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1 Introduction

A Steiner triple system S = (V,B) of order v, briefly STS(v), is a collection B of
triples (3-element subsets) on a set V', |V| = v, such that each unordered pair of
elements of V' is contained in exactly one triple from B. It is well known that an
STS(v) exists if and only if v = 1,3 (mod 6); such orders are admissible.

A (k,{)-configuration in an STS(V,B) is a subset of ¢ triples of B whose
union is a k-element subset of V. The Pasch configuration or quadrilateral, P,
is the (6,4)-configuration on elements (say) a,b,c, e, d, f with the triples {a, b, ¢},
{a,d,e},{f,b,d} and {f,c,e}. An STS is anti-Pasch (or quadrilateral-free) if it
does not contain P . For instance, the unique STS of order 9 is anti-Pasch and of
the eighty ST'S(15), just one (No. 80 in [10]) is anti-Pasch.

The problem of characterising those v for which there exists an anti-Pasch STS
of order v appears to be difficult. For every v = 3 (mod 6), an anti-Pasch STS(v)
is known to exist [2, 6]. There is no anti-Pasch STS of order 7 or 13. It has been
conjectured that an anti-Pasch ST'S(v) exists for all other v = 1 (mod 6). Although
this remains far from settled, some progress has been made [2, 5, 6, 12]. It is the
purpose of this paper to narrow substantially the spectrum of possible exceptions.

We shall denote an anti-Pasch (quadrilateral-free) STS(v) by QFSTS(v).

A group divisible design (GDD) is a triple (X, G, B) which satisfies the following
properties:

(1) G is a partition of a set X (of points) into subsets called groups;

(2) B is a set of subsets of X (called blocks) such that a group and a block
contain at most one common point;

(3) every pair of points from distinct groups occurs in a unique block.

The group-type (type) of the GDD is the multiset {|G| : G € G}. We usually use
an “exponential” notation to describe group-type: a group-type 1°273% ... denotes
1 occurrences of 1, 7 occurrences of 2, k occurrences of 3, etc.

If K is a set of positive integers, each of which is not less than 2, then we say
that a GDD (X,G,B) is a K-GDD if |B| € K for every block B in B. When
K = {k}, we simply write k for K. A K-GDD is said to be uniform if all groups
have the same size, that is, if it is of type g*. A transversal design TD(k,n) is a
k-GDD of type n*.



2 Stinson and Wei’s Construction

In this section, we extend the second recursive construction of Stinson and Wei
[12]. This is a singular direct product construction. It employs Latin squares with
certain properties. A subsquare of a Latin square is a square subarray that is itself
a Latin square. A Latin square is an N»-Latin square if it contains no subsquare
of order 2. An N,-Latin square of order n exists for all n > 3 and n # 4 [7, 8, 11].

We need N,-Latin squares with additional properties, similar to (but weaker
than) the “special” Latin squares in [12]. We shall call such squares Kotzig squares
in recognition of Kotzig’s work in this area. A Kotzig square of order n = 2w is
an Na-Latin square L of order 2w with rows, columns and symbols indexed by
{0,1,...,n— 1}, and enjoying three properties:

(1) {L(2i,s),L(2i+1,s)} #{24,2j + 1} for 0 < i,7 < w;

(2) {L(s,2i),L(s,2i + 1)} # {27,25 + 1} for 0 < i,j < w;

(3) L(2i,27) # L(2i + 1,25 + 1), L(26,25 + 1) # L(2t + 1,2j) for 0 < i,j < w.
Stinson and Wei used similar Ns-Latin squares to prove:

Theorem 2.1 [12] If there exists a QFSTS(u) and u =1 (mod 4), and u— 1 has
an odd divisor exceeding three, then there exists a QFSTS(3(u —1) + 1).

We extend Theorem 2.1 to relax the condition that u = 1 (mod 4), and the
condition on divisors.

Lemma 2.2 There exists a Kotzig square of order 2w whenever w > 4, except
possibly for w =15,8,10 and 16.

Proof: The proof relies on three general constructions.
(a) Firstly we prove that a Kotzig square of order 2w exists whenever w is odd
and w > 7. To do this form a 2w x 2w array L by setting

2 — 4§ mod w if 0<ij<w-1

(2044 modw)+w if 0<i<w-—-1lw<j<2w—-1
(20 +47 modw)+w if w<i<2w—-1,0<j<w-—1
2t —47+3 mod w if w<i,j<2w-1

L(i, j) =

It is helpful to regard L as being formed from four w x w subsquares, two of which
are identical:

A B+w

L= B+w C
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where A(7, j) = 2i — 47 mod w , B(i,5) = 2i +4j mod w and C(i,7) =20 —4j + 3
mod w, all for 0 < 4,5 < w — 1, and B 4+ w denotes the result of adding w to the
entries of B. Plainly L is a Latin square of side 2w.

