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Introduction
I want to offer connections between apparently disparate classes of fairly elementary problems, some of them algebraic, and some geometric.  I then want to introduce two geometrical approaches to solving them. My pedagogical intentions are to use these problems and approaches to highlight an aspect of learning, and hence teaching mathematics that might be useful in accounting for and circumventing student’s struggles with mathematical reasoning. Since my approach is unabashedly experiential, I shall start with some problems.
Grist for the Mill
[bookmark: OLE_LINK19][bookmark: OLE_LINK619]Meeting Point[footnoteRef:1] [1:  I inserted the 1 hr lunch break in the version received from Peter Liljedahl who got it from Natasa Sirotic who got it from Klaus Hoecshmann who got it from V. I. Arnold who reported that this problem was what attracted him to mathematics when he was a boy.] 

[bookmark: OLE_LINK508][bookmark: OLE_LINK509][bookmark: OLE_LINK505][bookmark: OLE_LINK506][bookmark: OLE_LINK507]People leave each of two towns at the same time, going to the other, and they all meet at noon, eating lunch together for an hour. One group continues their journey and reaches their destination at 7:15 pm, while the other group gets to their destination at 5pm. When did they start?
This problem may originate with Henry Dudeney (1917/1970) where it is cast as 
[bookmark: OLE_LINK510][bookmark: OLE_LINK511]Two trains start at the same time, one from London to Liverpool, the other from Liverpool to London. If they arrive at their destinations 1 hour and 4 hours after passing each other, how much faster is one train running than the other?
Clearly these belong to the class of journey or courier problems enjoyed by puzzle enthusiasts since medieval times, at least up until the 1980s, when teachers and many researchers seemed to take against such problems (Greer 1997, Gerofsky 1999, Verschaffel, Greer & De Corte 2000, Mason ). 
I am not going to solve this for you immediately, because I want to introduce a different class of problems.
Crossed Ladders (traditional)
[bookmark: OLE_LINK512][bookmark: OLE_LINK513]If in an alleyway there is a ladder from the base of one wall to the opposite wall, and another the other way, reaching to heights a and b respectively on the opposite walls, what is the height of the crossing point?
[image: ]
While not at all difficult, there are quicker and there are slower routes. It is worth noticing how attention flows: an impulse to do some algebra may arise first, or perhaps attention is drawn to various triangles as an awareness of similar triangles grows in strength.  
This version of crossed ladders is not to be confused with the other classic crossed ladders problem whose origins lie in the 19th century (Martin Gardner ref) Mathematical Puzzles 1979:
Traditional Crossed Ladders
Two ladders, of lengths a and b, lean against opposite walls of an alley, their feet at the foot of the opposite wall. Given one of the height of the crossing point or the width of the alley, find the other. 
This one leads the unwary into unsolvable quartics, although a parametric solution can be found in (Bennett 1940/1941). See also Bremner, Høibakk & Lukkassen (2009).
Two Numbers (Fibonacci)
An ath part of one number added to a bth part of another is as much as a cth part of the product of the two numbers.
Problems like this using particular numbers are posed and resolved, sometimes in more than one way by Fibonacci (1202, 1228) in his Liber Abacci (see Sigler 2003 p313-316).
Since we have already met couriers and ladders, we might as well meet the shadows.
Shadows
Two lamp posts of equal height stand on a flat path. You are standing somewhere between the posts.  You note the positions of the shadows of the top of your head, and someone else measures the distance between the tips.  Where will the distance between these two shadow-tips be the greatest and where the least? [Based on a problem once encountered in Bostock & Chandler but now misplaced]
Two lamp posts of different heights stand in a flat parking lot.  What is the locus of points from which the shadow-tip length is constant? 
[bookmark: OLE_LINK574][bookmark: OLE_LINK575]Three lamp posts stand in a flat parking lot, not in a straight line. Is there somewhere you can stand so that the shadow-tips form an equilateral triangle? 
Pedagogical Observations
There is the possibility of intrigue if one or other of these are not familiar, though they may seem so elementary as to be unworthy of spending time resolving them. It may be however that what attracts attention is the possibility of connections between them. For this to happen, it is reasonable to conjecture that a certain degree of familiarity and confidence is required concerning each one, each must be a recognisable entity in order for it to be possible to attend to relationships between them. This in turn is augmented and supported if each is perceived as an instance of a more general problem, that is, each is characterised by certain properties, and it is common properties that are likely to provide connections. These properties are likely to reside within some common (re)presentation of the relationships constituting the problems, or in some method of approach.
These problems are quite elementary. Their solutions appear later in more general contexts. In combination with the crossed ladders, they do suggest going into higher dimensions:
Scaffolding with Crossed Ladders

