∣∣∂uν∂δ
)
. (5.7b)

Note that the first term in theRHS of (5.7b) is the expressionH(ν)

1a appearing in (1.9). We
now combine the two terms which make up1H(ν)

nm : the terms involving double derivatives
of the dispersion relationEν(k, δ) and the HamiltonianH̃ (k, δ) cancel, leaving

1H(ν)
nm = 1h̄

∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
i

(
uν

∣∣∣∣∂uν∂k
)
∂Eν
∂δ

− i

(
uν

∣∣∣∣∂uν∂δ
)
∂Eν
∂k

+H
(ν)

1a + iEν ∂
∂δ

(
uν

∣∣∣∣∂uν∂k
)

+ k

h̄

∂Eν
∂k

]
exp[−iq(nδ −mk)] . (5.8)

A similar calculation leads to

1N(ν)
nm = 1h̄

∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
i
∂

∂δ

(
uν

∣∣∣∣∂uν∂k
)]

exp[−iq(nδ −mk)] (5.9)
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for the correction to the Fourier coefficients of the normalization operator.
We now use (2.8) to calculate the effective HamiltonianĤ (ν)

eff = (N̂ ′
ν)

−1Ĥ ′
ν ; writing

Ĥ ′
ν = Eν + ∂Ĥ ′

ν1h̄ + O(1h̄2) and N̂ ′
ν = Î + ∂N̂ ′

ν1h̄ + O(1h̄2), whereÊν is the operator
obtained by quantizingEν(k, δ), we have

Ĥ
(ν)

eff = Êν + (∂Ĥ ′
ν − ∂N̂ ′

ν Êν)1h̄+ O(1h̄2) . (5.10)

In appendix C we prove that, to zeroth order in1h̄, the product of operatorŝA B̂ is given
by quantizing the productA(k, δ) B(k, δ). This means that the first-order correction to the
Fourier coefficients of the effective Hamiltonian is given by subtracting

(∂N ′
νE)nm =

∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
i
∂

∂δ
(u|∂u
∂k
)

]
Eν(k, δ)exp[−iq(nδ −mk)] (5.11)

from 1H(ν)
nm . The final expression for the Fourier coefficients of the first-order contribution

to the effective Hamiltonian is therefore

(H
(ν)

1 )nm =
∫ 2π/q

0
dk

∫ 2π/q

0
dδ exp[−iq(nδ −mk)] H(ν)

1 . (5.12)

where

H
(ν)

1 = H
(ν)

1a + i

(
uν

∣∣∣∣∂uν∂k
)
∂Eν
∂δ

− i

(
uν

∣∣∣∣∂uν∂δ
)
∂Eν
∂k

+ kq

2π

∂Eν
∂k

. (5.13)

This establishes (1.9) in the special case whereMν = 0 andp = 1.

6. Extension to non-zero Chern integer

6.1. General form of the renormalization-group equations

In this section we discuss how to generalize the derivation of (1.9) to the case where
the Chern integerMν is non-zero. We will first summarize some of the important results
from [3], again using the notation (3.N.M) to denote equation (N.M) of that paper.

Although |Bν(k, δ)〉 can not be made periodic ink and δ unlessMν = 0, a gauge can
be chosen such that the state vector|Cν(k, δ)〉 = T̂0(0,−qMνk)|Bν(k, δ)〉 is periodic, for
any value ofMν . A set ofNν generalized Wannier functions|φ(ν)µ 〉, µ = 1, . . . , Nν can be
obtained from the Bloch states as follows (equation (3.A.4), with a different normalization
factor):

|φ(ν)µ 〉 = 1√
pNν

Nν∑
λ=1

exp[2π iµλ/Nν ] T̂0(2πλ/Nν, 0)
∫ 2π/q

0
dk

∫ 2πp/q

0
dδ exp[iqkλ] |Cν(k, δ)〉

(6.1)
|Cν(k, δ)〉 = T̂0(0,−qMνk) |Bν(k, δ)〉 .
Here the subscript zeros again mean that theT̂ operators are evaluated at ¯h0 = 2πp/q, and
it is assumed that the Bloch waves|Bν(k, δ)〉 are gauged such that the{un} are obtained
by sampling an analytic functionUν(x; k) with period 2π , as in (2.1). The renormalized
Hamiltonian is of the form (2.5), and the Fourier coefficients are given by equation (3.5.8):

H(ν)
nm =

∑
N

∑
M

HNM τNMnm . (6.2)
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Here theHNM are the Fourier coefficients of the original Hamiltonian, and the coefficients
τNMnm are obtained from the generalized Wannier functions using (3.4.15) and (3.4.18):

τNMnm = (−1)(nN+mM−nmq)p
Nν∑
µ=1

〈φ(ν)µ |τ̂ NMnm |φ(ν)µ 〉

τ̂ NMnm = t̂ (M − nq,N −mq) T̂
(
(−2πm+Nκν)/Nν, (−2πn+Mκν)h̄/κν

)
.

