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Abstract

Given two triangular embeddings f and f © of a complete graph
K and given a bijection : V(K) ! V(K), denote by M( ) the
set of faces X;y;z) of f such that ( (x); (y); (2)) is not a face of
f O The distance betweenf and f %is the minimal value of jM ( )j as

ranges over all bijections between the vertices oK. We consider
the minimal nonzero distance between two triangular embedihgs f
and f ° of a complete graph. We show that 4 is the minimal nonzero
distance in the case wherf and f © are both nonorientable, and that
6 is the minimal nonzero distance in each of the cases whenand f ©
are orientable, and whenf is orientable and f %is nonorientable.
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1 Introduction

A triangular embedding of a graph is a 2-cell embedding of thgraph in
a surface (orientable or nonorientable) such that all the faes are triangu-
lar. The problem of constructing triangular embeddings ofartain complete
graphs was posed and solved in the course of the proof of the gvi@olour
Theorem [9]. Later it was shown [4, 8] that the set of triangalr embeddings
of a complete graph may contain many nonisomorphic embeddis

Studying a set of triangular embeddings of a complete graplve may
introduce the distance between two embeddings of the set. Wll consider
the face setF (f ) of a triangular embeddingf of a graph as the set of un-
ordered triples ;y; z), where a triple (X; y; z) denotes the face incident with
the verticesx;y and z of the embedded graph. Lef andf °be two triangu-
lar embeddings of a complete grapK . For a bijection :V(K)! V(K),
denote byM (f;f § ) the set of faces X;y; z) of f such that ( (x); (y); (2))
is not a face off © The distance d(f; f 9 between the embedding$ and f %is
the minimal value ofjM (f;f § )j as ranges over all bijections between the
vertices ofK .

Note that if f and f ®are isomorphic thend(f;f 9 = 0. Also, if
iM(f;f 9 )j = , then there are faces;;F,;:::;F in F(f) whose images
under are notinF (f 9. Consequently, there must be faceB% F2;:::;FCn
F (f 9 which are not the images under of faces inF (f ), while all other faces
of F(f 9 are images of faces iff (f ). It follows that jM(f%fj 1)j= , and
sod(f;f 9 = d(f %f). Moreover, the distance functiond obeys the triangle in-
equality. This can be seen by taking, such thatjM (fq;f,] )j= d(f,;f2) =
d; and jM (fo;f3) )j = d(f2;f3) = do. Then jM( (f1); (f2)] bHj = d;
and putting F1 = F( (f1));F2= F( (f2));Fs= F(fs)) and N = jF4j =
JF2) = jF3j, givesjF;\F ,j = N d; and jF,nF3 = d,. But, for any
setsA;B;C we haveA\ B\ C = A\ Bn(BnC) and sojF;\F 3
JF1\F 2\F 3 N d; d,. ConsequentlyM(f;f,j ) dy+ dp and
henced(f;f3) d(fy;f,) + d(f;f53).

In the present paper we consider the minimal nonzero value dff;f 9 as
f and f °range over all triangular embeddings of a complete graph. Tée
cases are considered:

(the nn-case)f and f °are nonorientable,

(the oo-case)f and f °are orientable,



(the on-case)f is orientable andf °is nonorientable.

We show that 4 is the minimal nonzero distance in th@n-case and that 6
is the minimal nonzero distance in both theoo-case and theon-case. The
arguments employed in this paper are based on consideratiohtopological
aspects of the embeddings. An alternative approach is basex the fact that
the faces of a triangular embedding of a complete graph deteine a twofold
triple system. The determination ofd(f;f 9 may thus be related to consider-
ation of trades in the associated triple systems. We plan tmvestigate this
aspect in a forthcoming paper [6].

The examples of embeddings given in this paper make use ofatidn
schemes and index one current graphs. The reader is assumedhé familiar
with these standard tools of topological graph theory.

This paper is concerned with the minimum value ofi(f;f 9 but an obvi-
ously related problem is the determination of the maximum Jae of d(f;f 9
asf andf °range over all triangular embeddings of a complete graph.

2 Modi able sets of faces

Given a triangular embeddingf of a complete graph, by anodi able set

A of the embedding we mean a nonempty subsét F(f) such that there
is a triangular embeddingf © of the graph with the face set F(f) nA) [ A°
where A\ A%= ;. To obtain f°from f, we remove fromf the interior of
all faces fromA and then attach the new faces fromA% We indicate the
modi cation operation by the notation (f;A)! (f%A9, or (f;A)! {0 for
short.

Denote by N, (respectively Noo; Non) the minimum number t such that
there is a modi able setA of a triangular embeddingf of a complete graph
such that jAj = t and (f;A) ! f%in the nn-case (respectively theoo-case,
the on-case). By annn-minimal modi able set we mean a modi able set
A of a triangular embeddingf of a complete graph such thajAj = Nj,
and (f;A) ! f%in the nn-case. Similar de nitions apply to oo-minimal
modi able sets and toon-minimal modi able sets.

