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No mathematical task is an island, complete unto itself
Each task is a representative from a domain of related tasks. Thus work on a single task is incomplete until you have considered what aspects or features of the task could be varied and yet still the task would be tackled in the same way:  

make a list of dimensions–of–possible–variation and for each, the corresponding range–of–permissible-variation;
construct a simple task ‘of this type’, a really complicated task ‘of this type’; as general a task ‘of this type’ as is possible, and a task ‘of this type’ that shows you know how to do all tasks ‘of this type’;

make a note of the inner tasks associated with the task: concepts learners are expected to meet, heuristics they might spontaneously use, powers they might call upon and mathematical themes they might encounter; and the meta tasks such as personal dispositions and propensities.

try formulating tasks related by doing & undoing by changing what is given and what is to be found;

try characterising the answers that can arise from a particular task, and the tasks ‘of that type’ that would give the same answer.

Modes of Action and (re)Presentation

Square Removal

On squared paper draw a large rectangle and cut it out. Now cut off the largest square possible.  Keep doing this until you end up with a square.

Must the process always terminate?

What does the size of the final square tell you about the original rectangle?

If you have time, form a sequence from the number of squares of each size that were removed. How much about the original rectangle is it possible to reconstruct from this sequence alone? For example, could any sequence of numbers come from a rectangle? Could two sequences come from the same rectangle?

Comment

Things worth noticing include: an action (cutting off squares) produces a phenomenon (the size of the final square; the emergence of a sequence of numbers) that invites exploration and explanation; trying special cases in order to get a sense of underlying structure; theme of invariance in the midst of change; use of specialising & generalising, imagining & expressing, organising and characterising.

It Never Rains

How many of these go into that?

How much of this goes into that?

How can I measure this using that?
Comment

The relation between this and that is at the root of measuring, dividing, fractions, ratio, proportion, and uses spatial understanding as well as understanding about quantity.

Additional related to Square removal

Cornering

On squared paper, draw a large rectangle. Starting in one corner, carefully draw a diagonal line at 45 until it hits a side of the rectangle; continue, ‘bouncing’ off the sides as you encounter them, keeping the angle of 45° each time. 

Must you eventually end in a corner? 

What does the spacing between diagonal lines tell you about the original rectangle?

Write down a sequence of numbers arising from the action that capture your movements.

What other rectangles would give the same sequence? What properties characterise sequences that can arise in this way?

Comment

When you have done it for two rectangles, stick the results on a poster for others to see.

Things worth noticing include: an action (cutting off squares) produces a phenomenon that invites exploration and explanation; trying special cases in order to get a sense of underlying structure; theme of invariance in the midst of change; use of specialising & generalising, imagining & expressing, organising and characterising.

Concentration 1

A batch of juice for a party has been mixed using 12 parts of concentrate and 7 parts of water while another batch used 5 parts of concentrate to 3 parts of water.  Someone proposed deciding which was more concentrated by performing the following actions:


12, 7 & 5, 3 ––> 7, 4 & 5, 3 ​--> 2, 1 & 5, 3 --> 2, 1 & 3, 2 --> 2, 1 & 1, 1 --> 1, 0 & 1, 1 --> 1, 0 & 0, 1 
so the first is more concentrated than the second.

Is this valid reasoning? What is going on? 

Is there a sequence of numbers arising from the action that characterise the initial pair of concentrations?

Does the action generalise to more than two ingredients?

Concentration 2

I fill 2/3 of a glass with juice and fill up with water, mixing thoroughly. I then drink 1/3 of the glass and top up with water. What is the concentration now?

I transfer a spoonful of liquid from a small glass of juice to a large glass of water, then transfer a spoonful of the mixture back to the small glass. Which is more concentrated: water in the juice or juice in the water?  What happens in the long run?

Mathematical Enquiry

Reflecting Triangles

Draw a triangle ABC. Pick any point P. Reflect P in A, then reflect that in B then reflect that in C. Keep going.

What happens, and why?

Draw a triangle ABC. Pick any point P. Reflect P in side AB, then reflect that in side BC then reflect that in side CA. Keep going.

What happens, and why?

Draw a quadrilateral ABCD. Pick any point. Reflect P in A then in B then in C then in D. Keep going. What happens and why?

Reflect in the midpoints of the edges of ABCD; Reflect in the points dividing the edges AB, BC, CD, DA in some given ratio. 

Knight’s Move

Is it possible to visit every square on a chessboard with one knight doing the usual moves, i.e. three steps in one direction and one step at right angles? What is the minimum number necessary to visit all squares? What other ‘chessboard’ shapes can be fully visited using knight’s moves?