(6.3)

In this expression

κν = 2πMν +Nνh̄ (6.4)

is the period of the Brillouin zone for a set of generalized Bloch functions defined in
subsection 2.2 of [3] for irrationalβ; we haveκν → 2π/q in the limit h̄ → 2πp/q. The
operatort̂ (λ1, λ2) is defined (for integer values ofλ1, λ2) by the relation (3.4.16):

t̂ (λ1, λ2)|φ(ν)µ 〉 = exp

[
2π iMν

Nν
(µ− 1

2λ1)λ2

]
|φ(ν)µ−λ1

〉 . (6.5)

The t̂ (λ1, λ2) operators have a non-commuting algebra analogous to (1.3).

6.2. Zeroth-order term

We will now use these results to calculate the zeroth-order term of the Fourier coefficients.
The result has already been given in [1,2,3], but the approach used here, based on (6.2) and
(6.3), is different from that of the earlier papers; it will be used as a model for calculating
the first-order correction.

First we consider the matrix elements appearing in (6.3); using (6.5), we have

〈φ(ν)µ |τ̂ NMnm |φ(ν)µ 〉 = exp

[
2π iMν

Nν

(
µ− 1

2(M − nq)
)
(N −mq)

]
× 〈φ(ν)µ |T̂ (

(−2πm+Nκν)/Nν, (−2πn+Mκν)h̄/κν
)|φ(ν)µ−(M−nq)〉 . (6.6)

If we now substitute for the Wannier functions using (6.1) then we have

τNMnm = 1

pN2
ν

(−1)(nN+mM−nmq)p exp
[−π iMν(M − nq)(N −mq)/Nν

]
×

Nν∑
λ=1

Nν∑
λ′=1

Nν∑
µ=1

exp

[
2π i

Nν
µ

(
Mν(N−mq)−λ+λ′)] exp

[−2π i(M−nq)λ′/Nν
]

×
∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iq(kλ′ − k′λ)]

× 〈Cν(k′, δ′)|T̂0

(−2πλ

Nν
, 0

)
T̂

(−2πm+Nκν

Nν
,
−2πn+Mκν

κν/h̄

)
× T̂0

(
2πλ′

Nν
, 0

)
|Cν(k, δ)〉 (6.7)
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(note that in this expression, one of the translation operators,T̂ is evaluated at ¯h, while
others denoted̂T0 are evaluted at ¯h0 = 2πp/q). The sum overµ will vanish unless

(Mν(N −mq)− λ+ λ′) modNν = 0 (6.8)

so that substituting in (6.2) and performing the sum, we have

H(ν)
nm = 1

pNν

∑
N

∑
M

(−1)(nN+mM−nmq)p HNM

× exp
[−π iMν(M − nq)(N −mq)/Nν

] Nν∑
λ′=1

exp[−2π i(M − nq)λ′/Nν ]

×
∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iq(λ′k − λk′)]

× 〈Cν(k′, δ′)|T̂0

(−2πλ

Nν
, 0

)
T̂

(−2πm+Nκν

Nν
,
−2πn+Mκν

κν/h̄

)
× T̂0

(
2πλ′

Nν
, 0

)
|Cν(k, δ)〉 (6.9)

whereλ is given by (6.8). This result is exact; we now use it to calculate the first two
terms of an expansion in1h̄.

To calculate the zeroth-order term in1h̄ we proceed setting ¯h = 2πp/q andκν = 2π/q;
applying (1.3), we find after some work that (6.9) reduces to

H(ν)
nm = (−1)nmpq

1

pNν

Nν∑
λ=1

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

×〈Bν(k′, δ′)|T̂0(−2πmp,−2πnp)Ĥ0T̂0
(
0, qMν(k

′ −k))|Bν(k, δ)〉+O(1h̄) .

(6.10)

We now define states|Dν(k, δ)〉 and |Vν(k, δ)〉 as follows:

|Dν(k, δ)〉 = 1√
p

p∑
µ=1

|Bν(k, δ + 2πµ/q)〉 = exp[ikx̂/h̄]|Vν(k, δ)〉 . (6.11)

Equation (6.11) will be re-written in terms of matrix elements of the|Dν(k, δ)〉 states, with
the integral overδ restricted to the range from 0 to 2π/q. These matrix elements are

〈Dν(k
′, δ′)|T̂0(−2πmp,−2πnp) Ĥ0 T̂0

(
0, qMν(k

′ − k)
)|Dν(k, δ)〉

= exp[−iq(nδ −mk)] Eν(k, δ) 〈Vν(k′, δ′)| exp[ipNν(k − k′)x̂]|Vν(k, δ)〉

= exp[−iq(nδ −mk)] Eν(k, δ)
Nν−1∑
J=0

δ(δ − δ′) δ(k − k′ − 2πJ/qNν) IJ (k, δ)

(6.12)

where the last equality defines the coefficientsIJ (k, δ), and the factorδ(k− k′ −2πJ/qNν)
arises because the states|Vν(k, δ)〉 are derived by sampling the 2π periodic functionUν(x; k)
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at points separated by 2π/q. Note that normalization of the Bloch states implies that
I0(k, δ) = 1. Re-writing equation (6.10) in terms of these matrix elements, we have

