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We investigate the anomalous transport in optically-induced potentials that are random in both
space and time. We �nd that the time variation destroys Anderson localization, replacing it by
transport that is faster than di�usion, which in some cases can be even faster than ballistic. We
relate this phenomenon to Chirikov's theory of overlapping resonances, and �nd radical di�erences
between the anomalously-enhanced transport in one-dimensional and two-dimensional systems.

It is well known that a wavepacket (or a particle) mov-
ing in a spatially-disordered time-independent potential
can exhibit Anderson localization, and that this is the
generic situation in one or two dimensions [1, 2]. At
the same time, it is also known that if the disordered
potential is also �uctuating in time, localization is lost
and transport is restored. That is, for localization to
occur the disordered potential must be `frozen' in time
[1]. Consequently, it might naturally be expected that
when Anderson localization is destroyed, transport will
become di�usive. Over the years, several di�erent mech-
anisms were proposed, for the breakdown of Anderson
localization due to temporal �uctuations of the poten-
tial. Mott [3] considered the e�ect of phonons at low
temperatures, and argued that this gives rise to a di�u-
sive motion termed `variable-range hopping' conductiv-
ity. Mott [4] also considered the e�ects of a weak AC
�eld, and suggested that a resonant interaction domi-
nates the low-frequency response. Alternatively, it has
been argued that another limiting procedure leads to a
distinct type of di�usive response to a low-frequency elec-
tric �eld, termed adiabatic transport [5]. On the other
hand, there are reasons to expect that the response to
time-dependent potentials may be di�erent from di�u-
sion. Speci�cally, the di�usion constants predicted by
such mechanisms sensitively depend upon energy. Also,
if the potential is time-dependent, the energies of the
particles will not be constant. Hence, if the di�usion co-
e�cient is a rapidly increasing function of energy, the re-
sponse to a time-dependent perturbation can be a super-
di�usive. The existence of such `anomalous di�usion' has
been demonstrated in classical (`e�ective particle') mod-
els with spatially and temporally �uctuating potentials
[6�10]. However, experimental evidence for anomalous
di�usion is still missing: electron-electron interactions
render such phenomena, as well as Anderson localization
e�ects, extremely di�cult to observe via charge transport
experiments in solids. In fact, Anderson localization is
most easily demonstrated in optical and in matter-waves
systems, where the potential is induced by light waves.

In this Letter, we investigate potentials that are in-
duced by light waves, for example in cold atoms [11]
and in optically-induced photonic potentials [12, 13]. We

�nd that transport in these temporally-�uctuating and
spatially-random potentials is faster than di�usion, and
in some cases can be even faster than ballistic. When
the potential is made up of a discrete set of momentum
components, we establish connections with the Chirikov
theory of overlapping resonances, and show how this ap-
proach maps into a di�usive approximation in the con-
tinuum limit. Finally, we �nd radical di�erences between
the anomalously-enhanced transport in one-dimensional
and two-dimensional systems.

The random potentials induced by optical waves in
photonic lattices [13] and in atom optics experiments
[11, 14], rely on transforming an intensity pattern into
an e�ective potential for the light (the former) or the
cold atoms (the latter). Such potentials are naturally de-
scribed in terms of the Fourier spectrum of the waves in-
ducing them, and their spectral coe�cients are assumed
to be independent random variables. Physically, the
spectral content of optically-induced potentials is rep-
resented by a �nite number, N , of Fourier coe�cients,
each representing a plane-wave component at some angle
with respect to the optical axis. In typical experiments,
this number may be large, hence we shall consider po-
tentials with very dense Fourier transform, approximat-
ing the limit as N → ∞ . The problem is modeled by
the Schrödinger equation with such type of potentials,
where the initial condition is a localized wave-packet and
the question is the rate of spreading of the wave-packet,
when Anderson localization is destroyed. In the regime
where the wave-packet has already acquired large values
of momentum, one expects classical mechanics to provide
a reasonable approximation. We will, therefore, explore
here the classical dynamics for potentials, which are de-
�ned by their spectral content [15]. In particular, we
consider the classical dynamics of a particle in potentials
that are both random in space and in time, emphasizing
the spreading of the momentum acquired by the parti-
cle as time evolves. When the potential is made up of a
�nite number of Fourier components, the theory can be
formulated in terms of Chirikov's resonance overlap cri-
terion [16�18]. In the limit as N → ∞ , we show how the
Chirikov resonances are related to an expression for a dif-
fusion coe�cient D characterizing random changes in the
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momentum, p. For the potentials which arise in optical
experiments, in one dimension this describes sub-di�usive
behavior in momentum space for large values of momen-
tum, di�erent from the `universal' behavior predicted by
[6�9]. In two dimensions, we �nd an anomalous di�u-
sion in momentum, in accord with earlier investigations
[6�9]. The Chirikov resonances provide an intuitive un-
derstanding for the fundamental di�erence between one
and two dimensions.
Before further speci�cation of the model, consider the

model de�ned by the Hamiltonian,

H =
p2

2
+ V (x, t), (1)

where V (x, t) is a one-dimensional quasi-periodic poten-
tial of the form,

V (x, t) =
1√
N

N∑
m=1

Am exp [i (kmx− ωmt)] + c.c.. (2)

