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Building Up Counter Exchange
Task 1
Starting with a pile of objects and a collection of counters of one colour, exchange each object for one counter.
Now arrange things so that anyone can ‘see at a glance’’ that you have made a correct exchange.
Multiple exposures to exchanging or matching underpins the notion of one-to-one which is the heart and essence of counting. ‘Number names’ is a separate but parallel activity.
Task 2
I have a pile of red counters. I exchange each of them for 3 yellow counters. What mathematical action is being enacted?
Task 3
I have a pile of red counters. I exchange 5 reds for 1 yellow and do this until I can make no more exchanges. What mathematical action is being enacted?
Task 4
I have a pile of red counters. I exchange 5 reds for 2 yellows and do this until I can do no more exchanges. What mathematical action is being enacted?
Danger! It may be tempting to say that 5 reds are the same as, equivalent to, or worth 2 yellows, and so as a shorthand to write 5r = 2y. What might not be satisfactory with this use of notation?
Orderly Exchange
I have a pile of 27 red counters. In order to exchange 5 reds for 2 yellows I first exchange 1 red for 2 greens. This gives me 54 greens, Then I exchange 5 greens for 1 yellow.  This leaves me with 10 yellows and 4 greens.
If I exchanged directly, I would be left with 10 yellows and 2 reds. Or I could first exchange 5 reds for 1 brown leaving me with 5 brown and 2 red, and then exchange 1 brown for 2 yellows to leave me with 10 yellow and 2 red.    Explain!
Can I ever be left with a different number of yellows in the two exchanges starting with the same number of red counters?
Task 6 Scaling
Make a chain of c counters, all the same size and just touching in a line. Now spread c counters out so that they are evenly distributed along a line that is s times as long. How big are the gaps or overlaps (depending on whether s  > 1 or s < 1)?
[bookmark: _GoBack]Place six counters all the same size around a seventh counter, all just touching.  Imagine that your configuration is placed on top of a red disc whose radius is exactly three times the radius of your counters. What is the area of red not obscured by the counters?
Now spread your counters out so that they are just touching the boundary of a disk s times the radius of the red disc. What area of the new disc is visible?
Multiple Exchange
A collection of coloured counters, each colour signifying a particular value, is called ‘efficient’ if there is no smaller collection of counters of equal total value.
Multiple Exchange
[bookmark: OLE_LINK167][bookmark: OLE_LINK166][bookmark: OLE_LINK905][bookmark: OLE_LINK904]If  2 red counters can be exchanged for 1 blue and vice versa; 
     5 red counters can be exchanged for 2 green and vice versa, 
     3 green counters can be exchanged for 2 yellow and vice versa, 
What is the relation between blue counters and yellow counters? What is the (least number of counters) equivalent to 49 red counters, and which colours are they? For what numbers is this ‘most efficient’ not unique?
Efficiency 
[bookmark: OLE_LINK165][bookmark: OLE_LINK164]Devise a way to decide whether a collection of counters is efficient (uses the least counters). 
Devise a way to find the most efficient collection to (re)present a given collection.
Devise a way to form an efficient collection of counters that combines two efficient collections of counters. 
Efficiency Example
	If  4 reds can be exchanged for 3 blue and vice versa;
         5 blues can be exchanged for 1 yellow and vice versa;
         5 reds can be exchanged for 2 green and vice versa;
What is the most efficient way to present a given number of red counters? Does your ‘efficiency test’ work in this situation?
Make up an easy task like these, and a difficult task like these. What makes your task difficult?
Set Ratios
Set Ratios
Given 17 counters, in how many different ways can they be allocated to two possibly overlapping sets A and B so that there are equal numbers of counters in the two sets A and B? What about allocating them so that the ratio of the numbers in set A to set B is 2 : 1?
Generalise!
What is the largest number of counters that cannot be allocated to two possibly overlapping sets A and B so that the ratio of the numbers of counters in set A to set B is 7 : 2?
Generalise!
Unbalanced Exchanges
Task: Two Colours
[bookmark: OLE_LINK8][bookmark: OLE_LINK9]Rules: b1 blues –> r1 reds; r2 reds –> b2 blues
Starting with B blues and R reds can you end up with equal numbers of blues and reds? Can you end up with Blues to Reds in the ratio  : ?
Task: Three Colours
Rules: Rules: b1 blues –> r1 reds + y1 yellows; r2 reds –> b2 blues + y2 yellows; y3 yellows –> r3 reds + b3 blues
Starting with B blues, R reds and Y yellows, can you end up with equal numbers, or numbers in a specified ratio? (Really Hard!!)
What if each rule also yielded some of its own colour?
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