Distributed Problem Solving P1

John Mason
Agder Sept 2009
At your table work together on the problem(s) provided for 25 minutes. 

In each case, 

1. Find more than one way to resolve them. Express in words as rules how to solve other problems of ‘that type’.  What constitutes ‘type’? 

2. Make a note of dimensions-of-possible-variation and any restrictions to ranges-of-permissible-variation

3. Make up your own problems: 

some that are similar (state in what way they are similar)

some with variations

some interchanging some givens with some to-finds.

4. In each case

Generalise!

We will then re-arrange the groups so that you encounter people working on different problems. Spend 15 minutes comparing and contrasting the different problems, the approaches, powers, themes and other insights afforded in each case.

Copies of all the problems together with some commentary will be available on:

http://mcs.open.ac.uk/jhm3/Presentations/%20Presentations%20Page.htm
Crossed Ladders (traditional)

If in an alleyway there is a ladder from the base of one wall to the opposite wall, and another the other way, reaching to heights 3m and 4m respectively on the opposite walls, then the problem is to find the height of the crossing point.
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What if the ladders don’t start at the same heights (they are part of some other scaffolding, for example). What if the alley walls are tilted but parallel?

Generalise to three poles of different heights not in a line: consider the intersection of the planes through the tops of two poles and the bottom of the third, and the intersection of the planes through the top of one pole and the bottoms of the other two.
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At your table work together on the problem(s) provided for 25 minutes. 

In each case, 

1. Find more than one way to resolve them. Express in words as rules how to solve other problems of ‘that type’.  What constitutes ‘type’? 

2. Make a note of dimensions-of-possible-variation and any restrictions to ranges-of-permissible-variation

3. Make up your own problems: 

some that are similar (state in what way they are similar)

some with variations

some interchanging some givens with some to-finds.

4. In each case

Generalise!

We will then re-arrange the groups so that you encounter people working on different problems. Spend 15 minutes comparing and contrasting the different problems, the approaches, powers, themes and other insights afforded in each case.

Copies of all the problems together with some commentary will be available on:

http://mcs.open.ac.uk/jhm3/Presentations/%20Presentations%20Page.htm
Courier Meeting Points

Some people leave town A headed for town B and at the same time some people leave town B headed for town A. They all meet at noon, eating lunch together for an hour. They continue their journeys. One group reaches their destination at 7:15 pm, while the other group gets to their destination at 5pm. When did they both start? [Arnold]

Two couriers A and B, 59 miles apart, set out one morning to meet each other, and of these A completes 7 miles in 2 hours and B completes 8 miles in 3 hours, while B starts his journey 1 hour later than A: how far a distance has A still to travel before he meets B? (Newton 1683)

From Noemberg to Rome are 140 miles: A Traveller sets out at the same Time from each of the two Cities, one goes 8 Miles a Day, the other 6: In how many Days from their first setting out will they meet one another, and how many Miles did each of them go? [Hill, J. (1745) p365]
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At your table work together on the problem(s) provided for 25 minutes. 

In each case, 

1. Find more than one way to resolve them. Express in words as rules how to solve other problems of ‘that type’.  What constitutes ‘type’? 

2. Make a note of dimensions-of-possible-variation and any restrictions to ranges-of-permissible-variation

3. Make up your own problems: 

some that are similar (state in what way they are similar)

some with variations

some interchanging some givens with some to-finds.

4. In each case

Generalise!

We will then re-arrange the groups so that you encounter people working on different problems. Spend 15 minutes comparing and contrasting the different problems, the approaches, powers, themes and other insights afforded in each case.

Copies of all the problems together with some commentary will be available on:

http://mcs.open.ac.uk/jhm3/Presentations/%20Presentations%20Page.htm
Cistern Filling

A cistern is filled by two spouts, which can fill the cistern in a and b hours respectively working alone. How long does it take with both working together?

A certain cistern which would be filled in 12 minutes of time by two pipes running into it, would be filled in 20 minutes by one alone; I demand in what time it would be filled by the other alone. [Saunderson 1740 V1 p123].

A vessel containing 120 gallons is filled in 10 minutes by two spouts running successively; the one fruns 14 gallons in a minute, the other 9 gallons in a minute. For what time has each spout run? [Bridge 1821 p93]
Grazing

If 5 oxen or 7 colts will eat up a close (paddock) in 87 days, in what time will 2 oxen and 3 colts eat up the same?