H(ν)
nm = (−1)nmpq

1

Nν

Nν∑
λ=1

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2π/q

0
dδ

∫ 2π/q

0
dδ′ exp[iqλ(k − k′)]

× Eν(k, δ) exp[−iq(nδ −mk)] 〈Dν(k
′, δ′)|T̂0(0, qMν(k

′ − k))|Dν(k, δ)〉
+ O(1h̄)

= (−1)nmpq
1

Nν

Nν∑
λ=1

Nν−1∑
J=0

exp[2π iλJ/Nν ]

×
∫ 2π/q

0
dk

∫ 2π/q

0
dδ Eν(k, δ) exp[−iq(nδ −mk)] IJ (k, δ)+ O(1h̄) . (6.13)

The sum overλ vanishes unlessJ = 0, in which case we use the fact thatI0(k, δ) = 1 and
obtain our final result, that to zeroth order

H(ν)
nm = (−1)nmpq

∫ 2π/q

0
dk

∫ 2π/q

0
dδ Eν(k, δ)exp[−iq(nδ −mk)] + O(1h̄) (6.14)

as expected.

6.3. First-order correction

Here we calculate the first-order correction to the Hamiltonian in the general case. We only
highlight the differences from the caseMν = 0 considered in section 5; some of the details
are therefore omitted.

To calculate the first-order term we must go back to (6.8) and differentiateT̂ ((−2πm+
Nκν)/Nν, (−2πnh̄/κν +Mh̄)) with respect to ¯h. Remembering thatκν and h̄ are related
by (6.4), we have four terms

∂T̂

∂h̄

∣∣∣∣
0

= (2π inNν/κ
2
ν )x̂T̂0 − (iN/h̄)T̂0p̂ − 1

2iNMT̂0 + (2π2inm/κ2
ν )T̂0 . (6.15)

The required first-order correction to the Hamiltonian is

1H(ν)
nm = 1h̄

1

Nν

∑
N

∑
M

(−1)p(nN+mM−qnm) HNM exp
[−π iMν(M − nq)(N −mq)/Nν

]
×

Nν∑
λ′=1

exp
[−2π i(M − nq)λ′/Nν

]
×

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iq(λ′k − λk′)]

× 〈Cν(k′, δ′)|T̂0
(−2πλ/Nν, 0

)∂T̂
∂h̄

∣∣∣∣
0

T̂0
(
2πλ′/Nν, 0

)|Cν(k, δ)〉
= (I1 + I2 + I3 + I4)1h̄ (6.16)
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where the integralsI1 to I4 are obtained by substituting the four terms in (6.15), andλ

is given by (6.8). The final two integrals are straightforward as they are similar to those
calculated earlier for the zeroth-order term. Following similar procedures to those in sections
5 and 6.2, the third term gives us

I3 = − i

2

∫ 2π/q

0
dk

∫ 2π/q

0
dδ exp[−iq(nδ −mk)]

(
uν

∣∣∣∣ ∂2H̃

∂δ∂k

∣∣∣∣uν) (6.17)

and the fourth term is

I4 = i

2

∫ 2π/q

0
dk

∫ 2π/q

0
dδ exp[−iq(nδ −mk)]

∂2Eν
∂δ∂k

(k, δ) . (6.18)

The first two terms which involve matrix elements ofx̂ and p̂ require a little more care;
the second term reduces to

I2 = − i

Nνh̄

Nν∑
λ=1

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iqλ(k− k′)] exp[−iq(nδ−mk)]

×
∑
N

∑
M

N HNM〈Bν(k′, δ′)|T̂ (Nh̄,Mh̄)

× T̂0
(
0, qMν(k

′ − k)
)
[−kqMν + p̂]|Bν(k, δ)〉 (6.19)

where we have commuted̂p with T̂0(0,−qMνk); we find

I2 =
∫ 2π/q

0
dk

∫ 2π/q

0
dδ exp[−iq(nδ −mk)]

[
kqNν

2π

∂Eν
∂k
(k, δ)− i

(
uν

∣∣∣∣∂Ĥ∂k
∣∣∣∣∂uν∂δ

)]
. (6.20)

The first term requires a lengthy discussion; in appendix D we show that

I1 =
∫ 2π/q

0
dk

∫ 2π/q

0
dδ

[
i

(
uν

∣∣∣∣∂uν∂k
)
∂Eν
∂δ

+ iEν ∂
∂δ

(
uν

∣∣∣∣∂uν∂k
)]

exp[−iq(nδ −mk)] . (6.21))

CombiningI1 to I4, we findH(ν)
nm , and the Fourier coefficientsN(ν)

nm are given by replacing
Eν(k, δ) in by unity in these expressions. Therefore following the same argument as in
section 5 we finally obtain

(1H
(ν)

1 )nm = 1h̄

∫ 2π/q

0
dk

∫ 2π/q

0
dδ exp[−iq(nδ −mk)] H(ν)

1 (6.22)

where

H
(ν)

1 = H
(ν)

1a + i

(
uν

∣∣∣∣∂uν∂k
)
∂Eν
∂δ

− i

(
uν

∣∣∣∣∂uν∂δ
)
∂Eν
∂k

+ kqNν

2π

∂Eν
∂k

. (6.23)

This establishes (1.9) in the general case.
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7. Effects of gauge transformations

We shall consider the effect on the effective Hamiltonian of making an infinitesimal gauge
transformation to the original Bloch states or, equivalently, a gauge transformation on the
finite-dimensional vectors|uν(k, δ)):

|Bν(k, δ)〉 → |B ′
ν(k, δ)〉 = exp[iθ(k, δ)dτ ]|Bν(k, δ)〉

|uν(k, δ)) → |u′
ν(k, δ)) = exp[iθ(k, δ)dτ ]|uν(k, δ)) .