Note that, given two triangular embeddingsf and f °of a complete graph
K and given a bijection : V(K) ! V(K), the setM(f;f§ ) = Ais
either empty or is a modi able set off . In the latter case, takef© and
rename each vertex (v) of K asv to get an embeddingf ®of K such that



(;A) ! % Hence, ifA is an nn-minimal (respectively oo-minimal, on-

minimal) modi able set, then the minimal nonzero distance btween two
triangular embeddings of a complete graph in than-case (respectively the
oo-case, theon-case) is at leasjAj. If, in addition, (f;A)! f° wheref and

f 9are nonisomorphic, therjAj is the minimal nonzero distance.

In this section nn-minimal, oo-minimal and on-minimal modi able sets
are constructed. We show that there are no modi able set& with jAj 3
and with jAj = 5. All modi able sets A with jAj = 4 are shown to benn-
minimal. We construct oo-minimal and on-minimal modi able sets A with
jAj = 6. If (f;A) ! f%in the on-case, thenf and f °are nonisomorphic,
hence 6 is the minimal nonzero distance in this case. We al$mw that 4 and
6 are minimal nonzero distances in th@n-case andoo-case respectively by
giving examples of nonisomorphic embeddingsand f °such that (f;A) ! f©
where A is the constructednn-minimal (or oo-minimal) modi able set.

We need some terminology concerning modi able sets. Givemrandi able
set A, the faces fromA are called A-faces the vertices and edges incident
with the A-faces are called theertices and edges ofA or the A-vertices and
A-edges By the A-degreeof an A-vertex we mean the number ofA-faces
(not edges) incident with the vertex. AnA-vertex of A-degreek is called a
k-vertex of A. Denote byV (A) the set of A-vertices.

A modi able set A can be given as a picture. For example, Figure 1(a)
shows a modi able set; ignore for now the dashed cycle. The-faces are
depicted as shaded triangular regions. In Figure 1(a), th&-edges incident
with an A-vertex v are depicted aroundv in a circular order. This circular
order is induced by the circular order in accordance with wbn all edges of
the graph incident with v are arranged arounds on the surface. For example,
if an A-vertex is depicted as in Figure 2(a), then the circular ordeof the
embedded incident edges aroundon the surface is as shown in Figure 2(b).



(a) (v)

(a) ()
Figure 2: The order of incident edges.

At each A-vertex v, the A-edges incident withv and incident with the
same new face are joined by a wavy line. The reader can checlattlafter
removing the shaded faces and attaching the new faces in acamce with
the wavy lines, all new faces obtained are triangular and, aach vertex of
the embedded graph, the faces incident with the vertex formxactly one
disc; that is, we get an embedding of the graph in a surface amobt in a
pseudosurface.

Now we consider some properties of an arbitrary modi able s\ of an
arbitrary triangular embedding of a complete graph. The fébwing properties
apply (M1 to M6).



(M1) A modiable set A cannot have anA-vertex v of A-degree 1, 2 or 3
of the types shown in Figure 3 (a), (b) or (c) respectively. Ireach
of these three cases, if we remove the interior of the-faces incident
with v then we cannot attach new triangular faces incident wittv (and
di erent from the ones removed) to get an embedding in a surfe and
not a pseudosurface.

(e)

Figure 3: Infeasible con gurations.

(a)

(M2) For a 2-vertex v of A, there is exactly one way to attach new faces
incident with v and this is as shown in Figure 1. Consequently, in the
case of a 2-vertex oA we do not need to indicate the wavy lines. From
this and M1 we get the following.

(M3) If (v;w) is a common edge of twé\-faces, thenv and w have A-degrees
at least 3.

(M4) Denote by ( A) the maximal A-degree of theA-vertices. For a ( A)-
vertex v of A, there are at least (A) vertices of A adjacent to v.
Taking M1 into account, we see that everyA-vertex adjacent tov is
incident with an A-face not incident with v. Every A-face not incident
with v has no more than three vertices adjacent te, hence there are
no less thand( A)=3e faces fromA not incident with v. Hence we
have the inequality

e
A

(A+

J Al (1):

(M5) Suppose thatv and w are 2-vertices incident with the sameA-face F
as shown in Figure 4. Since thé&-edge {; w) must lie on the boundary
of a new face, and taking M2 into account, we see that and w are

incident with A-facesF; and F,, respectively, di erent from F and such
that F; and F, have a common vertex
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Figure 4. Two 2-vertices incident with a common face.

(M6) GivenFa modi able set A, denote byn; the number ofj -vertices ofA.
Then ; ,n; = jV(A)j and we also have

X
A= |n; (2):
i 2

Now we are ready to construchn-minimal, oo-minimal and on-minimal
modi able sets.