If 2 acres of land will maintain 3 horses for 4 days, how long will 5 acres maintain 6 horses? [Saunderson 1740 V1 p16].
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At your table work together on the problem(s) provided for 25 minutes. 

In each case, 

1. Find more than one way to resolve them. Express in words as rules how to solve other problems of ‘that type’.  What constitutes ‘type’? 

2. Make a note of dimensions-of-possible-variation and any restrictions to ranges-of-permissible-variation

3. Make up your own problems: 

some that are similar (state in what way they are similar)

some with variations

some interchanging some givens with some to-finds.

4. In each case

Generalise!

We will then re-arrange the groups so that you encounter people working on different problems. Spend 15 minutes comparing and contrasting the different problems, the approaches, powers, themes and other insights afforded in each case.

Copies of all the problems together with some commentary will be available on:

http://mcs.open.ac.uk/jhm3/Presentations/%20Presentations%20Page.htm
Working Party

A can perform a piece of work in 6 days, B can perform the same work in 8 days: in what time will they finish if both work together? [Hutton 1833 p212]
There are three workmen A, B, and C. A and B together can perform a certain piece of labour in a days. A and C together in b days, and B and C together in c days. In what time could each, singly, execute it, and in what time could they finish all working together? [Hutton 1833 p220]
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At your table work together on the problem(s) provided for 25 minutes. 

In each case, 

1. Find more than one way to resolve them. Express in words as rules how to solve other problems of ‘that type’.  What constitutes ‘type’? 

2. Make a note of dimensions-of-possible-variation and any restrictions to ranges-of-permissible-variation

3. Make up your own problems: 

some that are similar (state in what way they are similar)

some with variations

some interchanging some givens with some to-finds.

4. In each case

Generalise!

We will then re-arrange the groups so that you encounter people working on different problems. Spend 15 minutes comparing and contrasting the different problems, the approaches, powers, themes and other insights afforded in each case.

Copies of all the problems together with some commentary will be available on:

http://mcs.open.ac.uk/jhm3/Presentations/%20Presentations%20Page.htm
Overtaking

A good runner walks 100 paces (a), a bad runner goes 60 paces (or b).  Now the latter goes 100 paces (or c) in advance of the former, who then pursues the other.  In how many paces will they come together?

A greyhound spying a hare at the distance of fifty of his own leaps from him, pursues her with full speed, making three leaps for every four of the hares; and moreover passing over as much ground in two leaps as the hare did in three: I demand how many leaps each made during the whole course. [Saunderson 1790 V1 p145. Ans dog makes 450 leaps and the hare 600].

A hare runs 10 paces (a) ahead of a dog.  The latter pursues the former for 250 paces (b), when the two are 30 paces (c) apart.  In how many further paces will the dog overtake the hare? From  Chiu-chang Suan-shu (Arithmetic in Nine Sections) [Mikami 1913 p16].  For a real challenge, try using only words, not symbols

74. A dog pursues a hare.  Before the dog started, the hare made 50 paces, and this is the distance between them at first. The hare takes 6 paces to the dog’s 5, and 9 of the hare’s paces are equal to 7 of the dog’s.  How many paces can the hare take before the dog overtakes her?  [Ans 700 paces] [p180 Wright, J. 1812, Wright’s Self Examinations in Algebra, London] 
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At your table work together on the problem(s) provided for 25 minutes. 

In each case, 

1. Find more than one way to resolve them. Express in words as rules how to solve other problems of ‘that type’.  What constitutes ‘type’? 

2. Make a note of dimensions-of-possible-variation and any restrictions to ranges-of-permissible-variation

3. Make up your own problems: 

some that are similar (state in what way they are similar)

some with variations

some interchanging some givens with some to-finds.

4. In each case

Generalise!

We will then re-arrange the groups so that you encounter people working on different problems. Spend 15 minutes comparing and contrasting the different problems, the approaches, powers, themes and other insights afforded in each case.