Within each of the four subsquares, consecutive entries in a given column differ
by 2, consecutive entries in a given row differ by 4, and diagonally adjacent entries
differ by 2 or 6. Since w > 7, properties (1), (2) and (3) are therefore satisfied
within each subsquare. Furthermore, each of these subsquares is equivalent to a
cyclic Latin square of odd side and so is an N»-Latin square. To confirm the Kotzig
properties for the full 2w x 2w array L, it is necessary to examine entries along
the common boundaries of the subsquares.

Property (1) would be violated only if, for some j, we have { L(w—1, j), L(w, j) }
={w—-1,w}. If 0 <j <w—1 this requires L(w—1,5) =w—1 and L(w, j) = w,
and hence 2(w—1)—4j = w—1 (mod w) and 4j = 0 (mod w). But this gives 1 =0
(mod w), a contradiction. If w < j < 2w — 1 we similarly obtain 1 = 0. In the
same way, any violation of property (2) requires either 5 =0 or 1 = 0 (mod w). To
verify property (3), only the four central entries in L need to be considered. But
Lw—-1w-1)=2 Llw—-1w)=2w—-2, L(w,w—1) = 2w —4 and L(w,w) = 3,
and so these four entries are distinct.

Finally to verify that L has no subsquares of order 2, note that any such
subsquare would involve entries from all four of the w x w constituent subsquares
forming L. That is, there would be four values 1, j, 4, 7’ satisfying 0 <, < w —1
and w < i',5/ < 2w — 1 for which L(i,7) = L(i,5') and L(i,j') = L(¢,j). But
these give 2i — 45 = 2¢' — 45" + 3 and 2i + 45’ = 2¢ + 45 (mod w), which are
inconsistent.

(b) Next we prove that a Kotzig square of order 4w exists whenever w is odd,
w > T7,w# 9. In order to do this, consider first the 2w x 2w array K defined by

B+w A
C B+ w

K —

where A, B, C are as in part (a). It is easily shown, in a similar fashion to the proof
for L, that K is a Kotzig square of side 2w provided that w is odd, w > 7 and
w # 9. The condition w # 9 arises from consideration of the four central entries
in K. Now define a 4w x 4w array M by

L L+ 2w
K+ 2w L

M =

That M has properties (1), (2) and (3) is immediate since K and L are both
Kotzig squares of even order. It is also clear that M is a Latin square. In order to

6



investigate possible subsquares of order 2, write M as

A B+w |A+2w | B+ 3w

M- B+ w C B+3w|C+ 2w

B+3w | A+ 2w A B+w
C+2w|B+3w| B+w C

and consider the effect of projecting each w x w subsquare X + kw to the entry k,
i.e. projecting M to

0123
1 0 3 2
N_3201
2310

Any subsquare of order 2 in M must project onto a subsquare of order 2 in N.
But N only contains four such subsquares and each of these corresponds to one
of the four 2w x 2w subsquares of M, namely L, L + 2w, K + 2w and L, each of
which is free of subsquares of order 2.

(c) The third construction takes a Kotzig square K of order 2w and an Ns-Latin
square N of order n on the integers 0,1,...,n — 1, and produces a Kotzig square
of order 2wn. To do this replace each entry k in N by the square K + 2wk. The
resulting array is a Latin square. Properties (1), (2) and (3), and the Ny property
are easily verified.

(d) To complete the proof of the Lemma, we next exhibit Kotzig squares of orders
8 and 12.
A Kotzig square of order 8 is:

0 213 46 5 7
5 7 4 6 2 0 3 1
1 3 5 7 0 4 6 2
4 6 0 2 3 7 1 5
2 4 3 5 7106
71 6 05 3 2 4
35 716 2 40
6 0 2 41 5 7 3

A Kotzig square of order 12 is:



o 6 4 8 2 10 1 7 5 9 3 11
o 2 6 0 8 4 11 3 7 1 9 5
2 8 0 10 4 6 3 9 1 11 5 7
6 4 8 2 10 0 7 5 9 3 11 1
4 10 2 6 O & 5 11 3 7 1 9
s 0O 10 4 6 2 9 1 11 5 7 3
1 7 5 9 3 11 6 0 10 2 8 4
1m 3 7 1 9 5 4 8 0 6 2 10
39 1 1 5 7 &8 2 6 4 10 O
7T 5 9 3 1 1 0 10 2 8 4 6
5 11 3 7 1 9 10 4 8 0 6 2
9 1 11 5 7 3 2 6 4 10 0 8

Now suppose w > 4 and w # 5,8,10,16. We may write 2w = 2*d, where d is
odd and k > 1. If k > 3 then 2w = 8(2"73d) and construction (c) above produces
a Kotzig square of order 2w from the Kotzig square of order 8 and an Ns-Latin
square of order 2¥73d. If k = 2 then 2w = 4d where d = 3 or d > 7 and construction
(b) produces the required square except when d = 3 or 9. However, k = 2,d = 3
corresponds to the Kotzig square of order 12 and k£ = 2,d = 9 corresponds to
2w = 36. A Kotzig square of order 36 may be formed from the Kotzig square of
order 12 and an N,-Latin square of order 3. Finally, if k£ = 1 then construction (a)
gives a Kotzig square of order 2w. 0

Theorem 2.3 If there exists a QFSTS(u), u # 3,21,33, then there exists a
QFSTS(3(u— 1) + 1).