Palindromic Multiplication

Notice that the digits are reversed in the following arithmetic fact: 26 x 93 = 39 x 62. Are there any others like this?

River Crossing

A man arrives at a river with a goat, a large cabbage and a wolf.  There is a boat just big enough for the man and any one of his companions. However the wolf cannot be left alone with the goat, nor the goat with the cabbage.  How can he cross the river safely?

Three married couples must cross a river using a boat which can hold at most two people, subject to the constraint that no woman can be in the presence of another man unless her husband is also present. 
Three missionaries and three cannibals must cross a river, with the constraint that at any time when both missionaries and cannibals are standing on either bank, the cannibals on that bank may not outnumber the missionaries. The boat can carry only two people.

Propositio de viro et muliere ponderantibus plaustrum (Alcuin). In this problem a man and a woman of equal weight, together with two children, each of half their weight, wish to cross a river using a boat which can only carry the weight of one adult.

Comment

The earliest known of these problems appear in Alcuin’s Propositiones ad Acuendos Juvenes (9th C) but they may have been used earlier in the middle-east as an allegory for phases of spiritual development.

Comment
More chessboard and knight’s move problems can be found by searching ‘Dudeney chessboard’ on Google. A question for discussion is whether these problems contribute to mathematical learning, or whether they are ‘merely’ strategic.
EyeBalls Theorem
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 Why must the two chords always have the same length?
Ribbons

What is the shortest ribbon needed to go tightly around a chocolate box over and under the corners alternately (not counting any bow)? How does the length compare with the more usual ribbon method?
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Journeys

People leave town A for a trip to town B at the same time as other people leave town B for a trip to town A. They meet at noon, lunch and chat together for an hour and then resume their trips. One group arrives at 5pm, the other at 7:15 pm. At what time did they set out? [Arnold]

Two people set out at the same time on a trip from A to B. One changes speed half way, the other changes speed at what turns out to be half time. Who arrives first?

If a child sets out from school walking at a pace which will take 20 minutes to get home, and an adult sets out from home at the same time, walking at a pace which will take 10 minutes to get to the school, how long will it take  before they meet?

Two cyclists cycle towards each other.  At 8am they are 42Km apart. They meet at 11am.  One of them averaged 7.5km per hour.  What was the average speed of the other?

Sticky Substitutes

Make a triangle or a quadrilateral with sticks of equal length. Now substitute those sticks by sticks of a single different length: what is the same and what is different about the new figure? Now substitute only one of the original sticks by one of the new sticks; substitute two.  What similarities and differences are there now? Under what conditions is it possible (impossible) to make such a substitution? 

Arithmetical Substitutes

What digits can you substitute for those in the statement 36 + 47 = 46 + 37, and still preserve the equality?

What numbers can you substitute for 2, 3, 4, and 5 in the statement that 


(22 + 52)x(32 + 42) = (2x3 + 4x5)2 + (2x4 – 3x5)2 =  (2x3 – 4x5)2 + (2x4 + 3x5)2
and still preserve the equalities?

Iterated Substitutions

Start with 3 and 5. Subtract the first from the second to give a third number; the second from the third to give the fourth, and so on.  What happens if you keep going? What numbers can you substitute for your starting numbers? 

What happens if you substitute division for subtraction? 

Try alternating subtraction and division.July 7 Representation & Transformation

Composite Functions

What is the same and what is different about composing the functions f(x) = 3x + 4 with g(x) = 5x – 6 in either order?  What is particular and what is general about the results?

What function will arise of you compose f-1(x) with g(x) with f(x)?

Generalise.
Compound Functions

Using the function f(x) = x2, how many different functions can you make using the operations of adding, subtracting and composing functions, using two, three, four, … occurrences of f? Try to describe in words how you would recognise such a function.

Using the functions f(x) = x2, g(x) = x – 1 and h(x) = 3x, together with the operations of adding, subtracting, multiplying and composing, how many different functions can you form using all three functions each time? Try to describe in words how to recognise a function made in this way.

Try using other triples of functions.

French’s Fractions

What fraction of the square is shaded in each case?
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Make up your own!

Comment

Idea due to Doug French.
Variation, Covariation & Invariance

Ferris wheel

Draw graphs of your height on a Ferris wheel against time; your horizontal position against time; your height against horizontal distance.

Which of these is hardest to do and why?

With & Across the Grain

Generalise the following facts

1.
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Inter-Rootal Distance

Sketch a quadratic for which the inter-rootal distance is 2

And another; And another.

Write down the equations of all quadratics with inter-rootal distance d.
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