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Abstract

In the short time available, I shall offer a problem from Peter Liljedahl, and then invite participants to reflect on what actions prove fruitful in making progress, and what awarenesses enable those actions. These will then be used to point up the phenomenal complexity of the range of awarenesses that enable pedagogic strategies and didactic tactics to come to mind in the moment when needed, as actions to be carried out sensitively in the classroom or lecture theatre. I suggest that the only way to learn these is through lived experience, phenomenologically.

History

Anne and I met at a weekend devoted to mathematical thinking that I was leading.  She appeared to me to be stuck on a task I had set, so I went over, and after watching her for a while, asked her if she had “considered similar triangles”.  The effect was startling!  She expressed displeasure at having her thinking interrupted and of having the possibility of finding it for herself taken away. 

For me this incident highlights the complexity of teaching and learning mathematics.  To make progress, it is necessary to have mathematical actions come to mind in the midst of exploration. However, when teaching,  it is not sufficient to have mathematical actions come to mind, since they may or may not be appropriate, and even if appropriate mathematically, it may not assist the learner to have them pointed out directly or immediately. There is the complex issue of choosing pedagogic strategies and didactic tactics which also need to come to mind; when teaching others to be teachers, it is not enough to have a pedagogic strategy or a didactic tactic come to mind in the moment, because the issue is about alerting others to the possibility of having these come to mind.

Mathematical Actions

Peter Liljedahl challenged me with the following problem over lunch one day:

People leave two towns at the same time, some going in each direction, and they all meet at noon. One group continues and reaches the other town at 6:15 pm, while the other group gets to the first town at 4pm. When did they start?

Actions

Some of the actions involved in this little problem:

Addressing questions such as must everyone go the same speed, at least in the same direction? 

What speeds do they go after they meet (assume they maintain their same speed)?

Articulating the relationship between speed, distance and time

Denoting what is not known : acknowledging ignorance as Mary Boole puts it (Tahta 1972)
Deciding what is known

Presenting the information in symbols or as a graph

Invoking similar triangles or calculating relevant quantities

Choosing which relationships to equate so as to locate fruitful relationships

Moving to ratio of walking speeds

Possibly, solving a quadratic equation

Sensing that 32 + 42 = 52 seems potentially relevant even if not present in a right-angled triangle (or could it be?)

Generalising (changing the 4 and the 6:15); adding a third town in some way, …)

During further reflection I suddenly realised that the diagram I had been using was a rotated version of the crossed ladders problem: the height of the crossing is the harmonic sum of the heights of the tops of the ladders. This problem has revealed that the crossing height is also the geometric mean of the ladder heights above the crossing! The ‘crossed ladder’ phenomenon appears in a wide variety of ‘resistance problems: people working together, fountains filling cisterns, animals eating carcasses and of course electrical resistance. So my awareness of crossed ladders has been further educated, enriched by a link to the geometric mean. This may enable relevant actions to be brought to mind in the future.

Interlude on Tasks

I have come to the conclusion that tasks are for initiating activity; that through engaging activity people have the opportunity to experience things, particularly mathematical actions and their effects (Tzur  2001). Teachers have intentions when they choose tasks: it is not that the task itself will promote learning, but that the inner task will involve the directing or re-directing of attention and perhaps the internalising or integrating of actions previously requiring triggering by some outside agency.

I express my gratitude particularly to Anne and to Dave H for assistance in coming to these articulations.

The role of a task in a situation like this is to provide immediate shared experience which provokes resonance with or triggering of possibly similar experiences in the past. Being brought to the surface, there is then the possibility of an action through reflective distanciation or drawing back from the action in order to learn from experience.
Awarenesses

In order to make progress in this situation, you need multiple awarenesses to come to mind, to initiate or enable certain characteristically mathematical actions. 

What makes actions like these available is, using the term so beloved of Caleb Gattegno (1987), awareness. Awareness need not be conscious. It can be totally integrated into practices as to be partly or wholly a habit of mind (Cuoco, Goldenberg & Mark 1996), body or affect. I suggest that there are three levels of awareness available in this little exploration. 

1. There are awarenesses which enable mathematical actions to take place. 

For example, without access to speed as distance divided by time, you are unlikely to make much progress; without access to constant speeds as straight lines, even a graph will be difficult to initiate; without recognition of and access to similar triangles, you are unlikely to become aware of hidden relationships, nor be in a position to express them. Gattegno proposed that mathematics (for example) develops when the actions precipitated by awareness, are brought to consciousness and labelled or otherwise formalised.
2. There are awarenesses of these awarenesses which makes it possible to prepare pedagogical strategies for use with others (colleagues, students). 
If, having enjoyed working with this problem you feel moved to offer it to others, it is important to address the question of why and how. What are the inner tasks (Tahta 1981) that are available and that could afford access to important mathematical actions, themes or the use of mathematical powers? I called these awarenesses, awareness-in-discipline (Mason 1998) because they are what constitute mathematics (for example) as a discipline. 

Whenever personal experience is transformed into tasks for others, there is the strong possibility of a didactic transposition (Yves Chevellard 1985), in which expert awareness is transposed into instruction in behaviour (on a worksheet). If the first order awarenesses which enable mathematical actions only come to mind in the heat of the moment rather than during preparation, you may fall prey to the didactic transposition to usurping student powers, not to say pleasures and freedoms. Alternatively, you may find that in the moment, important mathematical awarenesses (or their associated actions) do not come to mind. In my experience, this is like tunnel vision in the moment, when I am aware that there is something I am missing but I can’t get into contact with what it is. 

3. There are awarenesses of second order awarenesses which make it possible to work sensitively with teachers on the choice of pedagogic strategies and didactic tactics pertinent to different mathematical topics and to teaching investigatively (awareness-in-counsel).

Giving lectures or writing papers about awarenesses which enable pedagogic strategies and didactic tactics to come to mind is really only an exercise in exposition. In order to prepare sessions which alert teachers and novice teachers to these pedagogic and didactic possibilities, it is necessary to be aware of the act of choosing or of having come to mind, together with the sort of work in preparation that made ‘coming to mind’ at least likely. This awareness is necessary in order to work with others so that they experience choices coming to mind, as distinct from being able to write dissertations about those choices.
For me, then the issue of requisite knowledge for teaching mathematics is the wrong question. Knowing is a dynamic state of responsive and sensitive interaction with the situation as environment. To support people in coping sensitively with what emerges is not a matter of making lists of topics, strategies and tactics, but of educating awareness, sensitising oneself to notice distinctions, relationships and properties, and training behaviour through harnessing emotion. In other words, making full use of the human psyche.

The three levels of awareness constitute for me Phenomenological Knowledge of what enables actions required for effective teaching, and to learn this requires, the way I see things, immersion in activity together with reflective distanciation from that activity, as a contribution to Knowing Phenomenologically. 

It is dynamic awareness, what is available to come to mind, and what is accessed that matters, not some statically stored Popperian-like third world of ‘knowledge’ (Popper 1972). Awarenesses are phenomenological in nature and essence: lived experience. It makes sense then that they are educated experientially, through participating in action and through drawing back from that action to be come aware of the action.
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