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Action of Gal(Q/Q)

Theorem
Each dessin is the inverse image f−1([0,1]) where

f : C −→ P1 = C ∪ {∞} .

Here C is an algebraic curve over Q, and f is an algebraic map.

Corollary

Gal(Q/Q) acts on the set of (isomorphism classes of) dessins.

Example
A regular dessin (G, σ, α) becomes (G, σ′, α′).
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Construction of the covering group of G

Given a finite group G, consider F2 = 〈σ, α〉 and

G = F2/NG

where NG is the intersection of all the normal subgroups N of F2 such
that F2/N ∼= G.

Proposition
The action of the Galois group translates into a map

Gal(Q/Q) −→ Out(G) .

Taking inverse limits yields the inclusion

Gal(Q/Q) ↪→ lim
G

Out(G) .

One can show that the image of this monomorphism actually lies in
limG GT (G), to be defined next.
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Defining GT (G)

The group G has distinguished generators σ and α. It also has two
particular automorphisms :

θ such that θ(σ) = α and θ(α) = σ.
δ such that δ(σ) = α−1σ−1 and δ(α) = α.

Definition
We define GT (G) to be the subgroup of Out(G) of elements φ such
that

1 φ commutes with θ and δ ;
2 φ(σ) is a conjugate of σk for some k .

We also define GT 1(G) to be the subgroup of GT (G) for which we can
take k = 1.
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When G is simple, the group GT 1(G) is isomorphic to a permutation
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1 an explicit Young subgroup,
2 the centralizer of an explicit group isomorphic to a quotient
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Explicit computations

The PSL2(Fq) family
GT 1(PSL2(F4)) is trivial.
GT 1(PSL2(F7)) ∼= C3

2 × D2
8 .

GT 1(PSL2(F9)) ∼= C12
2 × D8.

GT 1(PSL2(F8)) is trivial.
GT 1(PSL2(F11)) ∼= C27

2 × D7
8 .

GT 1(PSL2(F13)) ∼= C54
2 × D17

8 .
GT 1(PSL2(F17)) ∼= C104

2 × D50
8 .

GT 1(PSL2(F19)) ∼= C133
2 × D74

8 .
GT 1(PSL2(F16)) is trivial.
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Explicit computations

The Mathieu group M11

The direct product of the simple factors of GT 1(M11) is

C465
2 ×C46

3 ×A10
5 ×A9

6×A10
7 ×A4

8×A4
9×A5

10×A5
11×A12×A2

14×A4
15×A16

× A3
17 × A12

18 × A19 × A2
20 × A23 × A28 × A31 × A2

33 .

Order : 21141 · 3407 · 5165· 798 · 1143 · 1334 ·1723 · 198 · 235 · 293 · 313 = 564

410 820 378 566 604 254 871 259 271 279 028 761 351 862 824 186 604 612 777 425 563 106 562 133 600 411 957 583 855

343 931 157 451 831 741 519 041 517 910 523 202 558 162 197 185 691 982 956 903 945 269 579 746 267 448 015 789 005

735 415 684 309 789 442 901 867 966 244 960 238 655 690 420 060 021 287 537 092 297 517 592 384 890 847 885 154 067

609 689 783 013 311 939 967 712 896 812 457 355 613 691 546 877 847 693 806 601 990 722 001 372 674 540 356 946 641

351 878 323 173 665 883 381 064 983 608 002 222 681 591 069 918 431 243 522 508 756 078 284 185 031 482 508 550 830

597 305 929 562 547 298 270 268 420 205 584 087 884 429 932 468 665 486 755 000 385 981 204 337 240 247 203 479 110

348 327 217 643 584 223 179 026 453 022 146 402 673 209 494 488 967 600 455 151 699 838 927 053 381 622 319 597 895

318 918 066 241 291 148 870 216 066 690 303 657 313 091 264 042 649 839 713 618 261 390 979 496 367 839 855 179 568

534 174 278 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000

000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000.
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The identification of GT 1(G) with a permutation group is not via the
action on dessins.
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Gal(Q/Q) also acts on the set of (isomorphism classes of)
G-equivariant dessins.

Remark
Regular dessins with underlying group G are in bijection
with P/Aut(G), where P = {(σ, α) ∈ G ×G such that G = 〈σ, α〉}.
G-equivariant regular dessins with underlying group G are in
bijection with P/Inn(G).
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This is f−1([0,1]) with
f (z) = z8−2z4+1

−4z4 . It is fixed
by Gal(Q/Q).

However there are two dis-
tinct C4 actions, permuted by
Gal(Q/Q).
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