Copies of all the problems together with some commentary will be available on:

http://mcs.open.ac.uk/jhm3/Presentations/%20Presentations%20Page.htm
Origamic Fractions

Take a square piece of paper.  Fold it in half parallel to one edge; make a crease and unfold.  Fold along a diagonal; make a crease. Now fold it along a line from one corner to the midpoint of a side it is not already on; make a crease. Note the point of intersection of the diagonal crease and the last crease.  Fold along a line through this point parallel to the mid crease.
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In what fraction have the edges been divided by this last crease?

Continue by folding a long a line through this new point and the same corner, and intersecting with the diagonal crease.  What happens?
Try intersecting two diagonal creases going in opposite directions from the base.
Distributed Problem Solving
Notes & Remarks

John Mason
Agder Sept 2009
More Distantly Related Problems

Two Numbers (Fibonacci)

An ath part of one number added to a bth part of another is as much as a cth part of the product of the two numbers. Find the numbers.

Problems like this using particular numbers are posed and resolved, sometimes in more than one way by Fibonacci (1202, 1228; see Sigler 2003) in his Liber Abacci p313-316

Comments and Connections

Crossed Ladders

If in an alleyway there is a ladder from the base of one wall to the opposite wall, and another the other way, reaching to heights a and b respectively on the opposite walls, then the problem is to find the height of the crossing point.

[image: image5.png]



The result can be found more or less efficiently by judicious choice of pairs of similar triangles. Expressing the answer in a convenient form is of interest in itself: the reciprocal of the height is the sum of the reciprocals of the ladder heights. This is referred to as the harmonic sum and as the parallel sum. A case can be made for NOT privileging the ordinary sum of fractions but rather having both series and parallel sums as operations on fractions (which, with the dreaded but important sum of numerators over sum of denominators) gives three ‘additive-type’ operations on fractions.  

Series: 
[image: image6.wmf]
Parallel: 
[image: image7.wmf] 
[image: image8.wmf] 

Related by 
[image: image9.wmf]
Notice that only series and parallel are actually operations on rationals. The names come from series and parallel combination of resistances. The role of the harmonic or parallel sum in many problems often arises because the situation can be thought about as a form of resistance.
Finding the point on the floor of the alley below the crossing is straightforward: it divides the floor in the ratio of 1/b : 1/a or in other words, a : b.
Note that the reasoning involves similar triangles, so there is no need for the alley walls to be perpendicular to the alley floor as long as they are parallel. The line parallel to the walls through the crossing point cuts the base at an invariant point under tilting of the walls, being in the ratio of a : b.
[image: image10.wmf]
Varying a and b in dynamic geometry software leads to extending the context so that a can be negative, with the crossing taking place ‘outside’ the alley.  With heights interpreted as focal distances for a lens, a < h corresponds to virtual images.

Singmaster says that the first modern version of crossed ladders appeared in 1908 but this might be the one with the lengths of the ladders given.

Crossed Ladder Variant

Suppose the lengths of the ladders are given, with the height of the crossing. The problem then is to determine the width of the alley.

Unless you are given very nice lengths and height, this gives rise to a quartic equation. See Gardner (1979). 

Origamic Fractions is the same idea but using paper folding.

Couriers and Distance-Time Graphs

Turning the crossed ladder diagram through 90° clockwise the ‘ladders’ can be interpreted as the distance-time graphs of two couriers starting from their respective towns and travelling at constant speeds to the other town.

[image: image11.wmf]
The a and the b are the times taken to travel the distance between the towns, and the couriers meet at time h after setting out. 

Newton (p 140 ff) provides sixteen problems based in turn on the thirteen 'quaesitioines, quae aequationes quadraticus non excedunt' with which Kinckhuysen closed his 1666 Algebra: "... so that I may develop intimacy with this method of reducing problems of this sort to an equation and make it clear, – since skills are more easily learnt by example than by precept – I have thought it right to append the solutions of the following problems”. (Each has a general solution and then a particular instance). In this case, Newton proposes

Given the speeds of two moving bodies A and B proceeding along the same path, together with the distance of the places and times from and at which they begin to  move, to determine the point at which they meet.

After instantiating the general with the particular courier problem he goes on to offer

If every day the sun completes one degree and the moon thirteen, and at a certain time the sun is at the first point of Cancer, while 3 days later the moon is at the first point of Aries: at what position will their next conjunction occur? Ans: at 10 3/4 degrees into Cancer.  