Proof:  Let u — 1 = 2w. Because u # 3,21,33 and there exists a QFSTS(u),
we must have w > 4 and w # 5,8,10,16. Let X, Y and Z be disjoint sets of
cardinality 2w, and let oo € X UY U Z. Denote the elements of X, Y and Z by
X={zr;:0<i<2w},Y={y;: 0<i<2w}and Z ={z:0<i<2w}.

Let (X U{oo}, A), (YU{oc},B) and (ZU{oco},C) be QFSTS(u). Without loss
of generality, we can stipulate that the STSs contain the blocks {oo, ma;, ma;i1}
for 0 <i < w, and m = x, y, or z as appropriate.

Let L be a Kotzig square of order 2w. Then define a set of blocks D =
Hziy), 2065} 0 < <2w,0 < j < 2w}

Now ({oo} UXUY UZ, AUBUCUD) is a STS(3(u— 1)+ 1). We prove that
it is quadrilateral-free.

Let @@ denote the four blocks in a hypothetical quadrilateral. There are the
following possible distributions of the four blocks to consider:



(i) @ C A, Q C Band @ C C. There are no quadrilaterals contained in A, B
or C, since the STS(u)s are quadrilateral-free.

(ii) @ C D. Such a quadrilateral must look like

{xiayj7zk}a {xi7yh7zg}a {vayjazg}7 {xfayhyzk}-

Then L(i,5) = L(f,h) = k and L(f,j) = L(i,h) = g, so L has a subsquare
of order two, a contradiction.

(iii) |@ND| = 3. If, for example, |Q N.A| = 1 then the quadrilateral has the form

{xiv L, xk}a{xiv Y, Zm}; {'rjv Y, W},{$k, VV7 Zm}-

From the third block W = z¢, while from the fourth W = y,, a contradiction.
Thus | ND| = 3 is not possible.

(iv) |QNA|=1,]QNB|=1and |Q ND| =2. Then @ has the form

{OO,Q]i,iCj}, {ooaygayh}> {xhygazk} and {xjathzk}

so that {i,j} = {2a,2a+ 1} and {g, h} = {2b,2b+ 1}. But L(i,g) = L(j, h),
contradicting property (3).

(v) QNA|l=1,|QNC|=1and |QND|=2. Then @ has the form

{OO,QZZ',ZUJ'}, {OO,Zg,Zh}, {’Iiaykazg} and {xj7yk7zh}

sothat {i,7} = {2a,2a+1} and {g,h} = {2b,2b+1}. Then {L(i, k), L(j, k)} =
{20,2b + 1}, contradicting property (1).

(vi) |QNB|=1,|Q@NC|=1and |@ND|=2. Then @ has the form
{Ooayiuyj}a {OO,Zg,Zh}7 {xknyiazg} and {$k7yj7zh}

so that {7, j} = {2a,2a+1} and {g, h} = {2b,20+1}. Then {L(k,q), L(k,j)} =
{20,2b + 1}, contradicting property (2).

No other possible distributions of () need to be considered. Hence, the STS(3(u—
1) 4+ 1) is quadrilateral-free. 0O

Our next construction generalises this.
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Theorem 2.4 [f there exist a QFSTS(v) and a QFSTS(u), and u > 3,u # 21, 33,
then there exists a QFSTS(v(u —1) +1).

Proof: Take a QFSTS(v) = (V,B) and let I,_; = {0,1,...,u—2}. We construct a
QFSTS(v(u—1)+1) on the set {oo}U(V x I,_1). For each a € V, put a QFSTS(u)
on V, = {oo}U({a} x I,_1). Without loss of generality, we can stipulate that this
STS contains the blocks {00, ag;, agi11} for 0 < i < (u — 1)/2. For each block
{a,b,c} € B, fix the order of the elements and put the TD(3,u — 1) which arises
from a Kotzig square of order u—1 on {a, b, ¢} x I,,_;. We claim that this produces
a QFSTS(v(u — 1) +1). It is easy to see that we obtain an STS(v(u — 1) 4+ 1), so
we concentrate on proving it is anti-Pasch.

First of all, if there is a Pasch configuration in the STS which involves the point
00, then for some a,b € V two of the blocks must come from V,,V,. If a = b then
these and the other two blocks come from the the same QFSTS(u), a contradiction.
So a # b and the other two blocks come from the TD associated with the block
in B which contains the pair {a,b}. As in the proof of the previous result this
supposition produces a contradiction.