Lemma 1 There is no modi able setA with jA] 3.

Proof. If jAj 3then, by (1), ( A) 2. But then, by M1, all A-vertices
must be 2-vertices. One can easily see that such Andoes not exist.

Lemma 2 There are modi able setsA with jAj = 4. They are all nn-
minimal.

Proof. Figure 1(a) shows a modi able setA with jAj = 4. We prove that
any modi able set with jJAj = 4 has this form. To do this, let A be any
modi able set with jAj = 4. Then, by (1), we have (A) 3. We rst
show that there are no 3-vertices by supposinggductio ad absurdun that
A has such a vertexv. By M1, there are just two possibilities; these are
shown in Figure 5 and in either case it follows thafV (A)] 6. But, by (2),
there must be an even number of 3-vertices and then from (2)fibllows that
jV(A)] 5, a contradiction. Hence all vertices oA are 2-vertices. Then by
M1 and M5 it follows that A must be of the form shown in Figure 1(a).

A triangular embedding ofK ¢ in the projective plane is shown in Figure
1(b), where the crosscap is depicted as a circle with an inside. This
embedding contains a modi able set of the form shown in Figerl(a), thereby
establishing the existence of triangular embeddings of cpiete graphs which
contain such modi able sets.



(a) (b)
Figure 5: Possible 3-vertices.

It remains to show that if (f;A) ! (f % A9 whereA is of the form shown in
Figure 1(a), thenf andf °are nonorientable embeddings. Iff(A)! (f%A9,
then F2A9 I (f;A), and so A® is a modi able set with 4 faces and is
therefore of the form shown in Figure 1(a). But if an embeddm has a
modi able set of the form shown in Figure 1(a), then the surfee contains
a Mebius strip (this strip includes the dashed cycle showmiFigure 1(a)).
Hencef and f °are nonorientable embeddings. m

Note that K¢ has, up to isomorphism, just one embedding in the projec-
tive plane [1]. Hence, for the embeddinf and the modi able setA shown in
Figure 1(b), if (f;A)! f° thenf andf °are isomorphic and sai(f;f 9 = 0.

Lemma 3 There is no modi able setA with jAj = 5.

Proof. Suppose feductio ad absurdunthat there is a modi able set A with
JAj = 5. Then, by (1), ( A) 3, and, by (2) there is an odd number of
3-vertices. Letv be a 3-vertex. Either Figure 5(a) or Figure 5(b) applies.

In the case of Figure 5(a), by M3, the vertexu is a 3-vertex, henceA
has at least three 3-vertices. If all vertices oA are 3-vertices then, by (2),
we getjV(A)j = 5, but Figure 5(a) shows thatjV(A)] 6. HenceA has
exactly three 3-vertices and three 2-vertices, and sois adjacent to all other
A-vertices. Sinceu is a 3-vertex, there must be a faceu(w;;w;), but then
M1 givesi;j 62 B;4g andfi;j g6 f1;2g, a contradiction.

In the case of Figure 5(b), we havgV(A)j 7, hencev is the unique
3-vertex. Then, by (2), A has one 3-vertex and six 2-vertices, and so
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is adjacent to all other A-vertices. If (v;u;w) is an A-face, thenu and w
are 2-vertices and, by M5u and w must be incident with facesF; and F,
respectively, such that these two faces are not incident witv and have a
common vertexx adjacent tov. Thus x is a 3-vertex, a contradiction.

In order to prove the main theorem, we use index one current @phs
with the current group Z,. Such a current graph can be described pictorially
where each pair of reverse arcs is represented by one of theses, and arcs
are labelled with nonzero elements &,. Black vertices indicate a clockwise
rotation and white vertices indicate an anticlockwise rotaon. The rotations
and arcs of the current graph yield exactly one (up to reverfecircuit whose
log is the resulting cyclic permutation of the nonzero elementsf Z, ob-
tained in the manner described in [9]. The current graph geraes a cellular
embedding of the complete graphK, whose vertices are identi ed with the
elements ofZ,. The face set of the embedding consists of the faces induced
by the vertices of the current graph. In the cases we consigdéhe following
properties (P1 and P2) apply.

(P1) Each vertex of the current graph has degree 3 and if (; ,; 3) is the
rotation of a vertex v of the current graph, where the arc ; carries the
current ¢ fori =1;2,3, thenc, + ¢;+ ¢3 =0 in Z, and the vertexv
inducesp triangular faces &;x + ¢;;x + ¢ + ), X 2 Z,. (See Figure
6.)

x+c1 +02

x+c1 01 X

Figure 6: A vertex of the current graph and induced faces.
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speci es the circular order of the neighbouring vertices.See Figure 7.)

X481 X+g,

Figure 7: The circular order of the edges incident with
a vertex x of K.