(7.1)

Any finite gauge transformation can be constructed by integrating over infinitesimal ones.
Because we wish to maintain the periodicity (up to a specified phase, whenMν 6= 0) of the
Bloch waves ink andδ, the gauge functionθ(k, δ) will be periodic on the Brillouin zone,
with a Fourier series

θ(k, δ) =
∑
N

∑
M

θNM exp[−iq(Nδ −Mk)] . (7.2)

We shall find that the effect of this gauge transformation is equivalent to allowing the
effective Hamiltonian to evolve for a time dτ under the action of a ‘gauge Hamiltonian’Ĝ,
where

Ĝ = h̄′
ν θ(x̂

′/q, p̂′/q) . (7.3)

i.e. Ĝ is related to the gauge functionθ(k, δ) by the same type of Weyl quantization as that
used in (1.6).

Substituting equation (7.1) in (1.9), we find that the effective Hamiltonian is transformed
as follows (the band indexν will be omitted):

H → H ′ = H +
[
∂θ

∂δ

∂E
∂k

− ∂θ

∂k

∂E
∂δ

]
1h̄dτ + O(1h̄2)+ O(dτ 2)

= H(x ′, p′)+ q21h̄

[
∂H

∂x ′
∂θ

∂p′ − ∂H

∂p′
∂θ

∂x ′

]
dτ + O(1h̄2)+ O(dτ 2) (7.4)

where we have used the fact thatx ′ = qk, p′ = qδ in (1.6), andH = E + O(1h̄). The
change in the effective Hamiltonian induced by an infinitesimal gauge transformation (7.1)
is therefore proportional to the Poisson bracket of the Hamiltonian with a Hamiltonian
G(x ′, p′), given by (7.3), which acts as the generator of an infinitesimal canonical
transformation:

H ′ = H + {H,G}dτ + O(dτ 2)+ O(1h̄2) G = h̄′θ (7.5)

where{A,B} is the Poisson bracket ofA andB in the (x ′, p′) phase space. The Moyal
identity [22] shows that the commutator [Â, B̂] is equivalent to the Weyl quantization of
the Poisson bracket i¯h′{A,B} up to terms O(h̄′3). We therefore have

Ĥ ′ = Ĥ − i

h̄′ [Ĥ , Ĝ] + O(dτ 2)+ O(h̄′2) . (7.6)

We have shown that, up to correction terms which are O(h̄′2) (and therefore beyond the
accuracy of our approximations), the change in the Hamiltonian induced by an infinitesimal
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gauge transformation is equivalent to a unitary evolution under the HamiltonianĜ. We
remark that, beyond the zeroth-order approximation, the low field effective Hamiltonian
for Bloch electrons in a magnetic field also depends on the gauge of the Bloch basis
states [11, 12].

We could arrive at the same conclusion by considering the action of the gauge
transformation on the|Bν(k, δ)〉 state vectors rather than the|uν(k, δ)) vectors; this leads to
a much lengthier calculation. It is of interest however to note how the gauge transformation
specified by (7.1) and (7.2) transforms the Wannier functions. In appendix E we show that
the effect of the infinitesimal gauge transformation is to induce the following transformation
of the Wannier functions:

|φ(ν)µ 〉 → |φ′(ν)
µ 〉 = |φ(ν)µ 〉 + idτ

∑
N

∑
M

(−1)pqNM θNM

× T̂ (−2πM/Nν,−2πNh̄/κν) t̂(−Nq,−Mq) |φ(ν)µ 〉 . (7.7)

Apart from the unusual form of the translation operator, this relationship is similar to
that found for the effect of an infinitesimal gauge transformation on conventional Wannier
functions.

8. Numerical experiments

In this section we describe numerical work which confirms that equations (1.5) to (1.9) do
fully describe the spectrum up to order1h̄. We present Fourier coefficients of the zeroth-
and first-order terms of the effective Hamiltonian (1.5), and we compare the spectrum of
the first-order approximation to the effective Hamiltonian with the exact spectrum of the
Harper model, for a sequence of high-order rationalsp1/q1, which approximatep/q. We
find that theRMS error in the positions of the band edges scales as O(1h̄2), as expected.
Because the Fourier coefficients are dependent on the gauge choice of the|uν(k, δ)), we
must first specify the gauge imposed on this vector.