It follows that any possible Pasch configuration contains at most one block
from any of the V,’s. If it contained one such block, then it would necessarily have
the form

{ai7 asj, a’k}y {ai7 bly Cm}7{a’j7 bl7 D}7 {aka D7 Cm}-

From the third block we have D = ¢; and from the fourth D = b, a contradiction.
Thus any Pasch configuration must have all four blocks from the TDs. It
therefore has the form

{aia ij Ck}> {aia Ym, Zn}a {xb bja Z?’L}a{xb Ym, Ck}7

where the blocks obtained from these by deleting the subscripts lie in B. Since
there is no quadrilateral in B, at least two (and consequently all four) of these
resulting blocks are identical; indeed * = a,y = b and z = ¢. But then the
supposed quadrilateral comprises

{aiv bj: Ck}, {aia bma Cn}a {ab bja Cn}a{ala bm7 Ck}a

and consideration of the suffices establishes that the underlying Latin square has
a subsquare of order 2, a final contradiction. 0O
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3 Bose-type Constructions

Theorem 3.1 If there exists a QFSTS(6n+1) and 3,7 f(2s+1), then there ezists
a QFSTS(6n(2s+1)+1).

Proof:  Take 2s+1 copies of the QFSTS (6n+1), one on each of the point sets V;
where
‘/i = {OO, (07i0)7 (07 il)a (07 i2>) (172.0)7 (17 il)a (171.2)7 s
SRR (2n - ]-a iU)? (27’L - 17 il)a (27’L - 17 i?)}a

0 <1 < 2s. The corresponding sets of blocks C; are chosen so that the triples
containing oo are

{OO, (07 iU)? (07 il)}> {007 (07 Z‘2)7 (17 Z‘0)}7 {007 (17 Z'1)7 (17 7;2>}7

(00, (2,40), (2,i1)}, ., {00, (20 — 1,41), (20 — 1,i5)}.

Next take an Abelian group (G, o) of order 2s+1 represented on G = {0, 1, ..., 2s}
with identity I and define x x y for z,y € G to be the unique z € G for which
zoz=uwxoy. Note that x,y, x x y are either all equal or all distinct.

Let N be an Ny-Latin square of order 2n represented on {0, 1,...,2n — 1}; such
squares exist for all n > 3 [7, 8, 11], a condition which is required for the existence
of a QFSTS(6n+1).

Let £ be the set of triples of the form {(a, i), (b, ja), (¢, (i * j)ar1)} Where a, b, c €
{0,1,...,2n—1},0 < i < j < 2s, subscript arithmetic is modulo 3 and ¢ = N(a,b).
2s 2s
Put V=)V, and B=(JG)UL.
i=0 =0
We claim that (V, B) is a QFSTS(6n(2s + 1) 4+ 1). To verify this, note firstly that
ICi| =n(6n+1) and |L]|=4n*-3-5(25+1).

Hence |B| = n(2s + 1)[6n(2s + 1) + 1], the number of blocks required to form an
STS (6n(2s 4+ 1) + 1). Moreover, any pair of points from V' which contains oo
lies in a block in one of the C;’s as does any pair of the form {(a,i,), (b,ig)}. All
remaining pairs are of the form {(a,i,), (b,75)} with i < j. We now identify the
third element (c, k) of the triple from £ which contains this pair.

(i) f f=a,theny=a+1, k=ix*jand c= N(a,b).
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(ii) If B = a+ 1, then v = a and k is chosen so that i x k = j. If &k > i then ¢ is
chosen so that b = N(a,c); if k < i then c is chosen so that b = N(c,a).

(iii) If = o+ 2, then v = o + 2 and k is chosen so that j * k =4. If k£ > j then
c is chosen so that a = N(b, ¢); if k < j then ¢ is chosen so that a = N(c, b).

It remains to prove that B is quadrilateral-free. Since none of the C;’s contains a
quadrilateral, any possible quadrilateral in B must comprise either:

(a) a triple from C;, another from C;, i # j, plus two from L, or
(b) a triple from C;, plus three from L, or
(c) four triples from L.

We examine each of these cases in turn.

Case (a)

Suppose there is a quadrilateral comprising
{oo,(a,z'a),(b, iﬂ)}v {OO,(C,jW),(d,j(;)},

{(a,ia), (¢, 5y), (e ke)}, {(byig), (d,Js), (e, ke)}
where i # j, a # (3, v #90.

(i) fy=athene=a+1and k =ixj. Thenif § =a+ 1 we have 6 = o + 2
and j = i x k, which gives k =i * (i * k) or (koi™!)3 = I, an impossibility
since 3 f(2s 4+ 1). Similarly, if 5 = o+ 2, we have § = o+ 1 and i = j * k,
giving k = (j * k) x j and hence again a contradiction.

(ii) If y = a+ 1 then e = o and j = i x k. Then if = a + 1 we have § = «
and ¢ = 7 x k. Similarly if 3 = o+ 2 then 0 = a+ 2 and k =i * j. Both
possibilities again lead to a contradiction.