A quick way of seeing the crossed ladders result is to note that the two triangles with edges consisting of the walls and the ladder tops and bottoms form similar triangles at the crossing point.  Consequently any line through the crossing point will be divided in the ratio a : b by the walls.  Furthermore, a line through the crossing point parallel to the line joining the bases of the ladders cuts the walls at heights of h on either side, and by similar triangles again, h : h – a = b – h : h, an immediate consequence of which is that . 
[bookmark: OLE_LINK634][bookmark: OLE_LINK635][bookmark: OLE_LINK638][bookmark: OLE_LINK639][bookmark: OLE_LINK640][bookmark: OLE_LINK641][bookmark: OLE_LINK636][bookmark: OLE_LINK637]The similarity reasoning to find h extends to a line through the crossing point cutting the two walls at heights of aA and bB respectively, namely that aAbB = b(1–B) a(1–A) which means that A + B = 1.
This generalises: suppose that as part of a more extensive scaffolding system a cross beam is added passing through a point  of the way between the ground and the crossing point. Then by scaling back by  and applying the previous result, A + B = . An immediate application is that when A and B are both 1,  is 2,  so the line through the crossing point parallel to the walls meets the line through the tops of the ladders at 2h above the ground. In other words, the height of a point above the crossing point on a beam joining the ladder tops is the harmonic mean of the ladder heights above the ground. Høibakk & Lukkassen, (2008) explore the presence of other power means in the same diagram.

[image: ]       [image: ]       [image: ]
[bookmark: OLE_LINK603][bookmark: OLE_LINK604]Suppose the ladders are visible above ground, but there are excavations below. The situation is as depicted below where all lengths are between points indicated. 
     [image: ]
Using the ratios A = a2/a1 and B = b2/b1, then h2/h1 = A + B from which it quickly follows that
[bookmark: OLE_LINK615][bookmark: OLE_LINK616]and making 
[bookmark: OLE_LINK617][bookmark: OLE_LINK618]Putting a = a1 + a2, b = b1 + b2 and h = h1 + h2, the heights above the excavation base are related by
.
[bookmark: _GoBack]Again, using standard similar triangle reasoning, the base of the excavation is divided in the same ratio as the base of the ladders, namely in the ratio of a1 to b1.
In terms of the couriers, this gives the time at which couriers meet with a1 and a2 the times of starting and finishing for one courier, and b1 and b2 the times of starting and finishing for the second courier. Thus Arnold’s problem can be complexified:
Meeting Point 2
[bookmark: OLE_LINK516][bookmark: OLE_LINK517][bookmark: OLE_LINK514][bookmark: OLE_LINK515]Twenty-five minutes after people leave one town to travel to another, people leave the second town to travel to the first. They all meet at noon, eating lunch together for an hour. The groups continue their journeys. The first group reaches their destination at 4:00 pm, while the second group reach their’s at 5:20 pm. When did the two groups start?
We can now resolve the original Meeting Point problem by rotating a graph of the two groups’ journeys (assuming uniform but unknown walking speeds), and omitting the 1 hr spent chatting over lunch, leading to a crossed ladders picture.  
[image: ]              [image: ]

