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Background

Multiplication is commonly conceived and usually presented as repeated addition. While repeated addition is certainly an example of multiplication, multiplication in schools also encompasses scaling. In the necessary shift from thinking in discrete terms to thinking in continuous terms (as in the shift from whole numbers to rationals to decimals), multiplication needs to be thought of as scaling (enlargement) by scale factors that are smaller than 1 as well as those that are larger than one.

Arithmetic is commonly seen as sequences of calculations to achieve ‘answers’, but it is much more productive and mathematical to see arithmetic as the study of actions on objects. Thus ‘+3’ and ‘–2’ act on numbers, as do ‘2/3 of’ and ‘4/3’ of.

Elastic Multiplication has the virtues that it starts with the common experience of expanding and contracting elastics, and that it presents scaling as actions on objects (elastics).

Possible Sequence

Phase One

Familiar effects of stretching (and compressing elastics) are brought to the surface and articulated. The known stretch is used to predict where known points on the elastic align with the original position of the elastic.
T1.1 Elastic Experience

Imagine an elastic with one end in each hand. I stretch the elastic by moving both hands away from each other. What will I see happening?

Comment

The elastic will stretch, and it will get thinner. It’s colour may even become a little lighter. Sometimes people don’t think of considering what stays invariant, namely the midpoint.

T1.2 Simple Scaling with One End Fixed

Imagine I hold one end fixed (my right hand which is on your left). I stretch the elastic so as to double its length. What happens to the midpoint? Where is it in relation to where the elastic was before I stretched it?

What happens to a point 1/3 of the way from the fixed end: where is it on the stretched elastic, and where does it align with the original elastic?

Generalise!

Comment

This task is the fundamental awareness of how scaling works. The point remains in the same position relative to the stretched elastic; its alignment with the original is the product of the scale-factor and its relative position.

Applet Use

The Elastic Multiplication Applet enables the user to stretch or compress the elastic by dragging the Scale Chooser point on the upper elastic. The scale factor is shown in steps related to the grid size. To alter the grid size, click and hold inside the circle surrounding the grid size number and type another grid size.

The position of the alignment of the R Image point on the original is given by clicking on the R Image on original: Ratio button.

T1.3 Interval Stretch
If the elastic is stretched by a specified factor, by how much will the difference between two points be stretched?

Comment

Stretching (and compressing) acts uniformly.

Applet Use

To see this on the applet, make a note of the position of R and of its image point of R on the original, then move R and note the two values. Calculate differences and compare with the scale factor.

Phase Two

In the first set of tasks, the scale factor is chosen and the task is to find the position of the image on the original as a fraction of the original. Now we chose the position of the image point and work out the scale factor.
T2.1 Reversing the Task

If the elastic is stretched so that the midpoint aligns with the point 2/3 of the way along the original, what was the scale factor? 

Try changing the initial position of R and the location of the image point as aligned with the original.

Generalise.

Comment

This is an example of the classic shift from doing (given the scale factor find the image) to undoing (given the image find the scale factor).
Applet Use

Click the Change Task button.  Now drag the Scale Chooser so that the image of R is aligned with some desired point on the original. What is the corresponding scale factor?

The answer is given by clicking the scale factor button.  The position of the alignment of the Scale Chooser point on the original is given by clicking on the Driver Image on the original: Ratio button.

Phase Three

In the first two phases, the left hand endpoint is fixed. What if the elastic is stretched so that some other point remains fixed?
T3.1 Changing the Fixed Point while ‘Doing’
Suppose both ends of the elastic are stretched by the same amount which yields a scale factor of 3 /2. Where will the point 1/3 of the way along from the left end align with on the original? The point 2/3 of the way along the original?
What if the fixed point is at ¼ but the scale factor stays the same?

Generalise.

Applet Use

Click on the FPt button and drag the yellow point to the middle of the bottom segment.  Move point R to the 1/3 position. What point on the original does the image align with?

T3.2 Changing the Fixed Point while ‘Undoing’

Suppose both ends of the elastic are stretched by the same amount so that the point at 3/4 on the original ends up aligned with the point 4/3 on the original. What was the scale factor?

If the fixed point is at 1/3 on the original and the elastic is stretched so that the point at 2/3 on the priginal has an image aligned with 4/3 on the original, what was the scale factor?

Generalise.
T3.3 Relationships
What is the relationship between the expression of generality for T3.1 and the expression of generality for T3.2?

T3.4 Differences
Suppose the elastic is stretched by a given factor leaving a given point fixed. How long is the stretched elastic?

How far apart will the images of two points on the original elastic be on the original?
T3.5 Re-Construct

Suppose you are given the ratio that point R divides the original and the position on the original aligned with its image under some scaling and some fixed point. Suppose also you know the ratio of some other point on the elastic, and the ratio in which it divides the original.  Find the scale factor and the position of the fixed point.

Applet Use

Put applet in the second task mode, secretly arrange the fixed point and the scale factor and then use the alignment button to give the second bit of information in T3.5.
Applet Actions

To stretch or compress the elastic, drag the right-hand end of the upper ‘elastic’ marked Scale Chooser.
Dragging the point R on the bottom segment changes the point being imaged.

Clicking the Scale Factor button reveals the scale factor.

To see the position of the image of R on the stretched elastic, click on the R Image Scale button.

To change the grid size, click and hold inside the circle and type a new grid size. 

To change the task mode from find the image given the scale to find the scale given the image click the Change Task Button. Note that the ‘answer’ button changes it name accordingly.
To change where the fixed point is on the elastic, Click on the FPt Button, and drag the yellow point.

To change the width of the fixed ‘unit’ or ‘source’ drag its endpoints.

To insert a vertical alignment click on the Alignment Button; drag the point to different positions.

Things to Explain

Why is the R Image Ratio always the same as the R ratio?

Select a scale factor with the Select Chooser point. Use the Alignment Button to align D0  with the Scale Chooser button. Now drag the Fixed Point Yellow Point.  Why do some ratios change and others remain fixed?

Why does the Scale Chooser point always have the same relative position as the scale fctor, even when the fixed point changes? 