(iii) If y = a+2then e = a+2and i = j*xk. Thenif 3 = a+1 we have 6 = a+1
and k = ¢ * j. Similarly if 8 = a4+ 2 then 6 = o and j = ¢ x k. Again, both
possibilities give a contradiction.

It follows that there can be no quadrilateral of the form described in (a).

In cases (b) and (c) we may take three blocks from L as

{(CL, ia)? (bujﬁ)? (C, k’}')}? {(CL, ia)v (blvj,ﬁ/)v (Cl7 k'/y/)} and {(alv iloz’)? (bvjﬁ)v (b,uj/ﬂ’)}?
and the fourth block forming a possible quadrilateral as {(a’, i), (c, k,), (', KL,) }.

[e%
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Case (b)

Here i = k = k’ so that the fourth block lies in Cy. If 4/ = + then from the first
two blocks we can deduce jz = j’ﬁ,, which contradicts the fact that the third block
lies in £. Hence we may assume ~' # ~ and, consequently, 5’ # .

(i) If 8 = o then v = a+ 1. But then if /' = a+1 we have v/ = av and j' = i x k;
also o = a and j' = jx k, so jx k = i x k, a contradiction. On the other
hand if /' = a+ 2 we have ¥ = a+ 2 and i = j' x k; also o/ = o+ 2 and
j=74"*k,soi=j, acontradiction.

(ii) If 8 =a+ 1 then vy =« and j = i* k. Then if 5/ = a we have o/ = o and
j=7j"*k,soixk=j xk, acontradiction. On the other hand if 5’ = o + 2
we have ¥ = a+2and i = j' % k; also o = a+ 1 and j' = j x k. It then
follows that j = ((j x k) * k) x k giving (j o k1) = I, a contradiction since
7 f(2s+1).

(iii) If 6 =a+2then y=a+2and i = j*k. Thenif #’ = o we have o = a+2
and 7' = j x k, so i = j', a contradiction. On the other hand if /' = o + 1
we have v = aand j' =i* k; also o = a+ 1 and j = 5/ x k. It then follows
that i = ((i x k) x k) * k, giving (i 0 k~1)" = I, again a contradiction.

It follows that there can be no quadrilateral of the form described in (b).

Case (c)

Here 7',k and k' are distinct. Consider the triples formed from the second com-
ponents, namely {ia, jg, kv }, 7o 35, Koy ¥ s, 385 G s 1T Ky, KL} Suppose that
two of these triples are identical. Without loss of generality we may assume that
the first and second are equal. But j # j' and k # k' from the third and fourth
triples and so we must have js = k!, and j3 = k,. But then from the first and
fourth triples ¢, = i, and so all four triples are identical. Again, without loss of
generality we may then assume = a,7 = a+1,i < j and k = i*j. The supposed
quadrilateral then has the form:

{(a> ioz)? (baja)a (Ca ka-i-l)}’ {(a’ ia)’ (C/joc)7 (b/> koa+l)}>
{(a/7 ia)? (b7ja)7 (bla ka+1)}7 {<a,7 ia)a (C/ja>7 (Cu kaJrl)}?

where ¢ = N(a,b) = N(d,c) and b’ = N(a,d) = N(a’,b). But this is impossible
because N is an N,-Latin square.

It follows that the triples formed from the second components must be distinct.
Without loss of generality we may assume a@ = § and v = a4+ 1 so that k =i % j.
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If /#/ = o then ¥/ = a4+ 1 and o = a + 1 so that the fourth block gives
v = a + 2, a contradiction. Similarly if // = « + 2 then v/ = o + 2 and

o = «a + 2 so that the fourth block gives v = «, a contradiction. Thus we

must have ' = a + 1 which gives v/ = a = o/. Examination of the four triples
reveals k = ixj, j =ixk', j/=ixj, k=4¢x%k'. Thusioj =14 ok’ and
iok' =40 j, from which we can deduce (k' o j~!)? = I, and so k' = j. But then
j' =k and 7 = i. But then the four triples are not distinct, a contradiction. Thus
there can be no quadrilateral of the form described in (c). 0

Theorem 3.2 [f there exist a QFSTS(6n + 1), n > 4, n # 5,8,10,16, and a
QFSTS(6s+3), the latter having a parallel class, then there exists a QFSTS(6n(2s+
1)+1).

Proof: Take 2s+1 copies of the QFSTS (6n+1), one on each of the point sets V;
where
Vi= {OO? (07i0)> (07 il)a (Oa i2)7 (1>i0)a (1’ il)a (17i2)7 s
SR (2n -1, i0)7 (2n -1, il)a (27’L - 172.2)}7

0 <1 < 2s. The corresponding sets of blocks C; are chosen so that the triples
containing oo are

{007 (O, iO)? (17 iO)}v {007 (07 Z.1)7 (17 il)}a {OO, (07 Z>2)> (17 i2)}7
{OO’ (2a Z‘0)7 (37 iO)}v {007 (27 Z41)7 (37 il)}v {007 (27 i?)v (3a i?)}a

{00, (2n—2,19), (2n—1,40)}, {00, (2n—2,11), (2n—1,141) }, {00, (2n—2,15), (2n—1,1i2) }.