8.1. Choice of gauge

We used the Harper model for our numerical investigations, and obtained the vector
|uν(k, δ)) as theνth eigenvector of aq × q Hamiltonian for which the non-zero elements
are (using (4.7) and the Fourier coefficients quoted below (1.3))

Hnm(k, δ) =
{

2 cos(nh̄+ δ) n = m

exp[±ik] n = m± 1 modq .
(8.1)

We set up a grid ink–δ space with 06 k 6 2π/q and 06 δ 6 2πp/q, with Nk, Nδ

equally spaced points, separated by1k, 1δ respectively. For every point in this grid, the
elements of theνth eigenvector of the matrix (8.1) are stored in an array. These vectors
are initially gauged such that their first non-zero element is real. Before applying a specific
gauge, we first ensure that the vectors are an analytic function ofk and δ; this need not
be satisfied if the first element of any of the vectors vanishes. We satisfy this requirement
by imposing a connection rule along specified paths coveringk–δ space. Starting at the
origin, we move up thek axis tok1, gauging the vector|uν(k+1k, δ)) so that the overlap
(u(k, δ)|u(k +1k, δ)) is real. Then starting fromδ = 0 and moving along the linek = k1,
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we gauge the vector|u(k, δ+1δ)) so that(u(k, δ)|u(k, δ+1δ)) is real for all values ofδ
in the interval [0, 2πp/q]. We repeat this for different values ofk1 in the interval [0, 2π/q].

Having ensured that|uν(k, δ)) is an analytic function, we next adjust the gauge such that
the vector|Cν(k, δ)〉 defined in (6.1) is periodic ink, with period 2π/q. We construct the
wavefunction〈x|Cν(k, δ)〉, and for each value ofδ a comparison is made between|C(0, δ)〉
and |C(2π/q, δ)〉; these vectors are identical up to a phase angleθ(δ). The functionθ(δ)
is defined such that−π 6 θ(0) < π , andθ(δ) is a smooth function ofδ. The |uν(k, δ)) are
then multiplied by a phase factor exp[iχ ] defined byχ(k, δ) = −θ(δ)kq/2π , which makes
the state|Cν(k, δ)〉 periodic ink.

Now it remains for us to make a final gauge transformation to ensure that the function
Uν(x; k) defined in (2.1) is periodic inx with period 2π . We compare the vectors|uν(k, 0))
and |uν(k, 2π/q)). These are identical up to a phase and a permutation of the elements of
one of the vectors:un(k, 0) = exp[iφ(k)]um(k, 2π/q), wheren = m − Nν (and again the
phase is defined so thatφ(0) lies between−π andπ , and the function is a smooth function
of k). We then multiply all the vectors|uν(k, δ)) which have 06 δ 6 2π/q by exp[iξ ],
whereξ(k, δ) = −φ(k)δq/2π . The vectors which haveδ > 2π/q are then defined by the
requirement thatun(k, δ) = um(k, δ + 2π/q) wherem = n−Nν .

8.2. Fourier coefficients and spectrum

Having determined a choice of gauge we can use (1.9) to evaluate the Fourier coefficient
definingĤ (ν)

1 . We list the first few coefficients in table 1 for one choice of commensurability
p/q and band indexν; we used a grid size ofNk = Nδ = 60 for these calculations. The
Fourier coefficients of the dispersion relation, which defineĤ (ν)

0 , are also tabulated. The
Fourier coefficients(H (ν)

1 )nm do not have the symmetryHnm = Hm,−n exhibited by the
original Hamiltonian, and by the Fourier coefficients of the dispersion relation. This is a
consequence of the choice of gauge specified in section subsection 8.1; in [3] it is shown
that gauges can be chosen which do respect this symmetry.

We compared the spectrum of a band computed using the first two terms of the Taylor
expansion of the effective Hamiltonian with the appropriate subset of the ‘exact’ spectrum
of Harper’s equation, computed numerically at some high-order rationalsβ = p1/q1

which approximate the low-order rationalp/q. The renormalized commensurability, given

Table 1. Fourier coefficients of the first two terms of the effective Hamiltonian for the case
p = 2, q = 5, ν = 2, Mν = −1, Nν = 3.

(n,m) (H
(ν)
0 )nm Re(H (ν)

1 )nm Im(H (ν)
1 )nm

(0, 0) −1.909 961 0.099 091 0.000 000
(0, 1) −0.053 291 −0.305 237 0.024 538
(0, 2) −0.002 487 −0.014 164 0.010 928
(1,−2) −0.001 350 −0.010 963 −0.010 671
(1,−1) −0.004 348 −0.122 362 −0.013 177
(1, 0) −0.053 291 −0.408 219 −0.020 010
(1, 1) −0.004 348 −0.115 926 0.001 398
(1, 2) −0.001 350 −0.007 481 0.009 351
(2,−2) −0.000 501 −0.004 753 −0.007 130
(2,−1) −0.001 350 −0.076 575 −0.013 427
(2, 0) −0.002 487 −0.099 689 −0.014 807
(2, 1) −0.001 350 −0.073 020 −0.002 460
(2, 2) −0.000 501 −0.002 535 0.005 978
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Table 2. Root-mean square errorS in the spectrum of the effective Hamitonian for different
values of1β; the data for all three cases show thatS = O(1β2).

