Situations Vacant

John Mason
Trondheim 2009

In English newspapers, situations vacant means advertisements for jobs. Here I am playing with the notion of situations open for interpretation, reproduction or explanation.

Half-Life [JohnM]

I realised at one point that I had been away from my home town for one-third of my life. How long was it until I was away for half my life?

I am in the midst of a routine task and notice that I am two-thirds finished. How long will it be until I am three-quarters finished, and how long will it take to finish?

What if I move back to my home town?

Petition [LEMA project]

The Spanish opposition party recently presented 4 million signatures against a new law proposed by the government. Newspapers published pictures of the big boxes and 10 vans needed to transport the sheets of paper to the congress. Was that reasonable?
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Queue [LEMA project]

You join a queue that is 70m long. How do you decide whether to wait or leave? [See Modelling Modelling}

River Crossing [Traditional]

A man accompanied by a wolf, goat and cabbage comes to a river where there is a ferry boat that will take him and just one other thing.  To leave the goat and the wolf or the goat and the cabbage together without him means trouble. How can he get all the things safely across the river?

Generalise!

The earliest known river crossing problems appear in Alcuin’s Propositiones ad Acuendos Juvenes (9th century) although they may have appeared earlier in the middle-east as an allegory for phases of spiritual development. Variations include

Three married couples must cross a river using a boat which can hold at most two people, subject to the constraint that no woman can be in the presence of another man unless her husband is also present. This is equivalent to the missionaries and cannibals problem, in which three missionaries and three cannibals must cross the river, with the constraint that at any time when both missionaries and cannibals are standing on either bank, the cannibals on that bank may not outnumber the missionaries.
Propositio de viro et muliere ponderantibus plaustrum (Alcuin). In this problem a man and a woman of equal weight, together with two children, each of half their weight, wish to cross a river using a boat which can only carry the weight of one adult.

Ref: see Wikipedia; see Bachet

Box Ribbon [JohnM]

What is the shortest ribbon needed to go tightly around a chocolate box over and under the corners alternately (not counting any bow)? How does the length compare with the more usual ribbon method?
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From the internet, some instructions:

Fold your ribbon in half to find the centre, then unfold it and place the centre over the lower right corner. Bring the ribbon up behind the box and around the upper left corner and tie your bow. You may want to use a little double-stick tape to invisibly secure the ribbon on the back of the package so it doesn't slip off. Some people cross the ribbon as it passes behind the box.
Why might the ribbon slip?

Canal Boat

A boy jumps off the bow of a canal boat as it proceeds through a canal and runs to the stern where he is handed a tool. He then immediately runs back to the bow. How long does it take him?

Traditionally officers needed to be able to solve similar problems where the boat is replaced by a phalanx (rectangle) of soldiers marching, and the courier has to go all the way round the soldiers and report back where he started relative to the marching soldiers.

Journeys

People leave town A for a trip to town B at the same time as other people leave town b for a trip to town C. They meet at noon, lunch and chat together for an hour and then resume their trips. One group arrives at 5pm, the other at 7:15 pm. At what time did they set out? [Arnold]

Two people set out at the same time on a trip from A to B. One changes speed half way, the other changes speed at what turns out to be half time. Who arrives first?

If a child sets out from school walking at a pace which will take 20 minutes to get home, and an adult sets out from home at the same time, walking at a pace which will take 10 minutes to get to the school, how long will it take  before they meet?

Two cyclists cycle towards each other.  At 8am they are 42Km apart. They meet at 11am.  One of them averaged 7.5km per hour.  What was the average speed of the other?
Fountains

A fountain has two spouts. The first can fill the cistern in 3 hours, the second in 4 hours. How long will it take working together? Generalise (pictures show a fountain in Copenhagen).
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Crossed Ladders

In a narrow alley way, one ladder reaches from the bottom of the left wall to a height of 13 m on the second wall, while a second reaches from the bottom of the right wall and reaches a height of 10m on the left wall. At what height do the ladders cross?

Reflection

What is the same about Crossed Ladders, Two-Spout Fountains and Journeys?

Ride & Tie

Two people want to get from A to B but they have only one method of transport apart from walking. One sets off on the horse/bicycle and after a while ties it to a post and sets of walking. Meanwhile the second walks to the horse/bicycle and take is, passing the first person and then tying the horse/bicycle in the same manner. How do they arrange to arrive at their destination at the same time? How much of the time is the horse/bicycle stationary?

Umbrella

Design a collection of umbrellas for people of different heights so that their feet remain dry when the rain is being blown by a moderate wind.

Hinges

How many different types of hinges can you discern/ Why are they different, how do they work, and what is it about them that makes them suitable for where they are used?
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Universal Joint 

If a universal joint is driven at a constant angular velocity, what is the output angular velocity?

What about a double universal joint? What about a Rzeppa joint (picture 3)?
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Knot Length

You tie a half-hitch around a piece of dowel. By how much is the rope shortened by the presence of the knot?

Picture Hanging

Where is the best place to put the eye-screws to hang a picture? Some people recommend putting the screw-eyes 2/3 of the way up from the bottom, and the hanging point of the wire half way from there to the top of the picture. Why?

Cherry Pickers

Where should the hydraulic support be placed to have the most efficient effect?
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Curve Test

How could you find the mathematical shape of an architectural curve such as a bridge, roof, or ceiling decoration?

Paper Engineering [Traditional]

How do you arrange a pop-up to pup-up the way you want it to?

Mooning

When and where is it possible to see a vertical half moon (the terminator appears vertical to an observer on the earth). When and where is it possible to see a horizontal half moon?