Take the QFSTS(6s + 3) on the points {i, : 0 < i < 2s, «a = 0,1 or 2} with
the parallel class P = {{ig, 41,72} : 0 < i < 2s}. Let By denote the set of blocks
forming this system.

Let L be a Kotzig square of side 2n represented on {0,1,...,2n — 1}, and take
L to be the set of triples of the form {(a, ), (b,73), (¢, ky)} where {i,, jg, k,} €
B\P,i<j<k, abce{0,1,...,2n—1} and ¢ = L(a,b).
2s 2s
Put V=)V, and D=(JC)UL
i=0 i=0
We claim that (V,D) is a QFSTS(6n(2s + 1) + 1). To verify this, note firstly that

ICi| =n(6n+1) and |L]| =4n®-35(2s+1).
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Hence |D| = n(2s + 1)[6n(2s + 1) + 1], the number of blocks required to form an
STS (6n(2s + 1) + 1). Moreover, any pair of points from V' which contains oo
lies in a block in one of the C;’s as does any pair of the form {(a, ), (b,i5)}. All
remaining pairs are of the form {(a,i,), (b, jg)} with i < j. We now identify the
third element (c, k) of the triple from £ which contains this pair. Firstly take k,
such that {i., jg, k,} € Bs\P. Note k # i, j.

(i) Ifi < j <k, put ¢ = L(a,b).
(i) If i < k < j, take ¢ so that b = L(a,c).
(iii) If k <i < j, take ¢ so that b = L(c, a).

It remains to prove that D is quadrilateral-free. Since none of the C;’s contains a
quadrilateral, any possible quadrilateral in D must comprise either:

(a) a triple from C;, another from C;, i < j, plus two from L, or
(b) a triple from C;, plus three from L, or
(c) four triples from L.

We examine each of these cases in turn.

Case (a)

The quadrilateral must comprise

{007 (2&, ia)? (2& + 17 ia)}7 {OO, (2bvjﬂ)7 (26 + 17jﬁ)}

together with either

{(2a,70), (2b,35), (e, k)Y, {20+ L,ia), 20+ 1,jy), (. k)}

or
{(20,ia), (20 +1,J5), (¢, ky)}, {(2a+1,ia), (26, 5s), (¢, Ky) )

In the former case one of the following must apply: ¢ = L(2a,2b) = L(2a+1, 2b+1),

or 2b = L(2a,c) and 2b+1 = L(2a+1,¢), or 2b = L(c,2a) and 2b+1 = L(c,2a+1).

In the latter case we have one of:

¢c=L(2a,2b+1) = L(2a + 1,2b), or 2b + 1 = L(2a,c) and 2b = L(2a + 1,¢), or

2b+ 1= L(c,2a) and 2b = L(c,2a + 1).

But all of these possibilities are in contradiction with the fact that L is a Kotzig
square.
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Case (b)
The quadrilateral has the form

{(a,ia), (bsig), (ciy)},  {(aia), (x,Js), (y, ke)},
{(b7 iﬁ)? (%,jg), <Z7 l¢)}7 {(C, iv)v <y7 kﬁ)? <Z7 l¢)},

where i,, j5, ke are distinct, ig, js, s are distinct and ., k., [, are distinct. Now if
1o = ig then from the second and third blocks we obtain k. = l4, a contradiction.
Thus i, # ig and similarly i, # i,,ig # i,. Hence {in,g,1,} = {io, 1,72} and the
blocks formed from the second components of the four blocks in the quadrilateral
would therefore form a quadrilateral in B, a contradiction.

Case (c)
The quadrilateral has the form

{(a,ia), (b,7s), (¢, ky) ), {(a,1y), (2, 15), (4, me)},
{(b>jﬂ)7 (x, 15)7 (Za n¢)}> {(Ca k’y)> (ya me)ﬂ (27 n¢>}

Without loss of generality we may assume ¢ < j < k and from the third and fourth
blocks we see | # j,m # k.

If me = jz then the second and fourth blocks give [ = k, and n, = i, and
we then have ¢ = L(a,b) = L(z,y), = = L(a,y) = L(z,b). But this contradicts
the fact that L is an Nj-square.

If me # jg then l; # k, and ng # i,. Consequently 44,73, ky, ls, me, ny are all
distinct. Thus the blocks formed from the second components of the four blocks
in the quadrilateral would form a quadrilateral in B, a contradiction. 0

In connection with the above Theorem we observe that there exists a QFSTS(6s5+

3) with a parallel class for all s > 0. This may be established from the construc-
tions in [6] as follows. Firstly, the generalisation of the Bose construction given
in [6] always produces a parallel class (the “T'ype A” blocks with {a,b,c} € P).
Secondly, if we construct an STS(uv) from an STS(u) and an STS(v) (= (V, B))
by the standard product construction and if the STS(u) has a parallel class, say
P, then the resulting STS(uv) also has a parallel class comprising all blocks of the
form {(a,x), (b, x), (¢, x)}, where {a,b,c} € P and x € V. Following through the
proof of the final theorem in [6], it is then easy to see that the systems constructed
always contain a parallel class. Consequently we may state the following.
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Corollary 3.3 If there exists a QFSTS(6n + 1), n >4, n # 5,8,10, 16, then for
any odd integer m there exists a QFSTS(6nm + 1).