[bookmark: OLE_LINK518][bookmark: OLE_LINK519]The formulae derived above can be used, but a more immediate approach notes the simple ratio relations obtained from the similar triangles: AB = (1–A) (1–B). Using the line across the graphs at noon, the ratio relation yields 4 x 6 ¼ = h2 so h = 5 and they left at 7:00 am.  In Meeting Point 2 the same reasoning gives  so h =  3 ¾ which means that the first group started at 8:15 am and the second group started at 8:40 am.
Three Towers, Generalisations and Applications
The reasoning has been entirely about ratios, so there is every reason to conjecture that similar results apply in three dimensions.
Three Towers
[bookmark: OLE_LINK520][bookmark: OLE_LINK521]Suppose there are three towers possibly with different heights standing on a ground plane but not in a straight line. Then the three planes through the tops of any two towers and the base of the third meet in a point P; the three planes through the bottoms of two towers and the top of the third meet in a point Q; P is vertically above Q and twice the height above the ground plane on which the towers stand, and three times the height of the corresponding point on the plane through the tops of all three towers. 
More generally, any plane through the points at heights 1 times the height of the first tower, 2 times the height of the second tower and 3 times the height of the third tower will contain the point 1 + 2 + 3 times the height of Q and directly above it.
Note that the towers need to be parallel, but need not be perpendicular to the ground plane.
Proof:
[bookmark: OLE_LINK586][bookmark: OLE_LINK587][bookmark: OLE_LINK11]Let the bases of the towers be given in terms of vectors B1, B2 and B3 from some origin, and let the towers have heights h1, h2, and h3 respectively. Informed by the corresponding result in two dimensions, 
	
let 
[bookmark: OLE_LINK622][bookmark: OLE_LINK623]and let  [image: ]
	[image: ]


Let V be a unit vector out of the ground plane representing the parallel towers (which might not be perpendicular to the ground plane).  The tops of the towers can then be presented as 
[bookmark: OLE_LINK522][bookmark: OLE_LINK523]B1 + h1V, B2 + h2V and B3 + h3V.
[bookmark: OLE_LINK524][bookmark: OLE_LINK525][bookmark: OLE_LINK591][bookmark: OLE_LINK592]Any plane through the point B0 + hV meets the three towers at heights of 1h1, 2h2 and 3h3 respectively if and only if 1 + 2 + 3 = . As special cases, when  = 1, the planes through the top of one tower and the bases of the other two meet at B0 + hV, and when  = 2, the planes through the tops of two towers and the bottom of the third meet at the point B0 + hV. But there is no need to restrict attention to planes meeting towers above ground!
It is clear that the reasoning generalises to d-dimensions where the d tower bases are at linearly independent positions.
Applications of Tower Reasoning
Menelaus
	The product of the ratios in which a straight line cuts the edges of a triangle where edges are considered cyclically, is 1 if distances are used, and -1 if signed distances are used. 

[bookmark: OLE_LINK526][bookmark: OLE_LINK527][bookmark: OLE_LINK528]Thus in the triangle CRE, cut by the line QHB, .
	[image: ]