If you see the moon now, where will it be in an hour’s time? At the same time tomorrow?
Reproducing

Here is a tiling in Copenhagen. How would you describe it and order the tiles needed to reproduce it on a large piazza?
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Tree Growth

As a tree grows, do its old branches get higher (so if you put a swing on a branch you need to lengthen the rope every so often)? Do twigs get farther apart as the branch grows? Is there an invariant for specific kinds of trees?
Steep Paths

What is a reasonable steepness for a path? What is the range of steepness of staircases you can find, on a single circular staircase; on different straight staircases?  What makes foa comfortable steepness?
Picnic Table

Design a picnic table for 10 year olds. What advice would you give on the spacing of seat and tabletop for adults (see picture 1)?
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Stability

How stable is the fountain sculpture (picture 2, in Trondheim)? 

How stable is the drinks can? Why? For what quantities of liquid is it stable?

Desert Crossing [Long history; David Gale]

How far into a desert can you get with a jeep that can carry one drum of petrol in addition to its tank, but can deposit drums and return to base for more? [see Wolfram Jeep Problems]

Trafficking

When does it make sense to have all pedestrians crossing at the same time at a four-way intersection?

How do you synchronise traffic lights on a grid system of streets so that traffic keeps moving?

How frequently is it reasonable to have buses run on a given route?
Signing

An advertising company wishes to know how large to make the letters of a sign that will be towed behind an airplane flying over Trondheim.

They also want to put up a sign in a field on the motorway. How large should the letters be?

A school wants to put up advertising signs by the side of the road for a school event. How large should the letters be?

Data Analysis

Census data

Miss USA: trend to get taller and thinner … when might they disappear?

Olympic records: what limits might they be approaching?

Surrogates

Analyse Barbie-doll bungee jumps.

Make a bridge capable of supporting 1kg out of rolled up newspaper

Make a paper airplane from one sheet of A4 that will glide the farthest.

Predict high and low tides;
Calculations

Goldfish food: 6 pellets per day; how long will package last? Count out 1 gm; weigh 100 pellets; compare volumes and masses

140Kg of cyanide misplaced … could wipe out half of Norwegians (2.8m people); .005 gm is lethal … but how could it be distributed?

February snow in Oslo in depot won’t melt till September!

Ladders & Sofas

How long a ladder can you get around a corner in a corridor? How big a sofa?

Tethered Goat

Goat is tethered by a rope of given length to a rectangular shed. What area of grass can it reach?

What if the goat is tethered to a ring free to slide along a wire?

What of goat tethered to edge of a circular silo?
Real Problem Solving

Studying and recommending changes to practices in the institution: how queues are handled, classrooms arranged, break is organised, playground is allocated, parking is arranged, parents meetings are arranged and conducted, etc..

Creating a guide to choosing between different possibilities: food, sports equipment, clothing, mobile phones, etc..

Modelling Modelling

What Problems are Worth Posing and Resolving?

ones which call upon and draw attention to human powers of (mathematical) sense making

ones which illustrate or exemplify mathematical themes

ones which promote learner recognition of how common situations can be understood by posing and resolving (mathematical) problems
Opportunities

Modelling provides opportunities for learners to engage with rate, ratio, and proportion, quantify qualitative information, transform quantities, and deal with quantities that can not be seen (and consequently must be measured indirectly) [Lyn English]

What situations can you come with in which doubling one thing doubles another; doubling one thing halves another?

Exposing Learners to Facets of Modelling

Model-eliciting problems, a model-exploration problems, and model-adaptation problems [Lyn English]
Rough Posing

Being just sufficiently precise to resonate with experience but to provoke people to ask questions about the situation is a productive way to raise awareness of the importance of assumptions. [LEMA project: http://www.lema-project.org/web/eu/tout.php]
Questions and Assumptions

Arranging a space for people to post questions, which will eventually turn into assumptions promotes awareness of the importance of making assumptions explicit, but does so in a natural way. [LEMA project)

Worlds

The world of the original problem

The world of imagination as pertinent features are identified and related, and assumptions made

The world of symbolic expression of constraints and of what is wanted

Movement back and forth between these worlds is characteristic of most successful modelling. Solution in the symbolic world has to be passed back through the world of imagination to check against assumptions and whether results are robust against changes in conditions, and finally, into the world of the original problem to see if it is sufficiently precise and accurate to serve the purposes.
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Models typically take one of three forms:

empirical (including data-fitting and statistical models), physical

physical (objects used to (re)present things

diagrammatic (spatial relationships explored or used to (re)present other relationships)

Theoretical (where relationships are derived from experience or from theory and expressed in symbols)

Affective dimension

Authentic problems: problems actually tackled by people in their jobs; usually very complicated

Real Problem Solving: where the resolution leads to a change affecting me

Realistic Mathematics: what can become real for students using their imaginations.

Purpose & utility: the purpose is the reason for addressing the problem, because someone seems to want to know the answer; utility is the use that the model or the techniques or concepts can be put to, so seeing that mathematics can he useful contributes to utility [Ainley & Pratt]

When students as “why are we doing this” they are usually either bored because they can already do it, or more commonly, stuck and losing confidence that they know what to do. Responding with contexts in which those concepts are used is not usually what they want to hear; rather, they are giving a cry for help.

We are interested in prompting students to develop a disposition to perceive the world, to encounter phenomena critically or with curiosity as to why things are the way they are. Promoting questioning about designs and about surprising statements in the press (especially those involving numbers) contributes to student involvement in and use of mathematical thinking.

Sources of Situations to Model

Curiosity, surprise, wonder; need to know an answer, even if only approximate.
Model of becomes Model for

When a model for something becomes a tool for modelling other things [see Marja van den Huevel PanHuizen]

Horizontal & Vertical Mathematization
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