p1/q1 p′/q ′ 1β S

Case (a).p = 1, q = 3, ν = 1, Mν = 0, Nν = 1

196/571 17/196 9.92× 10−3 5.71× 10−3

160/473 7/160 4.93× 10−3 1.48× 10−3

50/149 1/50 2.24× 10−3 3.07× 10−4

100/299 1/100 1.12× 10−3 7.34× 10−5

200/599 1/200 5.57× 10−4 1.66× 10−5

Case (b).p = 2, q = 3, ν = 2, Mν = −1, Nν = 2

329/487 13/171 8.90× 10−3 9.00× 10−3

100/151 −2/49 −4.42× 10−3 2.81× 10−3

200/301 −2/99 −2.22× 10−3 7.28× 10−4

200/601 −2/199 −1.11× 10−3 1.80× 10−4

337/505 1/169 6.60× 10−4 4.64× 10−5

Case (c).p = 2, q = 5, ν = 2, Mν = −1, Nν = 3

154/371 28/91 1.51× 10−2 1.62× 10−2

20/51 −2/9 −7.84× 10−3 6.72× 10−3

40/101 −2/19 −3.96× 10−3 1.64× 10−3

80/201 −2/39 −1.99× 10−3 3.49× 10−4

109/273 −1/54 −7.23× 10−4 6.04× 10−5

by (1.7), is also rational:β ′
ν = p′/q ′. Both spectra consist of a set ofq ′ bands with upper

and lower band edgesE(+,ex)
i andE(−,ex)

i respectively for the exact spectrum, andE(+,eff)
i ,

E
(−,eff)
i for the spectrum of the effective Hamiltonian. In table 2 we show the statistic

S =
[

1

2q ′

q ′∑
i=1

(E
(+,ex)
i − E

(+,eff)
i )2 + (E

(−,ex)
i − E

(−,eff)
i )2

]1/2

(8.2)

which is a measure of theRMS difference between the spectra; the results clearly show
that S = O(1h̄2), as expected. We used Fourier coefficients(H (ν)

1 )nm of order up to
|n|, |m| = 18 to evaluate the effective Hamiltonian.
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Appendix A

Here we derive results quoted in section 4. Firstly we shall consider the overlap
〈C(k′, δ′)|B(k, δ)〉:

〈C(k′, δ′)|B(k, δ)〉 =
∞∑

n=−∞

∞∑
m=−∞

exp[−ik′(nh̄+ δ′)/h̄] exp[ik(mh̄+ δ)/h̄]v∗
n(k

′, δ′)um(k, δ)

×
∫ ∞

−∞
dx δ(x − nh̄− δ′) δ(x −mh̄− δ) . (A.1)
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The integral reduces toδnm × δ(δ− δ′) whereδnm is the usual Kronecker delta function, so
that

〈C(k′, δ′)|B(k, δ)〉
∞∑

n=−∞
exp[in(k − k′)] v∗

n(k
′, δ′) un(k, δ) exp[i(kδ − k′δ′)/h̄] δ(δ − δ′) .

(A.2)

Now since bothun andvn are periodic inn with periodq, we can write (A.2) as

q∑
n=1

v∗
n(k

′, δ′) un(k, δ)exp[in(k − k′)]

×
∞∑

m=−∞
exp[imq(k − k′)] exp[i(kδ − k′δ′)/h̄] δ(δ − δ′) . (A.3)

The second sum vanishes unlessk = k′. Normalizing the Bloch states so that
〈B(k′, δ′)|B(k, δ)〉 = δ(δ − δ′)δ(k − k′), we have

〈C(k′, δ′)|B(k, δ)〉 = δ(δ − δ′) δ(k − k′) (v(k, δ)|u(k, δ)) . (A.4)

We will also consider matrix elements of the operatorsx̂, p̂: the x̂ matrix element is

〈C(k′, δ′)|x̂|B(k, δ)〉 =
∞∑

n=−∞

∞∑
m=−∞

exp[i(mk − nk′)] exp[i(kδ − k′δ′)/h̄]

× v∗
n(k

′, δ′)un(k, δ)(mh̄+ δ)

∫ ∞

−∞
dx δ(x − nh̄− δ′) δ(x −mh̄− δ)

(A.5)

which, after writingmh̄ exp[ikm] = −ih̄ ∂
∂k

exp[ikm] and simplifying gives (4.6).
Similarly

〈C(k′, δ′)|p̂|B(k, δ)〉 = −ih̄
∞∑

n=−∞

∞∑
m=−∞

exp[i(mk − nk′)] exp[i(kδ − k′δ′)/h̄]

× v∗
n(k

′, δ′)un(k, δ)
∫ ∞

−∞
dx δ(x − nh̄− δ′)

∂

∂x
δ(x −mh̄− δ) (A.6)

and the integral gives−δnm ∂
∂δ
δ(δ − δ′), so that

〈C(k′, δ′)|p̂|Bν(k, δ)〉 = ih̄δ(k − k′) exp[i(kδ − k′δ′)/h̄] (v(k′, δ′)|u(k, δ)) ∂
∂δ
δ(δ − δ′) .