Proof
One proof uses areas and requires some dexterity in the use of ratios. A towers-based proof proceeds as follows. Erect towers of height tA and tR at vertices A and R respectively, and dig a well at vertex C of depth tC. Arrange the heights so that tA : tC = AQ/QC and tC : tR =  CH/HR. 
 [image: ]
It follows that a plane through the top of the towers at A  and R and the bottom of the well C meets the plane of the diagram in the line QHB. But the choice of ratios forces tA : tR to be the product of the other two ratios, so the Menelaus product is 1, and if signed distances are taken into account, -1. 
[bookmark: OLE_LINK18][bookmark: OLE_LINK20]Conversely, if the (signed) ratio product is (-)1 then the towers and wells are consistent and so the plane meets the plane of the diagram in a straight line.
Ceva
[bookmark: OLE_LINK12][bookmark: OLE_LINK13]Given a triangle ABC with the edge BC divided in the ratio of A : 1, and similarly, cyclically, the lines joining each vertex to the opposite division point (the Cevians) have a common intersection if and only if ABC = 1.
Proof
[bookmark: OLE_LINK9][bookmark: OLE_LINK10][bookmark: OLE_LINK14][bookmark: OLE_LINK15][bookmark: OLE_LINK16][bookmark: OLE_LINK17]Erect towers at A, B and C of heights tA, tB, tC respectively with tA : tB = C and tB : tC = A. Dig wells there with the corresponding depths  ‘as well’. If the Cevian product is 1 then the third ratio corresponds to B. Then a plane through the top of one tower, the base of another, and the bottom of the third meet well all meet in a point on the ground plane which is the required point.
[bookmark: OLE_LINK533][bookmark: OLE_LINK534]Conversely, if the cevians meet in a common intersection then the product of the ratios of the tower heights has to be 1 and so the Cevian product is 1. 
Ratio Sums
The Cevian diagram contains many copies of both the Menelaus and the Cevian configurations. Consequently there are a large number of relationships. Of particular interest, because it was a surprise to me, is the following.
Theorem
Given triangle ABC, with Cevians AP, BQ, CR meeting at H, let P divide BC in the ratio A : 1 etc., and let Z divide AP in the ratio A : 1, BP in the ratio B : 1 etc.. Then 
	
 or in other words, A + 1/B = C.  

	[image: ]


Proof
	[bookmark: OLE_LINK531][bookmark: OLE_LINK532]Erect a tower of height 1 at A, height CQ/QA at C and height BR/RA at B.
Then by the three towers theorem, the planes through the top of one tower and the bases of the other two all meet in a point lying at a height h above H where

	[image: ]

	1/h = 1/1 + 1/(BR/RA) + 1/(CQ/QA)
But 1/h = AP/PH = 1 + AH/HP.
Thus AR/RB + AQ/QC = AH/HP.
	[image: ]


[bookmark: OLE_LINK363][bookmark: OLE_LINK362][bookmark: OLE_LINK22][bookmark: OLE_LINK21]Indeed, there are many more similar relationships. Denote the ratios in which R divides AB, P divides BC and Q divides CA by A, B and C respectively, and the ratios in which H divides AP, BQ and CR by A, B and C respectively. Then
[bookmark: OLE_LINK497][bookmark: OLE_LINK498]ABC = 1 (Ceva)
[bookmark: OLE_LINK42][bookmark: OLE_LINK41][bookmark: OLE_LINK499][bookmark: OLE_LINK500][bookmark: OLE_LINK361][bookmark: OLE_LINK360][bookmark: OLE_LINK367][bookmark: OLE_LINK366][bookmark: OLE_LINK122][bookmark: OLE_LINK121]A = C(1 + A) = C + 1/B, (Ratio Sums result + Ceva)
B = A(1 + B) = A + 1/C, 
C = B(1 + C) = C + 1/A
[bookmark: OLE_LINK130][bookmark: OLE_LINK129] [image: ],   ABC = 2 + A + B + C, and
[image: ], [image: ], [image: ].
All other relationships can be deduced from these. From any two ratios the remaining 4 can be deduced.
Proof
[bookmark: OLE_LINK365][bookmark: OLE_LINK364]Applying Ceva’s theorem to triangle ABC with Cevian intersection point P gives  ABC = 1. 
[bookmark: OLE_LINK50][bookmark: OLE_LINK49]Applying Ceva’s theorem to triangle PBC with Cevian intersection point A gives [image: ] and the others like it follow similarly. 
Applying Ceva’s theorem to  triangle ABA’ with Cevian intersection point C gives A = C(1 + A) and the others like it follow similarly. Using ABC = 1 yields the second equality A = C(1 + A) = C + 1/B. This expresses one ratio as the sum of two others.
Kandall and Generalisation
	[image: ]
	For any point P, with appropriate signs taken into account if P is not interior to ABC, 
Furthermore (not mentioned by Kandall)