Here Am are independent, identically distributed com-
plex random variables. The expectation values of these
variables satisfy ⟨Am⟩ = ⟨AmAn⟩ = 0, ⟨AmA∗

n⟩ =
A2δmn. For �nite N , the potential is a quasi-periodic
function of x and t, and in the limit of N → ∞, for
�xed x and t, it is a Gaussian random variable with
the variance 2A2. The random variables km and ωm

are distributed with the probability density, or spec-
tral content, P (k, ω), which includes the cases where
P (k, ω) is unbounded (discrete spectrum). The motion
of a particle in a potential given by (2), for su�ciently
small |Am|, was analyzed by Chirikov [17]. It was pre-
dicted that the phase-space is built up of chains of non-
overlapping resonances, which are given by the condition
d
dt (kmx− ωmt) = kmp−ωm = 0,which is just the station-
ary phase requirement. This reduces to the condition,

presm =
ωm

km
. (3)

Assuming that the resonances are isolated, as is the case
for su�ciently small A, starting a particle with an ini-
tial momentum near a resonance will produce a bounded
pendulum-like motion near that resonance. This can be
seen by neglecting all non-resonant terms in the potential,
and making a Galilean transformation to the frame of
reference of the speci�c resonance. The half-width of the
resonances, ∆m, can be assessed from energy conserva-

tion, ∆m =
√
8 |Am| /

√
N. We now order the resonances

such that pres1 ≤ pres2 ≤ · · · ≤ presN , and de�ne the distance
between adjacent resonances by δm = presm −presm−1. There-
fore, the precise condition on the amplitudes of the poten-
tial, for isolated resonances becomes (∆m +∆m−1) ≤ δm
for allm; namely, that there are no overlapping resonance
chains.
The dynamics for weakly overlapping resonances for

the model (11) is presented in Fig. 1. When the am-
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Figure 1: (color online) Phase-space diagram,
(x′ = x− prest, p), for two overlapping resonances. The
double two-sided arrows indicate the region of the reso-
nances. Resonances (1) and (2) overlap, but none overlaps
with resonance (3). Di�erent colors (shades) describe dif-
ferent trajectories. The horizontal black solid and dashed
lines designate the edges of the resonance chains. The
initial conditions were uniformly distributed on the p axis
(x (t = 0) = 0) . The system was integrated up-to t = 104

(dimensionless variables).

plitudes of the potential, |Am|, are not small, namely,
2∆m ∼ δm, some of the resonance chains overlap. It
is established [16, 17] that in places where resonances
overlap, stochastic regions will form, which results in a
random walk between resonances and therefore di�usion
in the momentum. In order to observe such di�usion, the
number of resonances has to be large, since for the di�u-
sion approximation to be valid a large number of jumps
between the resonances has to occur. We will now ob-
tain the di�usion coe�cient, adapting a technique devel-
oped in [6�9] to the case where the potential is described
by the statistics of its Fourier components. In the limit
N → ∞ the Chirikov resonances become dense in mo-
mentum, which appears at �rst sight to complicate the
problem. It is instructive to study the force-force corre-
lation function

C(x1, t1; x2, t2) = ⟨F (x1, t1)F (x2, t2)⟩ , (4)

where x1 = x1(t1) and x2 = x2(t) are points on the tra-
jectory of the particle, which depend on the realization
of the potential. It is assumed that the correlations de-
cay su�ciently fast such that C vanishes in a small time
interval |t1 − t2|, while the momentum in this interval
is practically �xed [9]. This is, essentially, the Marko-
vian approximation leading to the Fokker-Planck equa-
tion, that turns into a solvable problem. The resulting
di�usion coe�cient in momentum is:
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D(p) =
1

2

ˆ ∞

−∞
C(pτ, τ) dτ (5)

= 4πA2

ˆ
dk

ˆ
dω k2 P (k, ω)δ(ω − kp).