(A.7)

Alternatively, we can write this in the form (4.5).
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Appendix B

Here we relate the operator̂A to aq×q matrix Ã(k, δ) such that if|C(k′, δ′)〉 = Â|B(k, δ)〉,
thenvn = ∑

m Anmum. If Â is represented by its Fourier expansion (4.2), then

〈x|C(k, δ)〉 =
∞∑

n=−∞
exp[ik(nh̄+ δ)/h̄] vn(k, δ) δ(x − nh̄− δ)

=
∞∑

n=−∞
exp[ik(nh̄+ δ)/h̄] un(k, δ)

×
∞∑

N=−∞

∞∑
M=−∞

ANM T̂ (Nh̄,Mh̄) δ(x − nh̄− δ) . (B.1)

Using the fact thatT̂ (Nh̄,Mh̄) = exp[−iNMh̄/2] exp[−iMp̂] exp[iNx̂], the term in (B.1)
becomes

T̂ (Nh̄,Mh̄)δ(x − nh̄− δ) = exp[iM((n+N/2)h̄+ δ)]δ
(
x − (n+N)h̄− δ

)
. (B.2)

Therefore from (B.1) we have

〈x|C(k, δ)〉 =
∞∑

n=−∞
exp[ik(nh̄+ δ)/h̄]

× un(k, δ)

∞∑
N=−∞

∞∑
M=−∞

ANM exp[iM((n+N/2)h̄+ δ)] δ(x − nh̄− δ)

=
∞∑

n=−∞
exp[ik(nh̄+ δ)/h̄]

∞∑
N=−∞

∞∑
M=−∞

ANM exp[i(Mδ −Nk)]

× exp[iM(n− 1
2N)h̄] un−N(k, δ) δ(x − nh̄− δ) . (B.3)

Comparing with (4.3) we have

vn =
∑
N

∑
M

ANM exp[i(Mδ −Nk)] exp[iM(n− 1
2N)h̄]un−N =

q∑
m=1

Anm(k, δ)um (B.4)

from which equation (4.7) follows immediately. This allows us to relate aq×q matrix to the
Fourier coefficients of an operator defined on the real line, so that〈B(k′, δ′)|Â|Bν(k, δ)〉 =
(u(k, δ)|Ã(k, δ)|u(k, δ)).

Appendix C

Here we consider the Fourier coefficents of a product of operators

Ĉ = ÂB̂ =
∑
N

∑
M

ANM exp[i(Nx̂ ′ −Mp̂′]
∑
I

∑
J

BIJ exp[i(I x̂ ′ − J p̂′]

Ĉ =
∑
n

∑
m

Cnm exp[i(nx̂ ′ −mp̂′]
(C.1)
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with [x̂ ′, p̂′] = ih̄′
ν . Comparing the two lines of (C.1), and using (1.3), we find

CNM =
∑
I

∑
J

AN−I,M−J BIJ exp[ih̄′(IM −NJ)/2] . (C.2)

Now from (2.6) we have ¯h′
ν ' q21h̄, implying that to leading order in1h̄ the phase factor

in (C.2) can be neglected. Using the convolution theorem, we then have

CNM =
∑
X

∑
Y

AN−X,M−Y BXY + O(1h̄)

=
∫ 2π/q

0
dk

∫ 2π/q

0
dδ exp[−iq(Nδ −Mk)]A(k, δ)B(k, δ)+ O(1h̄) . (C.3)

To lowest order the product of operatorsÂB̂ is therefore obtained by quantizing the product
A(k, δ)B(k, δ).

Appendix D

The first term in (6.15) gives

I1 = 2π ip2n

h̄2

Nν∑
λ=1

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

× exp[−iq(nδ −mk)]Eν(k, δ)〈Bν(k′, δ′)|[x̂ − 2πλ/Nν ]

× T̂0(0, qMν(k
′ − k))|Bν(k, δ)〉 . (D.1)

We have two terms to calculate, one involvingx̂ and the otherλ; we will consider the latter
one first. Consider the expression

I1a = 1

Nν

Nν∑
λ=1

λ

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

× 〈Bν(k′, δ′)|T̂0(0, qMν(k
′ − k))|Bν(k, δ)〉 . (D.2)

Writing qλ exp[iqλ(k− k′)] = −(∂/∂k′) exp[iqλ(k− k′)], and integrating (D.2) by parts we
have

I1a = 1

qNν

Nν∑
λ=1

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

× ∂

∂k′ 〈Bν(k′, δ′)|T̂0(0, qMν(k
′ − k))|Bν(k, δ)〉 . (D.3)

Writing |Bν(k, δ)〉 = exp[ikx̂/h̄]|U(k, δ)〉,

I1a = 1

Nν

Nν∑
λ=1

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

× ∂

∂k′ 〈Bν(k′, δ′)| exp[iqMν(k
′ − k)x̂/h̄]|Bν(k, δ)〉

= 1

Nν

Nν∑
λ=1

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

×
[〈∂U
∂k′ (k

′, δ′)
∣∣ exp[ipNν(k − k′)x̂/h̄]|U(k, δ)〉

− ipNν
h̄

〈Bν(k′, δ′)|T̂0
(
0, qMν(k

′ − k)
)
x̂|Bν(k, δ)〉

]
. (D.4)
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As in section 6 the sum overλ will ensure that the only contributing term from the overlap
is k = k′: we find