Towers proof of Kandall
[bookmark: OLE_LINK601][bookmark: OLE_LINK602][bookmark: OLE_LINK599][bookmark: OLE_LINK600]Label the ratios in which C’ divides AB, B’ divides CA and A’ divides BC by C : 1, B : 1 and A : 1 respectively. By Ceva’s theorem, ABC = 1. Place towers at A, B and C, with heights hA, hB and hC, so that hA : hB = C : 1 etc.  This can be done by, for example, making hA = AC, hB = C and hC = 1. At each tower place a well of the same depth as the tower is high. Then planes through the tops of two towers and the bottom of the third well meet pairwise in a dashed point and the corresponding tower top, so all three meet in a point Q above P which has height h, the harmonic sum of the heights.
The fact that  is precisely the statement of Kandall’s result since each of those ratios is the ratio in which A’’ divides PA, B’’ divides PB,  and C’’ divides PC respectively, since the planes through one top, one base and one well cut the plane in the lines A’B’, B’C’, and C’A’.
The second statement is easily verified by identifying the three ratios as the ratios of distinct parts of the triangle A’B’C’ to the whole, whose sum is therefore 1.
Stengel
Harold Stengel is reported by Pat Bewell  (Stengel 2011) to have been exploring ratios of segments and areas. Starting with the problem:
	[bookmark: OLE_LINK477][bookmark: OLE_LINK478]Given the ratios of AR : RB and AQ : QC, find the ratio of CHB to CAR.

	[image: ]


he was led to the following:
	Let EI, BG, FJ, and DH be parallel lines with I, G, J, H on the line AC.  Let AE meet CD at B. 
Then 
	[image: ]



Towers Proof of Stengel
Extend CB, CE to meet a line parallel to EI through A in X and P respectively, and similarly extend AD and AB to meet a line parallel to EI through B at Y and Q respectively.
	Then by the two-towers theorem (crossed ladders),
 and .
But also,
 and 
[bookmark: OLE_LINK626][bookmark: OLE_LINK627]so .
	[image: ]


Variation on Stengel

Given n triangles Ti (I = 1, …, n) on the same base AB, let the side of Ti through A meet the side of Tj through B in the point Mij. Thus the third vertex of Ti is Mii. Draw a family of parallel lines one through each Mij for I = 1, …, n and j = 1, …, n, meeting AB at Hij and let |Mij Hij| = hij. Let  be any permutation of {1, …, n}.  Then is invariant over choice of .
Proof

All such sums are equal to by applying the crossed ladders theorem to appropriate pairs of ‘ladders’. Let a and b be lines through A and B respectively which are parallel to the family of parallel lines. Let Li denote the intersection of BMii with a, and  Ri the intersection of BMii. Then for any permutation , 

.
Pedagogical Comment
Unless you have worked extensively with Ceva, Menelaus and variations, there is likely to have been some sort of a surprise  or perhaps intrigue somewhere in the results presented, or in the connections highlighted.
Mathematically, the focus of these results is the recognition and expression of relationships.  But you cannot work on a relationship unless you have discerned the details that are to be related.  This is a non-trivial observation, because very often the lecturer is expressing relationships while students are trying to discern the details or entities being referred to. Furthermore, the relationships are usually perceived by the lecturer as instantiations of properties that hold in many situations.  But again, if learners are trying to discern details or to recognise relationships while the lecturer is perceiving instantiated properties, then it is not surprising if learners are left behind, not appreciating fully what the lecturer is offering. This in turn suggests that it may be worthwhile, when teaching mathematics, to become aware not only of what you are attending to, but how you are attending to it, so that you can use gesture, voice tones and words to direct learner attention appropriately.  Such awareness may also lead to adjusting your pace so that learners can attend appropriately when required (Mason 2010).
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