4 Lu’s Construction

We employ a construction of Lu [9] to obtain the following result which has previ-
ously, and independently, been established by Chen Demeng [4].

Theorem 4.1 If there exists a QFSTS(m + 2) and a QFSTS(n + 2), then there
exists a QFSTS(mn 4+ 2).

Proof:  Let (Z,, U{a,b}, A) be a QFSTS(m + 2) with {a,b,0} € A, and let
(Z, U{a,b},B) be a QFSTS(n + 2). To avoid trivialities we may assume that
m,n > 1. Let Ny = {{z;,z;} : z;,x; € Z,,\{0},¢ € {a,b} and {(,z;,z;} € A}.
Ngp is a set of pairs on Z,,,\{0} with every element appearing in two pairs. Each pair
can then be ordered so that each element is the first element of one pair, and the
second element of another; call this set of ordered pairs (). Define a permutation
mon Z,\{0} by setting 7 (i) = j whenever (z J) € Qup. Subsequently, it is crucial
that since {a,b,0}, {a,i,7(i)} and {b, 7(i),7%(i)} appear in A (or the three blocks
obtained by interchanging a and b appear in A), no block of the form {0,7,7%(:)}
can appear in A since it is anti-Pasch.

We construct an STS(mn + 2) on the point set (Z,, x Z,) U {a, b} with triples
of the following forms where x1,x9, x3 € Z,, and y1,y2,y3 € Zp.

<1> {(07 y1)7 <07 1/2)7 (07 y3)} whenever {yh Y2, y3} S 87 and
{£,(0,92), (0,y3)} whenever {{,ys,y3} € B and £ € {a,b}, and

{CL, b7 (an?))} when {aa b7 ?/3} € 67
(i) {(z1,v1), (x1,¥2), (x2,y3)} where (z1,22) € Qup and y1 + yo» = 2y5 (mod n).
(iii) {¢, (z1,21), (x2,y1)} where £ € {a,b} and {{,x1, 25} € A.

(1v) {(z1,11), (22, y2), (x3,y3) } where {1, x0, 23} € A, 21 < 23 < x3 and y1 +y2+
y3 = 0 (mod n).

First of all, we prove that the construction gives an STS(mn+2). The number
of type (i) blocks is (n+2)(n+1)/6. The number of type (ii) blocks is (m—1)n(n—
1)/2. The number of type (iii) blocks is (m — 1)n. The number of type (iv) blocks
is [((m+2)(m+1)/6) —m)]n® So the total number of blocks is (mn+2)(mn+1)/6
as expected. Therefore, it suffices to show that every pair of points is contained in
a triple. All possibilities are exhausted as follows:
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(1)

(2)

(3)

(4)

Pairs {a,b}, {a,(0,1)}, {b,(0,y2)} and {(0,91),(0,y2)} are contained in
some type (i) triple.

When z € Z,\{0}, {(x,11), (z,y2)} is contained in some type (ii) triple,
since x is the first element of some pair in (), and, n being odd, the equation
Y1 + y2 = 2y3 (mod n) has a unique solution for ys.

Pairs {a, (x,y)} and {b, (z,y)} for x € Z,,\{0} are contained in some type
(iii) triple.

If {z,2'} € Ng, then {(x,y1), (2, y2)} for x # 2’ is contained in a type (ii)
triple when y; # ys, or a type (iii) triple when y; = yo. If {z, 2’} & Ng, then
{(z,11), (', y2)} for z # 2’ is contained in some type (iv) triple.

Next, we show that the STS(mn + 2) is anti-Pasch. Assume to the contrary
that there exists a Pasch configuration, P say, in the STS(mn + 2). We treat all
of the cases.

()

Suppose P contains the block {a,b,(0,y)}. Firstly let us assume that the
other block of P containing a is {a, (0,v1), (0,y2)}. Then, without loss of gen-
erality, we may also assume that P contains {b, (0,y1), (0,y3)}. The remain-
ing block must then be {(0, ), (0,v2), (0,y3)}. But this gives a contradiction
because it implies that B contains the blocks {a,b,y}, {a,y1,y2}, {b,y1,y3}
and {y, y2,y3} which form a Pasch configuration. So, alternatively, let us as-
sume that the other blocks of P containing a and b are {a, (i,7), (7(i),r)} and
{b, (z(i),7), (72(7),7)}. Then the fourth block must be {(0,y), (3,7), (72(),7)}
and once again we obtain a contradiction since A would then contain blocks
forming a Pasch configuration. It follows that P cannot contain the block