It is in this work that Newton effectively abandons word-problems as being of interest, and turns attention to the solving of equations (which arise when you translate word problems into symbols). 

I inserted the 1 hr lunch break in the version received from Peter Liljedahl who got it from Natasa Sirotic who got it from Klaus Hoecshmann who got it from V. I. Arnold who reported that this problem was what attracted him to mathematics.

Arnold’s twist on the standard courier problem can be tackled using graphs. Assuming of course that the journeys before and after lunch in the same direction are made at the same average speed, their distance-time graphs form a ‘crossed-ladders’ diagram when the lunch break is removed, with a = h + 4 and b = h + 25/4 . Using the harmonic sum, h can then be found as 5 so everyone left at 7am.

Variations on courier problems:

53 The towns C and D are 40 miles apart.  A set out from C to travel to D at the same time that B started from D  to go to C.  Al overtook a drove of sheep moving forward at a rate of 2 miles an hour just 10 minutes after he crossed a creek known to be 10 miles from C.  Bob arrived at C 3 hours and 55 minutes after he met the same drove.  Bob was overtaken by an express train proceeding at the rate of 5 miles an hour just 5 minutes before he came to an inn 11 miles from D;  A arrived at D  eight hours after he met the express train.  Required the hourly speed of A and B. [Ans: 3 & 4 mph] Vis (Artemis Martin) [Rabinowitz, S. 1996, p69]

238 Two motorcyclists: Two motorcyclists started at the same time, covered the same distance, and returned home at the same time.  But one rode twice as long as the other rested on his trip, and the other rode three times as long as the first one rested on his trip.  Who rode faster? [Kordemsky 1956, p 102] 

237  Who rode the horse?  One day a young man and an older man left the village for the city, one on a horse, one in a car.  Soon it was apparent that if the older man had ridden three times as far as he had, he would have half as far to ride as he had, and if the young man had ridden half as far as he had, he would have three times as far to ride as he had.  Who rode the horse?[Kordemsky 1956, p102], [Note the ‘switch’ in the question away from times and distances; cf 238]

230  A diesel ship and a seaplane:  A diesel ship leaves on a long voyage.  When it is 180 miles from shore, a seaplane, whose speed is ten times that of the ship, is sent to deliver mail.  How far from the shore does the seaplane catch up with the ship? [Kordemsky 1956, p100]

16. Two couriers pass through a town at an interval of 4 hours, travelling at the rate of 11 1/2 and I7 1/2 miles an hour; how far and how long must the first travel before he is overtaken by the second ? [Cornwell & Fitch 1878, p205]

73 Would he have saved time?  Our man Ostap was going home from Kiev.  He rode halfway - fifteen times as fast as he goes on foot.  The second half he went by ox team.  He can walk twice as fast as that.  Would he have saved time if he had gone all the way on foot?  How much? [Kordemsky, 1956 p27]

30: A cyclist:  After a cyclist has gone two thirds of his route, he gets a puncture.  Finishing on foot, he spends twice as long walking as he did riding.  How many times as fast does he ride as walk? [Kordemsky 1956, p83 ]

241 Two candles: Two candles have different lengths and thicknesses.  The long one can burn 3  EQ \f(1,2)  hours; the short one 5 hours.  After burning for 2 hours, the candles are equal in length.  Two hours ago, what fraction of the long candles’ height gave the short candle’s height?  p103

233 Jack London’s journey:  Jack London tells how he raced from Skagway in a sledge pulled by 5 huskies to reach the camp where a colleague was dying.  For 24 hours the huskies pulled the sledge at full speed.  Then 2 dogs ran off with a pack of wolves.  London, left with 3 dogs, was slowed down proportionally.  He reached camp 48 hours later than he had planned.  If the runaway huskies had stayed in harness for 50 more miles, London writes, he would have been only 24 hours late.  How far is the camp from Skagway? [Kordemsky 1956, p 101]

274  The motorcyclist and the horseman:  A motorcyclist was sent by the post office to meet a plane at the airport.  The plane landed ahead of schedule, and its mail was taken towards the post office by horse.  After half an hour the horseman met the motorcyclist on the road and gave him the mail.  The motorcyclist returned to the post office 20 minutes before he was expected.  How many minutes early did the plane land?[Kordemsky 1956, p116], [see 275, Freudenthal]

275 On foot and by car:  An engineer goes every day by train to the city where he works.  At 8:30 a.m., as soon as he gets off the train, a car picks him up and takes him to the plant.  One day the engineer takes a train arriving at 7 a.m., and starts walking towards the plant.  On the way, the car picks him up and he arrives at the plant 10 minutes early.  When does he meet the car?