Notice, that this expression is closely connected to the
resonance probability density, which can be de�ned as

P (pres) =

ˆ
dk

ˆ
dω |k| P (k, ω) δ(ω − kpres). (6)

These two expressions quantify the connection between
Chirikov resonances and phase space di�usion. We can
obtain the asymptotic behavior of (5) for large p following
a similar procedure done in [9], by rescaling the variables,
k′ = kp,

D(p) =
4πA2

p3

ˆ ∞

−∞
dk′ k′2P (

k′

p
, k′). (7)

Therefore if P (0, k′) ̸= 0, which is the condition for the
universal behavior, in the limit of large p we have,

D(p) ∼ D0

p3
, (8)

where, D0 =
´∞
−∞ dk′ k′2 P (0, k′). The spreading in mo-

mentum is controlled by the Fokker-Planck equation,

∂ρ

∂t
=

(
∂

∂p
D(p)

∂

∂p

)
ρ, (9)

for the momentum density ρ. The scaling (8) of the dif-
fusion coe�cient predicts anomalous di�usion in momen-
tum, in line with [6, 7, 9, 10], with

⟨
p2
⟩
∼ t2/5, as can be

easily seen by rescaling the Fokker-Planck equation (9).
The resulting spread in the position is

⟨
x2

⟩
∼ t12/5. This

result implies that the width of the region of high prob-

ability of �nding the particle,
⟨
x2

⟩1/2
, is increasing with

t6/5, which is clearly faster than ballistic transport (∼ t).
This result applies for one dimensional systems where
the spectrum of the disordered potential is unbounded.
Physically, however, in all cases where the potential is
induced by light waves, the range of frequencies in the
potential is limited, namely, there is some pmax, such
that, P (k, ω) = 0 : ω ≥ pmaxk. Namely, the func-
tion P (k, ω) is restricted to some region. It then follows
from (5) that

D(p) =

{
4πA2

´
dk k2 P (k, pk) |p| ≤ pmax

0 |p| > pmax.
(10)

This indicates there would be a saturation in the di�u-
sive growth of the kinetic energy, which is determined
by the region where Chirikov resonances are found. This
results in a deviation from the universal scaling for such
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Figure 2: (color online) Mean kinetic energy
⟨
p2
⟩
as a function

of time, t. The dashed gray line is the numerical solution
of Eq. (1) for 1000 initial conditions taken from a Gaussian
distribution and averaged over 10 realizations of the potential
V . Di�erent shades and styles of lines designate di�erent N
(see legend). The solid thick line is the numerical solution
of the Fokker-Planck equation (Eq. (9)), with a di�usion
constant given by Eq. (14). The parameters are kR = 0.1
and A = 10−4.

potentials. Therefore, a particle started inside the part of
space with non�vanishing resonance density will �rst dis-
play enhanced di�usion, but it will not di�use to regions
of zero resonance density, and eventually the asymptotic
spread in position space will be ballistic

⟨
x2

⟩
∼ t2. We

conclude that the spreading in phase-space results from
a resonance between the motion of the particle and the
time-dependence of the driving force, and takes place
where the density of resonances (6) does not vanish. For
strong enough driving (temporal �uctuations) spreading
out of this region can take place, but it is eventually
suppressed by an e�ective adiabaticity of the driving po-
tential. This is demonstrated in Fig. 2 for the potential
described by (11).
We now turn speci�cally to the optical and atom op-

tics settings [11], where the potential is proportional to
the intensity of the optical �eld |E0|2. In atom optics,
this potential results from the interaction of the induced
dipole of the atoms with the electric �eld [11], while,
in the domain of optics, the e�ective potential is the
variation in the refractive index, which is proportional
of to the intensity (the interference pattern) inducing it
[12, 19]. For the sake of clarity, we con�ne ourselves to
the optical system used to study localization [13], where
the potential was induced by the interference pattern of
several paraxial waves [13, 20]. In these systems, trans-
port is manifested in the propagation dynamics of an
optical probe beam (not to be confused with the waves
inducing the potential) through a disordered dielectric
medium. The role of time is played by the propagation
axis of the beam, whereby ballistic transport corresponds
to the regime where the width of the di�racting beams
is proportional to the propagation distance, and local-
ization occurs when the expansion in real space comes
to a halt. The potential resulting from the interference
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pattern is,

