The Carpet Theorem(s) and their Applications
IMP12
Two Areas
	What is the relation between the areas of the two shaded regions?
What other regions can you relate?
(See JohnM for applet).
For what other quadrilaterals might this work?
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Quadrilateral Split
	[image: ]
	In the quadrilateral ABCD, join each vertex to the mid point of the side next but one around in cyclic order. This produces to ‘strips’ intersecting in an inner quadrilateral. Show that the area of the inner quadrilateral (where the strips overlap) is the sum of the areas of the white triangles. 
Find the ratio of the area of the inner quadrilateral to the area of the original. 
Generalise!
from Icons of Mathematics: An Exploration of Twenty Key Images By Claudi Alsina, Roger B. Nelsen


Coverage
	One magazine A lies on top of another one B as shown. Does A cover more or less than half of area B?
Does it matter what the magazine proportions are?
Must thee magazines be the same size? Same proportions?
from Math Made Visual … Claudi Alsina, Roger Nelson. P96
	[image: ]


Comment
The theorem you are using (for showing equality of areas) has become known as the carpets theorem. It has two forms.
Given two carpets that together would exactly cover a floor, the area of floor uncovered is the area of overlap of the carpets.
Given two carpets on a floor, if they are moved, then the change in the area of floor covered is the change in the area of overlap.



Triangular Carpets
Not only are the shaded triangles equal in the first diagram when D and E are the midpoints of sides, but the quadrilateral is equal to the white triangle.
[image: ]                      [image: ]
In the second diagram, if the ratios in which E divides AB and D divides CB are :1 and :1 respectively, then what can be said?
SemiCircles
	What is the relation between the area of the triangle and the area of the outer crescents?
What happens when P leaves the semi-circle?
(see JohnM for applet)
	[image: ]


Archimedes’ Salinons (salt-cellars)
	[image: ]
	The salinon shape is made up of circular arcs.
What is the relation between the area of the circle outside the salinon, and the area of the salinon outside the circle?
See John for Applets to make variations.


Root 2 is Irrational
Suppose √2 is rational.  Take the smallest integer sided square for which the square of double the area is also integer sided. Place two copies of the smaller square in opposite corners of the double-square. Their intersection forms a square, and there are complementary squares in the two corners. These are all integer sided and the larger is double the smaller two. This contradicts the choice of the smallest integer sided square.
Said by John Conway to be discovered in the 1950s by Stanley Tennenbaum (1927 – 2006).
Could this proof be extended to √3 etc.?


Club Membership
In a certain club of poets and painters, there are 47 people altogether, of whom 31 are poets and 29 are painters. How many are both?
In a certain club of poets, painters and musicians, there are 28 people altogether. There are 14 poets, 11 painters and 15 musicians; there are 22 who are either poets or painters or both; 21 who are either painters or musicians or both; and 23 who are either musicians or poets or both. How many people are all three: poets, painters and musicians?
Comment
The Inclusion-Exclusion theorem relates the cardinalities of the various unions of sets in a family of sets to the cardinalities of the various intersections of that family. It is used frequently in probability (search Bonferroni Inequalities)
Inclusion-Exclusion
Try to state the inclusion-exclusion theorem for n sets.
[bookmark: _GoBack]Group Membership
There are three groups of people, A, B and C.
If half of the people in group A are also in group B; half of the people in group B are also in group C; and half of the people in group C are also in group A, what is the largest and smallest possible ratio of people in group A to people in group C? 
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