If (f;A)! £9 then in order to prove thatf and f ° are nonisomorphic,
it su ces to show that exactly one of the embeddings is face 2elourable.
Here we need the following de nitions. Two faces of an embedd are called
adjacentif they share a common edge. By bandof lengtht of an embedding,

Fi+1 are adjacent fori = 1;2;:::;t 1. If F; 6 F, then the facesF; and
F: are called theend faces of the bandlf F; = F;, then the band is called a
strip of lengtht 1. We now state and prove our main result.

Theorem 1 In the nn-case, the minimum nonzero distance is 4. In the
oo-case and in the on-case, the minimum nonzero distance is 6

Proof.

The nn-case. Figure 8 shows an index one current graph generating a
triangular embeddingf of K3;. Taking P1 and P2 into account, the reader
can check the following claims. The embedding contains theadi able set
A; shown in Figure 9(a) (the faces of the modi able set are inded by the
starred vertices of the current graph in Figure 8), and hen¢cdy Lemma 2,
the embedding is nonorientable.
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- 1 -

Figure 8: An index one current graph foiK ;.

()

Figure 9: The modi able setA; and an associated band.
Regarding Figure 8, the log of the circuit (up to reversal) is
(8;12:::;2;17, 2;15:::; 4; 12 7;3;:::;

16, 3;:::; 17, 15:::; 8;4;:::;10,7;::2)

and for each vertex ofA, this log determines the circular order of incident
A;j-edges around that vertex as indicated in Figure 9(a).
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Now consider the modi cation ;A1) ! f% The current graph is bipar-
tite and sof is a face 2-colourable embedding. The facesfoinduced by the
upper six vertices in Figure 8 will be called the white facesfd and those
induced by the lower six vertices will be called the black fas. To prove that
f and f 9 are nonisomorphic, we show thaf °is not face 2-colourable. The
modi able set A; shown in Figure 9(a) contains a white fac&V and a black
faceB. The faceW is adjacent to a black facd-, and the faceB is adjacent
to a white face F° (see Figure 9(b)), such that neitherF nor F° are faces
of A;. We leave it to the reader to show, using P1, that contains a band
of even length whose end faces afe and F° and none of whose faces are
A;-faces. Now, performing the modi cation, we add a new face gtent to
F and F and as a result we obtain a strip of °with an odd length. Hence
f %is not face 2-colourable. It follows that 4 is the minimal norero distance
in the nn-case.

There are smaller examples than th& 3; example given above. Many
further pairs of embeddings with distance 4 are given in [2]ased on nonori-
entable triangular embeddings ofK ;5 obtained from [3]. Although these
involve smaller graphs than theK 3; embedding, the embeddings are not in-
dex one and cannot be compactly represented using a curremagh.

The oo-case. Figure 10 shows an index one current graph generating a
triangular orientable embedding ofK ;9. Since the current graph is bipar-
tite, the embedding is face 2-colourable. Taking P1 into aoant, the reader
can easily check that the embedding contains a modi able sét, shown in
Figure 11 and consisting of three pairs of adjacent faces i(ially ignore the
dashed lines). Diagonal ips are now performed on these tleegairs, that
is, diagonals depicted as solid lines are replaced by the gimals depicted as
dashed lines. We get a new orientable triangular embedding k& ;9. Hence
this modi able set is oo-minimal. All vertices of the modi able set are 3-
vertices. The reader can easily check that the resulting emtlding has a
strip of odd length, hence the modi ed embedding is not face-@lourable.
It follows that 6 is the minimal nonzero distance in theoo-case.
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Figure 11: The modi able setA,.

The on-case. Figure 12 shows an index one current graph generating a
triangular orientable embedding oK ;9. Taking P1 and P2 into account, the
reader can check the following claims. The embedding comaithe modi -
able setAsz shown in Figure 13.

Figure 12: An index one current graph foiK ;.
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Figure 13: The modi able setAs;.
Regarding Figure 12, the log of the circuit (up to reversal)si
(1, 36,5 2,934, 827, 4 1, 6 98 7, 5)

and for each vertex ofAs, this log determines the circular order of incident
Az-edges around that vertex as indicated in Figure 13. For eackertex x of
K 19, the embedding contains a band as shown in Figure 14(a) andnsisting
of three faces. The band may be represented in abbreviatedrfoas shown in
Figure 14(b). The embedding has the faces shown in Figure Mhere only
two faces belong toAs. If we attach the new face incident with the vertex
0 in accordance with the indicated wavy line, then this new fa and the
depicted faces not inA; form a Mebius strip, and so the resulting modi ed
embedding is nonorientable. Hence the modi able s&t3 is on-minimal. It
follows that 6 is the minimal nonzero distance in then-case.
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Figure 14: A band in the embedding.

Figure 15: A Mebius strip in the modi ed embedding.
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