10.  An up train 88 yards long, travelling at the rate of 35 miles an hour, meets a down train 88 yards long, at 12 o’clock, and passes it in 6 seconds.  At 15 minutes and 3 seconds past 12 the up train meets a second down train 132 yards long, and passes it also in 6 seconds.  At what time will the second down train run into the first? [Cornwell & Fitch 1878 p353, from a Cambridge Arithmetical Paper for Senior Students]

6.  A passenger train leaves a certain station at 2 o’clock, to go to the end of the road, 120 miles, and travels at the rate of 25 miles an hour.  At what time must a freight train which travels at the rate of 15 miles in 50 minutes, have left, so as not to be overtaken by the passenger train? [Jones 1912 p131, Ohio State Examination]

Other problems such as hares chasing hounds can be re-cast as courier problems.

Hare & Hound

74. A dog pursues a hare.  Before the dog started, the hare made 50 paces, and this is the distance between them at first. The hare takes 6 paces to the dog’s 5, and 9 of the hare’s paces are equal to 7 of the dog’s.  How many paces can the hare take before the dog overtakes her?  [Ans 700 paces] [p180 Wright, J. 1812, Wright’s Self Examinations in Algebra, London]

109. A hare is 50 leaps before a greyhound, and takes 4 leaps to the greyhound’s 3; but 2 of the greyhound’s leaps are equal in length to 3 of the hare’s: how many leaps must the greyhound take to catch the hare? (p126 O’Sullivan, D. 1877, The Practice of Arithmetic, Part I, in section labelled miscellaneous exercises at the end of Fractions)

145. A hare pursued by a greyhound was 81 yards in advance at the start; but whilst the hare ran 7 yards, the dog ran 10: how many yards had the dog run when the hare was caught? (O’Sullivan 1877, p128 in a section labelled miscellaneous exercises at the end of Fractions)

14. An eagle and a sparrow are in the air; the eagle is 100 feet above the sparrow.  if the sparrow flies straight forward in a horizontal line, and the eagle flies twice as fast directly towards the sparrow, how far will each fly before the sparrow is caught? (p49, Miscellaneous Problems, Jones, S. 1929, Mathematical Wrinkles) (Ans: 66 2/3, 133 1/3)

35. A rabbit 60 yard due east of a hound is running due south 20 ft per second; the hound gives chase at the rate of 25 ft per second.  How far will each run before the rabbit is caught? (133 1/3; 166 2/3) (Jones 1929, p 51 in Miscellaneous Problems)

11. A hare is 10 rods before a hound, and the hound can run 10 rods while the hare runs 1 rod.  Prove that the hound will never catch the hare. ... Zeno’s paradox (Jones 1929, p59)

A hare pursued by a greyhound is 60 of her own leaps in advance of the dog.  She makes 9 leaps during the time the greyhound makes only 6; but 3 leaps of the greyhound are equivalent to 7 leaps of the hare.  How many leaps must the greyhound make before he overtakes the hare? [p210, Hutton, 1833, A course of Mathematics for the Royal military College; includes solution in particular; Ans: 108 leaps]

Generalised Crossed Ladders

Suppose the ladders no longer share the same base. The situation is as depicted below where all lengths are heights above the base (think of ladders forming part of a more complex scaffolding). This may have been what Newton had in mind.