{a,6,(0,9)}-

Suppose P contains a block of the form {a, (0,v1),(0,y2)}. Firstly let us
assume it also contains a block {a, (0,y3), (0,y4)}. Then, without loss of gen-
erality, the remaining blocks are {(0,1),(0,y3), X} and {(0,v2), (0,v4), X'}
where either X = bor X = (0,y5). But in either case B would have to contain
a Pasch configuration, giving a contradiction. So, alternatively, let us assume
that P contains a block {a, (i,7), (7(7),)}. Then, without loss of generality,
the remaining blocks are {(0,v1), (¢,7), (z,y)} and {(0,y2), (7(2),7), (x,y)}.
This implies that both {0,4,z} and {0, 7(z), 2} are blocks in A, a contradic-
tion. Hence P contains no block of the form {a, (0,41), (0,y2)} and, similarly,
no block of the form {b, (0,41), (0,y2)}.
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(c)

Suppose P contains a block of the form {(0,41), (0,v2),(0,y3)}. Then the
other blocks must be of the form {(0,y1), (r1,51), (12, 52)},

{(0,92), (1, 51), (r3,83)} and {(0,y3), (re, s2), (r3,s3)}. We obtain a contra-
diction by restricting to the first coordinates.

[Together (a), (b) and (c) establish that P contains no type (i) blocks.]

Suppose P contains a block of the form {a, (¢,7), (7(i),r)}. Then P must also
contain a block {a, (4, s), (7(j),s)}. Because A contains no Pasch configura-
tions, it is not possible to have both 7%(i) = j and 7?(j) = i. By relabelling
i and j (if necessary) we can assume 72(j) # i.

Suppose firstly that the two remaining blocks are {(i,7), (4,s), X} and
{(x(i),7), (x(j),s),X}. If i = j then X = (n(i),y) = (72(i),y), a con-
tradiction. If i # j then X = (x,y) where {i,7, 2}, {n(i),n(j),z} € A
and consequently A has a Pasch configuration formed from these latter two
blocks and from {a,i,7(i)} and {a, j,7(5)}.

Suppose, on the other hand, that the two remaining blocks are

{(i,r), (7(j),s), X} and {(7(7),7),(j,s),X}. If i = j then r # s, s0o X =
(7,y) and we have y+7r = 2s and y+ s = 2r (mod n). Since n = £1 (mod 6)
these give r = s, a contradiction. If j = 72(7) and r = s then the fourth block
gives X = b and the third block gives 74(i) = i, which is impossible because
A contains no Pasch configurations. If j = 72(i) and r # s then the fourth
block gives X = (7(i),y) and the third block gives {i,73(7), (i)} € A, con-
tradicting {a,4,7(i)} € A. Finally, if i # j # 7%(i) then X = (z,y) where
{i,7(j),z},{m (i), 5,2} € A which would form a Pasch configuration in A
with {a,i,7(i)} and {a, j,7(5)}.

It follows that P cannot contain a block {a, (i,r), (7(i),r)} or, similarly, a
block {b, (i,r), (7(i),r)}. Hence P contains no type (iii) blocks.

Suppose P contains a block of the form {(i,7), (i,2s — r), (7(3), s)}.

Assume firstly that P also contains a block {(i,7), (4,2t — r), (7 (i), t)}. We
consider the possible coordinates of the sixth point in the Pasch configura-
tion. If (4,25 —r) and (i, 2t — r) are joined then the first coordinate of this
sixth point must be 7(z). But no block has all three points with first coor-
dinate (7). If (i,2s — r) is joined to (m(i),t), then the sixth point must be
(2,2t —2s-+1). Similarly, the remaining pair of points force the sixth point to
be of the form (i, 2s—2t+7). We must therefore have 2t —2s+r = 2s—2t+r
(mod n) and, again because n = £1 (mod 6), then ¢ = s which is a contra-
diction.

So, alternatively, assume that P also contains a block of the form

{(i,7), (j,u), (k,—r —u)}. A block is needed containing (i, 2s —r) and (4, u)
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and hence the first coordinate of the sixth point must be k. The first coor-
dinates in the last block must then be k, k and 7 (7). But k # i as we have a
block {(i,7), (4,u), (k, —r — u)}, a contradiction.

Hence, P contains no type (ii) blocks.

(f) It is now clear that any Pasch configuration P can only contain blocks of
type (iv), so suppose P contains {(i,r), (4, s), (k, —s —r)}. If it also contains
{@, 1), (j1,81), (k1, —s1 — 1)} where {j1,k1} # {J, k} then the remaining two
blocks will project to a Pasch configuration in the STS(m + 2). If, how-
ever, P also contains {(i,7), (j,t), (k, —r — t)} with ¢ # s then the remaining
blocks must be {(j, s), (k, —r —t), (4,y)} and {(j, 1), (k,—s —r), (i,y)} where
y+s—r—t=y+t—s—r=0 (mod n),