V (x, t) =
1

N

N∑
n,m=1

AmA∗
n exp [i ((km − kn) · x− (ωm − ωn)t)] ,

(11)
with ωn and k related by a dispersion relation, which is
approximated by ωn = k2n/ (2k) and k = 2πn0/λ [15],
n0 is the bulk refractive index and λ is the wavelength
of light in vacuum (in what follows we will use the units
where, k = 1). First, the analysis is performed in one
(transverse) dimension, replacing k by kx = |k|. The
resulting Chirikov resonances are,

presnm =
ωm − ωn

km − kn
=

km + kn
2

, (12)

and presnm is bounded. The number of resonances is N(N−
1)/2, and their half-width is, ∆mn =

√
8|AmAn|/N. The

overlap condition of the resonances is acquired in a sim-
ilar way as above, by comparing the width of the reso-
nances with the distance between adjacent resonances.
Assuming, ⟨AmA∗

nA
∗
iAj⟩ = A4 (δnmδij + δmiδnj) , one

�nds,

D(p) = 4πA4

ˆ
dk2 P (2p− k2)P (k2) |k2 − p| , (13)

where P (k) is the distribution of resonances in Fourier
space, determined by the experimental set-up. In par-
ticular, for P (k) = θ(kR − |k|)/(2kR), that is the 1D
counterpart of the 2D distribution used in experiments,
where θ (x) is a step function, using (13) we compute the
di�usion coe�cient

D(p) =

{
πA4

k2
R
(kR − |p|)2 |p| ≤ kR

0 |p| > kR.
(14)

The resulting growth of momentum is presented in Fig.
2. It is clear that the universal behavior predicted by (8)
is not satis�ed here.
In dimensions higher than one, the Chirikov resonance

condition (3) is

(km − kn) · pres

mn = ωm − ωn. (15)

Because two wavevectors can be selected to give a
resonance at any given value of the momentum, this
condition allows resonance overlap more easily than in
one dimension. In the limit N → ∞, the resonances
become dense and their e�ect is described by di�usion
of momentum, with an anisotropic di�usion tensor. We
analyze the component of the di�usion tensor in the
direction of the momentum p, namely D∥(p), and �nd
that, in contrast to the one-dimensional case, the di�u-
sion in momentum is not bounded, even if k is restricted
so that k < kR. A particularly simple result is found
for a Gaussian distribution in d−dimensions, P (k) =
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Figure 3: (color online) Same as Fig. 2, but for a two-
dimensional system, for N = 800 and parameters commonly
used in the experiment [22], kR = 0.0294 and A = 2.06×10−4.

(
2πk2R

)−d/2
exp−

[(
k21 + k22 + · · ·+ k2d

)
/
(
2k2R

)]
, lead-

ing to

D∥(p) =
A4

2

ˆ ∞

−∞
dτ

1

(1 + k4Rτ
2)

d/2
× (16)

×
(
− 1

τ2
∂2

∂p2

)
exp

[
− k2Rτ

2p2

1 + k4Rτ
2

]
,

where τ is the di�erence in time between the points of the
force-force correlation function. The above expression is
in good agreement with the numerical simulations, as is
clear from Fig. 3. Asymptotically, D∥(p) ∼ 1/p3, which
yields an universal asymptotic expansion in momentum⟨
p2
⟩
∼ t2/5, and a ballistic expansion rate in position

space
⟨
x2

⟩
∼ t2. [21].

In this Letter, we analyzed the classical dynamics
in optically-induced random potentials. Such potential,
that are commonly used for optics and atom optics exper-
iments, are naturally described in terms of their spectral
content. We �nd that the di�usion coe�cient in momen-
tum space is related to the Chirikov resonances. In 1D
systems, if the momentum is unbound the di�usion coef-
�cient is proportional to the inverse of momentum cubed.
On the other hand, if the spectral content is bounded in
momentum (as is always the case for optically-induced
potentials), the anomalous transport can go on for some
�nite time but eventually the di�usion in momentum is
suppressed, and the system asymptotically converges to
ballistic transport. For systems with dimension of two or
higher, we �nd that di�usion in momentum is unbounded
for any spectral content of the potential and universal-
ity always holds. This is clearly explained in terms of the
Chirikov resonances. The anomalous di�usion in momen-
tum, at least for some range of parameters, results in a
super-ballistic spreading in the coordinate space at least
for some time scales that may be very long. As a result
of the spreading in momentum, both waves and parti-
cles will reach high momentum. This Letter studied the
classical dynamics of particles, hence providing a qual-
itative description for the spreading of waves for these
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potentials (see [22] for relevant optics experiments and
theory). The correspondence to the dynamics of waves
in such potentials, especially in the asymptotic regime of
very long evolution should be a subject of further studies.
Likewise, it would be intriguing to explore the dynam-
ics for small number of spectral components, N , which
could yield mixed dynamics involving chaotic and regular
regimes.
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