[image: image12.png]



Since the original reasoning used only similar triangles, the assumption that the walls of the alley are perpendicular to the base is unnecessary, only that they are parallel. Treating a1 and b2 as the ‘base points’ for a tilted alley, the original formula can be used to express the height of the crossing above the tilted base and the cutting point on the base, ‘below’ (ie parallel to) the crossing the point:


[image: image13.wmf] and the ratio is 
[image: image14.wmf].
 Now the height of the crossing point can be expressed as

[image: image15.wmf]
This can be read as the weighted mean of the heights of the ends of one or other ladder, with the reciprocal of the distances between the tops and bottoms of ladders as weights. In terms of the couriers, this gives the time at which the couriers meet starting from some agreed time, with a1 and a2 the times of starting and finishing for one courier, and b2 and b1 the times of starting and finishing for the second courier.
Origami

It is well known in origami practices that you can fold a piece of paper so as to form any assigned fraction of a given ‘length’, and this is done by using the crossed ladders as a single step in infolding the desired fraction as the reciprocal of a sum of unit fractions. This of course provides resonance with the Egyptian problem of presenting any fraction as a sum of unit fractions.

Resistance Problems

The simple crossed ladders result is readily recognised as typical of resistance ‘problems’, the label coming from electrical resistance:

Two resistors in parallel have an effective resistance whose reciprocal is the sum of the reciprocal of the component resistances.

There is a wide variety of similar perennially favourite problems going back to medieval times if not before, such as

A cistern is filled by two spouts, which can fill the cistern in a and b hours respectively. How long does it take with both working together?

Two people can complete a job of work in a and b hours respectively.  How long will they take working together?

Often these problems involve more than two agents, but the result still involves the harmonic sum of the quantities:

Three people can complete a job of work in a, b and c hours respectively. How long will they take working together?
Of course no account is taken of possible interference between the workers, the fact that one might try to take over as leader to direct the others but not actually work themselves, and so on. Other rather less likely contexts appear:

A lion, wolf, and dog can demolish a carcass in a, b, and c hours respectively.  How long will it take eating together?

A bishop can save a soul by praying for b hours, a cardinal by praying for c hours and the pope by praying for p hours. How long will it take with them praying together?
Of course there are many variations available by altering the combinations of participants and the time they take together to finish the task.

Freudenthal (1991 p36-37) describes how children faced with the cistern-filling problem looked at the proportion of water contributed by each tap and quickly calculated the answer.  Of course using algebra can reveal internal structure, for, as he goes on to point out, people rarely recognise the courier problems as having the same structure as cistern problems, at least until they solve both problems in a general form. 

As mentioned, resistance problems generalise naturally to more than two resistances, so one would expect the crossed ladders to generalise to more than two, presumably by going into higher dimensions. 

Generalisation to Higher Dimensions

Having wanted to generalise the crossed ladders problem, it finally occurred to me to venture into higher dimensions. For example, consider three towers based on a plane, with different heights. Now consider the three planes formed by the tops of two of the towers and the base of the third.  These planes all intersect in a common point. Consider also the three planes formed by the top of one tower and the bases of the other two.  These three planes also intersect in a common point, which turns out to be twice as far from the base plane as the other common point, and vertically above it. This turns out to generalise.

Consider d poles with their bases on a hyperplane in d–1 dimensional space.  For each b, b = 1 … d – 1, consider the hyperplanes that pass through b of the bases of the poles, and d – b of the tops.  Then these hyperplanes all meet in a common point Pb.  Furthermore for the various families, the points Pb all lie on one line at height d – b times the lowest one.

Proof

Let the bases of the poles be given by the vectors aj, for j = 1 … d. Let the tops of the poles be given by the vectors aj + (jp for some fixed vector p. Then a typical hyperplane is captured as the set of vectors 

{a1t1 + … abtb + (ab+1 + (b+1p)tb+1 + … + (ad + (dp)td : t1 + … + td = 1}

where 1 ≤ b < d
But taking

 [image: image16.wmf] it is certainly the case that [image: image17.wmf] 

and the corresponding point on the hyperplane is

[image: image18.wmf]
which is symmetric in the ak and so independent of the particular choice of bases and tops of the ‘poles’. Furthermore, the ‘base vector’ is independent of the choice of b and so all the intersections lie on the same ‘pole’.
Thus all the intersections lie on the same line, at heights corresponding to the scalar d – b in the direction of p.

In the same way that the crossed ladders can be ‘generalised’ so that the ladders do not have their feet in the corners of the alley but rather at various points up the walls, the multi-dimensional version can be similarly generalised … by taking the base to be the hyperplane through the bases of the poles! The linear algebra does the generalising without any further work.  All that needs to happen is to translate the result into a statement about the heights measured from some base plane.
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