〈Bν(k′, δ′)|T̂0
(
0, qMν(k

′ − k)
)
x̂|Bν(k, δ)〉

= ih̄

pNν

∂

∂k′

[
δ(δ − δ′)δ(k − k′) exp[i(kδ − k′δ′)/h̄](uν(k

′, δ′)|uν(k, δ))
]

− ih̄

pNν
δ(δ − δ′)δ(k − k′)

(
∂uν(k, δ)

∂k′

∣∣∣∣uν(k, δ)) . (D.5)

It can be seen that on integrating overk′ andδ′ (D.4) gives no contribution. Thus from (D.1)
we have

I1 = 2π ip2Nνn

h̄2

Nν∑
λ=1

∫ 2π/q

0
dk

∫ 2π/q

0
dk′

∫ 2πp/q

0
dδ

∫ 2πp/q

0
dδ′ exp[iqλ(k − k′)]

× 〈Bν(k′, δ′)|x̂T̂ (0, qMν(k
′ − k))|Bν(k, δ)〉 Eν(k, δ) exp[−iq(nδ −mk)] .

(D.6)

We have seen in (D.5) the result of placingx̂ between two Bloch states, so we can rewrite
(D.1) as

I1 = −
∫ 2π/q

0
dk

∫ 2π/q

0
dδ qn exp[−iq(nδ −mk)]Eν(k, δ)

(
uν

∣∣∣∣∂uν∂k
)
. (D.7)

Appendix E

The Bloch states can be obtained from the Wannier functions as follows (equation (3.3.15)
of [3]):

|Bν(k, δ)〉 = C

Nν∑
µ=1

∞∑
n=−∞

∞∑
m=−∞

exp

[
−2π i

h̄

(
mδ + n(k + µh̄)

Nν

)]
× T̂ (0, 2πm) T̂ (−2πn/Nν, 0) T̂ (0, 2πMνk/κν) |φ(ν)µ 〉 (E.1)

whereC is a normalization constant. Consider the effect of one term of the Fourier series
(7.2) on the Bloch state|Bν(k, δ)〉: using (E.1) and replacingn by n+M in the summation

exp[−2π i(Npδ/h̄−Mk/κν)] |Bν(k, δ)〉

= C
∑
n

∑
m

Nν∑
µ=1

exp

[
−2π i

h̄

(
(m+Np)δ + (k + µh̄)(n+M)

Nν

)]
× exp[2π iMk/κν ] T̂ (0, 2πm) T̂ (−2π(n+M)/Nν, 0)

× T̂ (0, 2πMνk/κν) |φ(ν)µ 〉

=
∑
n

∑
m

Nν∑
µ=1

exp

[
−2π i

h̄

(
mδ + (k + µh̄)n

Nν

)]
× exp[4π2iNpn/Nνh̄] exp[−2π iµM/Nν ]

× T̂ (0, 2πm) T̂ (−2πn/Nν, 0) T̂ (0, 2πMνk/κν)

× T̂ (−2πNp, 0) T̂ (−2πM/Nν, 0) |φ(ν)µ 〉 (E.2)
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(equations (1.3) and (6.4) have been used to simplify this result). Now in the rational case
h̄ = 2πp/q, the phase factor involvingn is exp[4π2iNpn/Nνh̄] = exp[2π iNqn/Nν ], so
that (E.2) can now be written

exp[−2π i(Npδ/h̄−Mk/κν)] |Bν(k, δ)〉

=
∑
n

∑
m

Nν∑
µ=1

exp

[
−2π i

h̄

(
mδ + (k + µh̄)n

Nν

)]
exp

[−2π i(µ+ 1
2Nq)M/Nν

]
× T̂ (0, 2πm) T̂ (−2πn/Nν, 0) T̂ (0, 2πMνk/κν)

× T̂ (−2πM/Nν,−2πNp) |φ(ν)µ+Nq〉 . (E.3)

Using equation (1.8), the additional phase factor in (E.3) can be rewritten as follows:

exp

[
−2π i

Nν

(
µ+ 1

2Nq
)
M

]
= (−1)pqNM exp

[
−2π iMν

Nν

(
µ+ 1

2Nq
)
Mq

]
. (E.4)

Inserting this result into (E.3), and using (6.5) gives

exp[−2π i(Npδ/h̄−Mk/κν)] |Bν(k, δ)〉

= (−1)pqNM
∞∑

n=−∞

∞∑
m=−∞

Nν∑
µ=1

exp

[
2π i

h̄

(
mδ + (k + µh̄)n

Nν

)]
× T̂ (0, 2πm) T̂ (−2πn/Nν, 0) T̂ (0, 2πMνk/κν)

× T̂ (−2πM/Nν,−2πNh̄/κν) t̂(−Nq,−Mq) |φ(ν)µ 〉 (E.6)

(we used the fact that, in the rational case, ¯h/κν = p). Equation (7.7) follows directly from
this result.
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